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PREFACE TO THE FIRST EDITION. 


This work is intended as a text-book on Algebra for 
all classes in ‘our High Schools which prepare their 
pupils either for the University Matriculation (now 
‘'$.S.L.C.) Examination. Great pains have been taken to 
render the work intelligible to young students by 
copious explanations and illustrations. 


The plan adopted in this work is one which I have, 
for many years, followed in teaching large classes in 
several Schools and Colleges and which T have found to 
succeed. A proposition is first clearly demonstrated, 
then copiously illustrated by select examples, and then 
a large number of other examples arranged progres- 
sively is given for exercise. In addition, at the end of 
every eight chapters, a series of examination papers, 
each paper containing ten questions, is inserted. 


The book contains thousands of examples, of which 
over 400 are fully worked out. They have been, for the 
most part, selected from the Examination papers of 

| English and Indian Colleges and Universities. 


In the preparation of this work, most of the recent 
treatises on Algebra have been consulted. 


SAIDAPET, Ve Bow 


PREFACE TO THE FIFTH EDITION. . 


In this edition, the book has been thoroughly 
revised and considerably enlarged. Many parts have 
been entirely re-written while there is no part which 
has not been modified more or less) A good deal of ele- 
mentary matter is added in the beginning so as to suit 
the requirements of students who now begin their study 
of Algebra only inthe Fourth Form. Almost every 
exercise has been increased by adding a number re) 
examples, interesting in themselves or illustrative of 
standard methods. | 

To specify the exact portions which a beginner 
ought to get up before proceeding to advanced portions 
is, if not quite impossible, at least no easy task. 

One full chapter has, however, been devoted exclu- 
sively for har?er examples in Multiplication, Division 
and Factorization. On the whole it would be better to 
reserve the later examples of every exercise for a second 
reading: 

It must be admitted that clearness in working out 
problems is of the very first importance especially ina 
subject like Algebra. [ence the model solutions illus- 
trate not simply the hard or tricky points in algebraical 
sums but even the very manner of working out the 
same. 

By the method of verification now inti oduced into 
several chapters, the student is enabled to check his 
results without taking the trouble of going through the 
process over again. 

It is hoped that this little work in its revised 
edition will maintain its former popularity and continue- 
to be a help to the teacher and a guide to the student- 

Any emendations or suggestions for the improve- 
ment of the work will be thankfully received by the 
Publishers: 


MADRAS, K. R. Shenai. 


PREFACE TO THE SIXTH EDITION. 


In this edition the book has been carefully revised 
and suitably enlarged. Many changes, additions and 
omissions have been made so that it may be adopted as 
an up-to-date text book in Algebra meeting modern 
requirements in the subject- It will be found useful 
not only to beginners who learn formal Algebra in the 
IV frm but also to pupils who specialise in Algebra 
and Geometry and pursue an advanced course in it 
under the C group of the 8.S.L-C. scheme in this presi- 
aency while it retains its chief and former merit of 
remaining a good text book for students preparing for 
the Matriculation Examination of the various Indian 
Universities. The following are some a the note- 
worthy features of this edition :— 


fi) Simple equations, symbolical representation as 
preparatory and preliminary to the solution of problems 
leading to simple equations have been introduced early 
enough in the VI and VII Chapters after the first four 
rules. 


(ii) New Chapters deal with (4) problems on simple 
equations (5) co-ordinates and plotting points (¢) the 
straight line graph and (4) some applications of graph. 


(iii) Some more chapters have been added at the 
end of the beok fully illustrating the graphs of equa- 
tions of the second degree in x and yandalso the 
maximum and minimum values of quadratic functions 
of *. 


( viii ) 


(iv) The remainder theorem, its application in fac- 
torisation, functional notation and the transformation 
of ¢ (x) into the form F (w+?) have been amply treated 
in the advanced chapter on multiplication and division- 


(v) Some of the old fashioned sums have been 
omitted, for instance, in radical equations ; such omis~ 
sions have secured greater attention to principles than 
to mere artifices and mechanical methods. In conclu-- 
sion, the book, it is hoped, will commend itself to all 
teachers and pupils in view of the numerous graduated 
examples given under each exercise illustrating an 
algebraical principle taught in the class. With the use 
of this book, the difficulty now experienced by many tea- 
chers in selecting and sometimes framing appropriate 
sums to accompany the theoretical instruction wil} 
vanish and the anxiety felt by pupils in not having 
some more sums for home work on the same principle 
as those done in the elass will equally disappear. 
Any stggestions will be thankfully received by the 
publishers. 


~ 


MADRAS, S. V. RAMADAS PA ‘rULU, } 


April 1925. ) -V. VENKATASUBBAYYA. 


PREFACE TO THE SEVENTH EDITION. 


In this Seventh edition the book has undergone a eare- 
ful and thorough revision to suit the modern requirements: 
of begimners as well as advanced students of Algebra in the 
High School Course. Many useful changes have been 

“introduced, but care has been taken to preserve the special 
characteristics of the book which have earned for it a great 
reputation as a very good Text-Book for students prepar- 
ing for the S. S. L. C. Examination and the Matriculation 
Examination of the various Indian Universities. 


The book has been divided into two parts with all the 
chapters carefully re-arranged. 


Part I is complete in itself forming an easy eourse 
for the beginner. The subject of graphs has been intro- 
duced early enough in Chapters IX and X. 

Part II treats of the harder portions of Algebra re- 
quired for a specialist. The Remainder Theorem, its 
application to factorisation, functional notation and the 
application of the Principle of Indeterminate Co-efficients:- 
have been copiously dealt with in this part. 


The most attractive feature of this edition is_ the 
omission of old fashioned sums and the introduction of a 
large variety of examples of quite a modern type in the 
several sets of Revision Papers and Miscellaneous Examples. 


In conclusion, as every effort has been made to com- 
bine modern methods of treatment with a good number of 
modern problems of varying grades of difficulty, it is 
hoped that the book will be found quite useful both to 
teachers and pupils. Any suggestions will be thankfully 
reeeived by the publishers. 


MADRAS, @. VY. NARAYANASWAMI IYER, 
15th July 1927. B.A., L.T.. 
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A 
TEXT BOOK OF ALGEBRA. 


CHAPTER I. 
DEFINITIONS AND EXPLANATIONS OF SIGNS. 


N.B.—The definitions and explanations of signs given in this 
Chapter may be taught to beys whenever there are found necessary 
They are given in one place only for the sake of convenience. 


1. Algebra, like Arithmetic, is a science of sumbers ; but the 
numbers in Algebra are Senerally denoted by letters instead of by 
figures. 


2. Itis usual to represent known numbers by the first letters of 
the alphabet, as a, b, ¢ and unknown numbers by the last letters, as 
*, ¥,2; but this need not be strictly followed. 

The word quantity is often used in the sense of sumber, integral 
er fractional. Any whole number is called an integer or an integral 
mumber. Integers divisible by 2 are even ; those that are not divisible 
by 2 are odd. If istaken to represent any integer, all even integers 

ome under the general term 2m, and all odd integers under 2 #+1. 


3. The sign+(read f/us) signifies that the quantity to which itis 
refixed is to be added. Thus a+b (read a plus b) means that the 
umber denoted by 5b is to be added to that denoted by a. If a re- 
resents 4and 5 represents 5, a+b represents 9, Similarly a+b+c 
cans that 6 is to be added to a and that to the result c is to be added; 
if a, b, c, denote 4, 5, 6, respectively, a+b+c denotes 15. 

When no sign is prefixed to the letter at the beginning of an 
pression,+is understood. Thus a+b means + a+b. 
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§. The sign—(read minus) signifies that the quantity to which it 
is prefixed is to be subtracted, Thus a—b (read a minus b means 
that the number denoted by 6 is to be subtracted from that denoted 
by a if a denotes 7 and b denotes 4, a—b denotes3. Similarly a-b- 
c means that b is to be subtracted from a and that from the result c 
is to be subtracted ; if a, b,c represent 7,4, 2 respectively, a-—b-c 
represents 1. 

Quantities to which the sign+is prefixed, or before whieh it is 
understood, are called positive quantities. 

Quantities having the sign—prefixed to them are called negative 
quantities. 


5. The difference of two numbers is denoted by the sign“, ; thus 
a,b denotes the diffe rence of the numbers denoted by a and b, and is 
equal to a-b or to b—a, according as a is greater or less than 0. 


Note.—The sign 4 denotes plus or migius ; and the sign+ denotes 
minus or plus. 


6. Thesign x (read into signifies that the numbers between 
which it stands are to be mulliplied together. 

Thus ax b (a into b) denotes that the number represented by a is 
to be multiplied by the number represented by b. If a represents 4 
and b represents 3, then ax b represents 12. 

The sign of multiplication is often omitted for the sake of brevity 
in Algebra, but never in Arithmetic ; thus ab is used instead of axb 
and has the same micaning ; so abcis usedfor axbxce. Also 3b de- 
notes 3xb; but 38 is used for 3x10+8 and not for 3x8. Sometimes 
a point is used instead of the sign x ; thus ab is usedfor a xb or ab. 
But this point must not be confounded with the decimal point. Thuse 
2'4 (2 into 4) is different from 2°4 (2 decimal 4). . 


7. Thesign + (read by) signifies that. number which precedes it, 
is to be divided by the number which follows it. Thus a+6 (a by b) 
signifies that the number denoted by a is to be divided by the number 
denoted by b. If a represents 10, and b represents 2, then a+b repre- 
sents 5 


t : , 
or a/b is used instead of a+b and has the same meaning. 
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Note.—The word sign is often used to denote exclusively the signs 
+and—., Two signs are called /ike when they are both+or both— ; 
otherwise, they are unlike, 


8. The sign=(read equal to)} signifies that the numbers between 
which it is placed are equal, and is called the sign of equality :a=b, 
is read thus, “ a equals b,” or “a is equal to b.” The sign == denotes 
not equal to, 


9. The sign> denotes greater than, and the sign<denotes less 
than; thus a> b denotes ais greater than b; anda<b denotes is Jess 
than b. The sign + denotes not greater than and the sign << denotes 
got less than. 


10. The sign «. denotes then or therefore; the sign denotes since 
or because. 


11. A vinculum ,Or a pair of brackets (), {!, or[ ], 
signifies that all quantitiesjunder Or within it are a affected by 


any quantity without. Thus a(b+c) or a.b+c denotes that a is to be 
multiplied by the sum of b+c; ;whereas a.b+c or ab+c would signify 
that a was tobe multiplied by 6, and their product increased by ¢ 
f a=2; b=3; c=4; the first would=14; the second would=10. 


12. The reciprocal of any quantity is that quantity inverted, or 


nity divided by it. The reciprocal of a is; thatofa+5 is 1_ 
a ‘ 


a+b. 


onversely the reciprocal of Mis a; that of Z 5 is a+b. 

a 
13. Any collection of algebraical symbols is called an algebrai- 
expression. 


Those parts of an expression which are connected by the signs + 
r-—are called its terms. 


When an expression consists of one term, as a, bx, 3abx, it is called 
monomial expression; when it consists of fwo terms, asa+b, av—by, 
is called a binomial expression; when it consists of three terms, it 
called a trinomial expression; any expression consisting of several 
ms is called multinomial or polynomial expression. 
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44. When an expression consists of one term, it is called a simple 


expression; when it consists of more than fone term, itis called a 


compound expression, 


45. Whentwo or more quantities are multiplied tegether the 
result obtained is called their product and each of the quantities so 
multiplied is called a factor of that product. Thus a, band c are 
factors of the product abe. 


46. When a number consists of the preduct of two factors, each 
factor is called the co-efficient or co-factor of the other facter. In the 
product 3a, 3 is the co-efficient of a; where there is no other arithmeti- 
cal factor, we may supply unity ; in the product ab, the co-efficient of 
ab is unity. 

In the product abc, we may call athe co-efficient of bc, or b the 
co-efficient of ac, or ¢ the co-efficient of ab. These co-efficients are 
called literal co-efficients as distinguished from the former which are 
called numerical co-efficicnts. 

In 5a2b', 5 is the numerical co-efficiemt of a%b; 5a? and 5b, the 
literal co-efficients of b and a? respectively. 

The co-efficient must always be given with the sign+or — preceding 
it as the case may be. In- 4a2b2, the co-efficient of b? is— 4a”, and of 
a?,-4b?. 


Exercise—State the co-efficient of— 


1. a in Tabc.—4ab?. 
b in—Batbc, 10a4c?b, a®bc® d. 
3. x2, in—l0a2x2y2, #2 92,—b*atc?. 
ab in a?b?—3abc. : 
ay in 4a5—2ay+1. 
a? in a24+3a*%b. 


oa 


47. If anumber be multiplied by itself any number of times, the — 
product is called a power of that number. Thus axais called the 
second power or square of a;axaxa is called the third power er cube 
of a; axaxaxa 18 called the fourth power of a, and se on. The | 
number a itself is called the first power of a, 
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Any power of a quantity is usually expressed by placing abeve the 
quantity the number which represents how often it 1s repeated in the 
product. Thus a? (a squared) isusedto express axa; a* (acubed) is 
used to express axaxa;a*isusedto express axaxaxa, and so on 
a‘ has the same meaning as a. 


The number placed above a quantity to express the power of that 
quantity is called an index or exponent of the power. 


a” is the product of m factors each equal to a, and 1, is called the 
index or exponent of a” where » is any whole number). 


The symbol a* is read thus, ‘‘a fo the fourth power,” or ‘a to the 
fourth” and a” is read thus, “a to the nth.” 


When the different powers of the same quantity occur in a multi- 
nomial expression, it is usual to arrange the terms accerding to 
descending or ascending powers of that quantity. For example, in the 
expression 4a4+3a+46a*-6a*, different powers of a, namely, a4, a, 
a?, a* occur. We can arrange the terms in two ways; first, beginning 
with the highest power of a, we may write the other temms so as to 
contain the lower powers in descending order, thus: 4a*- 6a° + 5a?+3a; 
secondly, beginning with the lowest power of a, we may wfite the other 
terms so as to contain the highest powers in ascending order, thus: 
3a+5a* -— 6a*+4a?. 


Note.—If there be one or more terms not involving a, such terms 
should come /Jast when the terms are arranged according to descending 
powers of a,and first when the terms are arranged according to 
ascending powers of a. 


Exercise —Arrange according to ascending and descending powers 
of «each of the following expressions, and of y, expression (2), and of 
_b, expression (3). 


l. w— Sat + 4a3 — 4 +08 430245, 
2. ws y2@oaxy+n2y? + a45y— vtyd+ yt, 
3. boat — bed + bta+ b405 4+ 53 x2 + D. 


18. The square root of any proposed quantity is that quantity 
whose second power or square gives the proposed quantity. Thus the 
square root of 64 is 8, for 87=64. 
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The®¥cube root of any proposed quantity is that quantity whose 
third power or cube gives the proposed quantity. Thus the cube root 
of 64 is 4, for 45=64. 

The mth root of any quantity fis that quantity whose mth power 
gives the proposed quantity. ' 

The square root of a is denoted by Va or simply by V/ a usually. 

The cube root of a is denoted by #¥a and the mt/ root of aby 4 


/ a. 


The sign V is said to be a corruption of the letter 1, the first letter , 


of the word radix, The sign is called the radical sign. 


/ a; Pa, s/8, 5 se ma can also be represented by a}, a4, a}, 


i respectively. 
am 


19. Algebraical quantities are said to be /ike or unlike, according 
as they contain the same or different combinations of letters. 


Thus a and 5a,—5a?b and Zab, 8a*%bec and—-a*bc, are pairs of like 
quantities ; g° and a*®, 3ab, and—7a, 3a?b and 4a%b, of unlike quanti- 
ties. 


Exercise.—Collect all the like terms from each of the following :— 
1. 2a-3b+4ab—5a*%b—4a%b?4+5a4+4b—a*b? + 2ba? + 14ba, 
2, 2n+39+4+42— 72? — 425 — 92— 492 — By 4 1025 — 4a? — 1044-99 -— 848. 
3. 4ab—3ay—-10ba— 4924+ 9ay— 6ab4 724 209 — 3424 17ab. 


20. Each of the letters which occur in an algebraical product is 
called a dimension [of the product, and the number of the separate 
letters contained in the product (as if they were all written out in full) 
is the degree of the product. Thus a?b*’c or axaxbxbxce is of five 
dimensions or of the fifth degree. Numerical co-efficients should not 
be counted ; thus 9a7b and ab? are of the same dimensions, namely, of 
3 dimensions. 


The number of dimensions of aterm is the sum of the exponents or 
indices of the several factors of the term. 


When all the terms of an algebraical expression are of the same 
dimensions, the expression is said te be homogeneous. Thus 4a°be 
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+3ab*+2a2b* + a*bed is ahomogeneous expression, for each term is 
of 5 dimensions. 
> 


21. The square root of anyeven root of a negative quantity is 
called an impossible or imaginary quantity. Thus/-3 is an im- 
possible or imaginary quantity. 


22. When any root of a quantity cannot be exactly extracted, the 
quantity which represents the root is called a surd or an irrational 
7 quantity. Thus Vv 3 and V ab are surds. 


NUMERICAL VALUES. 


Ex. 1. If a=5. 
4a=4%a=4x5=20. 
at*=axaxaxa=5xK5x.5xK5=625. 
6a®=6x5x5x5=750. 
$q2=8x5x5= +5 =107. 
la=ixixixixi=i. ‘i 


Note.—Every power of 1 is 1. 


Ex. 2. Wa=2, 6=3, «=1, y=0, 
find the values of 4 abw and 6 absy. 
4fabu=4x%2K3xK1=24, 
6absy=6x2xK%3xK1xK0=36 x0=0. 


Note.—If one factor of a product is equal to 0, the whole product 
is equal to0, whatever values the other factors may haye. 


Ex. 3. lf a=3, b=2, *#=4, 
find the values of a2, wa and 35%, 
ajd=a?=axa=3x3=9. 
wax a=axaxer4x4x4=—64. 
3b4=3 x b4=3xbxbxXbxd=3x 2x%2x%2x2=48. 
O=0x0x0=0. 


Note.—Every power of 0 is 0. 


- 


~ 
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If a=1, b=2, c=3, d=4, e=0, find the values of :— 


Ex. 4. a—2b+3c+4d- 6e 
=1-2x24+3x3+4x4-6x0 
=I1-~ 4 4+ 9 +:°16 = ® 
=14+9+16-4 
=26-4 
= 22; 


Ex. 5. 7abc— 5bcd+4cde+3acd 
=7xX1xX2x3-5x%2x38x444x38xK4K0438x1%3x 4. 
= 42 ~ 120 + 48 x0+ 36 
42+0+436-120 
=78-—120 
= — 42, 


Ex, 6. 1f a=4, b=8, c=5, find the values of 3a*b*, 4a%c? and 
5ab*c 
3a*b?=3x% 42x82 =3x16x%9 = 482, 
4a3%c2=4 43 % Be =4x64x%25 =6400. 
5abSc=5 x 4% 38 x 5=5x 4% 27% 5 = 2700, 


Ex. 7. If «=2, y=3, z=4, find the values of 


; 8 
4029 aha 5ytz 
322 2744 


| 


4au?y 4% 2°x3 4xK4x3_ 
8 86 8xa®) CB 
syte’ 5x 8'x 4? _ Bx9x64_¢. 
27#4 —ssO7K 28 ~~ 7x16 


EXERCISE 1. 


If a=1, b=2,c=3, #=4, ¥=0, find the numerical values of :-— 
1. l4a® ; 7c ; 8x? : Abcx ; Babc ; Bhcxy, 
2, wa; ax; bc ; 43; 5x ; Ga. 

_ a? ct xf 
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If a=4, b=3, c=5, d,=6, e=1, f=0, find the numerical values 


of :-— 


3a+2b—-c. 6. 2c-—d+3e. 
12c+3a-5b-2f+4e, 8. ab+be+ca. 

be — de — af. 10. —6af+abc—2cd+e. 

4ab+ 3cf— 6d+ Tbe. 12. abcd — bce + fac. 

$ab — 3bcd + bef — 6cde, 14. 4abcd-Tade-2a ee 
4ac — 9ae+ 11bcd - 10afc. 16. 42a—21bc— 144¢+ 86ace. 
20¢ — cde + tabd — 2cd. 18. 12b-6cf+7cde-9abde. 


8. Find the value of :— 


2d _ 6e - ee (for values of a, b, &c., as in Ex. 4.) 


a) oo 
wee 4x2 
a 2 3x4 + 
5 
7 + 
=10-5 
4 
= 33 
4 


9 If a=4, b=3, c=2, find the value of :-— 
ab(a — b)—ac(a—c) + bc(b—c) 
= 4x 3(44—3)—4 x 2(4—2) +3 x 2(3— 2) 


= 12x 1— 8x 2 + 6x 1 
= jg — 16 — 6 
=18—16 
=9, 

EXERCISE. 2. 


If a=6, b=5, c=0, a—2, y=3. 2=4, 
find the numerical values of — 


1. 
2. 


3. 


5a*b?2 ; Tabx2y 3; 4a2b2¢. 
Batery%cs « 4%2y ; axbycb ; zyx2 ab, 


4a*h?x 72z3abx  3a%z3 

3y8z ”  ByS ” Abt ys” 

45 4a? | w2ab abc, bc 
y2b? xyz” yt’ xy? ’ Buryes’ 
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If a=3, b=4, c=6, d=5,e=1, f=0. 
find the values of :— 


5. 


18, 


mae ¢. g, 45, be ca. 

b cto te 

a+b b+c c+a., 8 a b > % 
a a toe | bee tab td-c 
ab+cd~ bd+ac. 10. a-—b(d-e)+c(a+b). 
(a+b)(b+0o(c+4). 


fa+(b+0)- a} {(a—b)—(c-d)} (a-—b+c+d), 
{12a — (3b — 8e)| -4f —4b-3d+ 5c}. 

ab bc ac abe cde, 

a uteta 8 

a(b—c)+b(c— a)+c(a—b)+ad)(a—¢). 

4a — (2b — 3c) +.d(b — 2c) + a(2d — 3¢). 

a+b b+c Cc+a. 

b+c tc+atayb 

a-b+c b-c+a c-atb. 
aytb-ctb+c—-atcp+a—b 


Ex. 10. Find the values of :— 


/a?b and Pbca when a=2, b=4, c=1. 
V abav 2 xX4-V4x4=V 16=4, 
P bea = 74x 1x I= P/B=?2. 


Ex. 11. Find the values of :— 


/ = y2be and 3ac — SS Qbear _ 3/ by 
Oa? 


when ‘om be=4, c=9, onl y=6. 


1} 


Ex. 12, 


Ex. 13. 


DEFINITIONS AND EXPLANATIONS OF SIGNS. 


If a=1, b=2, c==3, find the value of :— 


(a+ b)?(a? — ab + b?)+(a+c)?(a? — ac+c?) 


=(1+2)2(1? — 1 x 24 24)+(1+3)2(15 - 
32(1—2+4) + 42(1—- 
9x3 + 16x7 
27 + 112 


139, 


P S(a+b)29{ + P[a+%)(y—2a)} 
=P} (2+3)75} + P| (2+6)(5-2x 2)} 
=P j52x5t +7j{8xl1} 
= f5* +78 
= 6 +2 
=9. 


EXERCISE 3. 


1x3+37) 
3+ 9) 


If a=2, b=3, «=6, y=5, find the value of :— 


+H\N- b)?a}. 


+ (5 - 3)22| 
+ ¥{2? x2} 
+ 3* 

+2 


If #=4, y=1, 2=2, a=9, b=5, c=8, find the values of :— 


1. 


2. 


Vv b8cz; ¥ tl 4 abty; V Bac 


AV NzC Weby+2., 
Pane’ ae pe: tae ayex 


I =) V fe ay Ma (3S); 2aya/4ab* 


eae 


11 


a& 


‘ 


x 
If a=5, b=2, c=1, d=4, e=8, f=0, m=6, n=4, =9 


~ yalues 


4. 


9. 


5 
6 
7. 
8 


of :— 


V2a—1+8/an+p—-b- /a®-d?. 


at — ba+db— mb+ 10 — pb. 
Vin—df—p—b + %/m*— pd. 


(oe ome Shh ital eee 2" 
JS p—-_V nt e— c+ V cd—Wef. 
a+b+c_ b+cec+d cHd+e— d+e+f 


m+n n+p + m+p ~ m+n+p* 


find the 


Find the value of (9-a) (b+1)+(b+5) (a+7)-112, when a=5 


and b= 


3. 
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ll. If V=5a4+4b-6c,X= - 3a — 964%, Y=20a+7b—- 5c, Z= 
13a - 566+ 9c, find the value of V - (X+Y)+Z if a=b=c=l. 


12. If «=3, y= —4, find the value of :— 


2a+sy 4a - 9 
21( Popes | ) 

2u-y (be-7y 1/% =) }] 
- af are -¢(5- r 


\3. If a=1, b=3, c=5, find the value of — 
{a - (b-c)\*+{b - (c-a)\*+\c-(a - b)\?. 


14. If #=11, find the value of:— 
PY [(#+2)V B—B- 25 Pla? -— w+ 2/7 w— 2]. 


15. If a=16, b=10, *=5 and y=1, find the values of:— 
(i) (b-x)V (a+b) + {(a—b) (2+ 9)\" Th 
(ii) (a—y) |W (2ba) +07 (+ V7 \(a—#) (W+9)|. 
16. If a=3, b= —-2, c=1, find the value of:— 
a(a—b) (a—c) {V 2a? +3b+4c- (a+b) (a+0)}. 
17. Find the value of a+bv(#+y9)-(a—b)v («—y), when a=10, 
b=8, x=12 and y=4, 
18. If *=5, and a=8, find the value of:— 


v+2a 
a-«x 


av («? —3a)+ av (~? +3a)+ 


19, If a=}, y=}, z=4, find the value of:— 
_a4Vy | pave steve 
w+V y4V zt zaVa-V yt ya e4v ie 

20. If a=1, b=2, c=3, d=0, find the value of :— 
Yb-a+ PA4lc-a)— f (8a+5b43c— 2d), 

21. If *=2, y=3, a=6, b=5, find the value of:— 
Vv +y)? +P (v4 a) (b= 2x) 4 Palb— y)?. 
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Ex. 14. Make a table of values of y. When y=2.* - «+3 corres- 
ponding to the following values of « 0,1, 2, 3,-1,-2. 


When t= 


22. Find the values of a for the following values of «:— 
2, 4, 0, 14, 4. 
23. Find the values of y corresponding to the values of @, 1, 2, 3, 


4 of w if = ZE 


24. Find what values will Set T take when «= —-1, % 8, 0,=8. 


25. Find the values of 2¥? — 3%+4 corresponding to the following 
values of «:—0, 1, 2, -1, —2. 

26. y=«?-3"+2. Makea table of values of # and y when a= 
- 2, 3,1, 4. 

27. —3x?+5a-6=y. Make a table of values of # and y for 
values 0, 1, 2, 3-2,—3 of ». 

28. y=—4e?4+2x"-6. Makea table of values of # and y corres- 
ponding to values — 1,- 2, 0,+1,+2 of x. 

299. Show that «27-5 «+6=0 when +=2 or 3. Find the yalue of 
the expression when *=5. . 
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*" 80, Show that 2v*350-12=0 when #=-4. Find the value of 
the expression when w=}, 3. 

31. Find the value of the expression «3- 6x?+1lvw-6 when 
#=1, $2. . 

32. Show by substituting 16 for wand 10 for y that the two 
expressions 3 (v—4)+4 (1+¥4) and 6 (w+2y)-—5 (2”—- ) are equal. 

33. Show that Piet 23h is equal to 3 (3f?+45) when p=1, 3, or 5. 


Which expression is greater when p=2, 


CHAPTER II. 


ADDITION. 
POSITIVE AND NEGATIVE QUANTITIES, 


23. The signs-+and-—have been defined in Arts. 3and4 of the 
previous chapter. They denote the operations of addition and sub- 
traction when placed between two quantities. Thus the expression 
4a+5b-—10c—7d means that the symbols 4a and 5b are to be added 
while 10c and 7d are to be subtracted. So long as the sum of the 
additive terms is greater than the sum of the subtractive terms, the 
meaning is quite intelligible; but whenthe sum of the subtractive 
terms exceeds that of the additive, it might at first sight seem to the 
student unlikely that such an expression should occur in practice. 


24. Let us consider one or two simple illustrations. Suppose a 
merchant was to gain in one year acertain number of rupees and to 
lose a certain number of rupees in the following year, what change 
has taken place in his capital? Let a denote the number of rupees 
gained in the first year and 6 the number of rupees lost in the second. 
Then if a is greater than 6, the capital of the merchant has been 
increased by a—b Rupees. For example if a=Rs. 200, and b=Re, 150, 
the merchant’s capital has increased by Rs. 50. If, however, 6 is 
greater than a, the capital has been diminished by b—a Rupees. For 
example if a=150, and b=200, the merchant’s capital has suffered a 
diminution of Rs. 50. 


The above statements are indicated thus : 


Rs. 200— Rs. 150= + Rs. 50. 
Rs. 150—Rs. 200= — Rs. 50. 


In the first case the merchant has gained Rs. 50, while in the 
second case he has Jost Rs. 50. If we denote by 50 or by+50a gain 
we may denote by — 50 a Joss of the same extent. 


Fj 
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25. Again a distance measured in a particular direction say 
north, from a starting point bears to a distance measured in the 
opposite direction (South) the same relation as gain bears to less. A 
date before a given point of time bears the same relation to a date after 
that point of time. These pairs of related magnitudes are distinguished 
by means of the signs+and-—-. 


There are two points to be noticed ; first ihat when no sign is 
used,+is.to be understood ; secondly the sign+may he ascribed to 
either of the two related magnitudes and then the sign — will belong to 
the other magnitude. 


26. In Arithmetic we are concerned only with the numbers re- 
presented by the 6ymbols 1, 2, 3, &c., and intermediate fractions, In 
Algebra, besides these, we consider another set of symbols —1,-2,-3, 
&c,, and intermediate fractions. So it is usual to divide all algebraical 
quantities into positive quantities and negative quantities according 
as they are expressed with the sign+or the sign—. 


The absolute value of any quantity is the number represented by 
this quantity taken independently of the sign which precedes the 
quantity. 


27. When two or more algebraical quantities are united together, 
the result is called their sum and the process of finding the result 1s 
ewiled Addition. An algebraic sum is not necessarily the sum of 
positive quantities. 


28. When the terms of an expression are connected by the Sign+, 
we may write the terms i7 any order. Thus a+b and b+a will give 
the same result. 


When an expression consists of some terms preceded by the 
sign+and some terms preceded by the sign-—, we may write 
the former terms first in any order we please, and the latter terms 
after them in any order we please. 


Thus a+d—b—c=a+d-c-b=d+a-c-b=d+a-b-c. 


a9. There are three cases of Addttien:— 


First case. Where the quantities are ltke, and have like signs. 


1) ADDITION. 17 


Rule.—‘ 4dd the co-efficients together, and to their sum adjoin the 
| letters common to each term, prefixing the common sign.”’ 


Ex. 1. Add together 34, 5a, 9a and 7a. 
3+5+9+7=24 + The required sum = 24a, 


Ex. 2. Add together — 2b,—4b,-—5b and — 6b, 
2+4+5+46=17 « The required sum= -—17b, sen 


Ex. 3. Add together 4a- 36, 5a—66 and 2a—7b, 
4a-3b+5a-6642a-75 
=44+5a+42a-3b-6b-7% 
=lla—- 166 or thus — 
4a—3b 44+5+2=11 
5a—6b 
2a—7b 


Poe. lah Se -~3-6-7=-1]6. 
lla— 166 


Ex. 4. Add together 34% — b, ax —4b and jax— hb. 
av —-b+haxv- 5+ hax—4b 
= §4%+}ax+tax~b-35- 40 
=744x—- 4b or thus 
jax —b i+d+days 
sax— 3b 
fax—4b 


-1-f-§=-2. 


EXERCISE 4, 
Add tegether :— 


2a, 5a, a;-2b, - 3b, — b; fa, 44, ja. 
10ab, 2ab, 9ab, 16ab; 6a7b, 4a2b, 3a2b. 
2a—3b, 4a-10b, a- 2b, 2a—b, 14a~ 136, 
¥— 29 — 32, — 3y—42+5x, —52+6x%-—7y. 
a? —ab+b?, 2a2- 3ab+3b2, 3a2~4ab 4-752, 
4ab + 3bc — 2ca, 30¢ — 2ca+2ab, §¢a + 2ab+ kbc. 
wt —Qeyty2, gvQl tuy+2y?, $02 — wy 4 rye, 
4-ax+by— ab, 24- 3ax+ hby— Zab, 
43 -— fax+3by- $46, 4—1l0ax+by-— $ab. 


SMO ewe 
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> 
9. mé + 1h 3yntn + Bmin®, ym> +405 — 6men+9n*, 

fm + 03 — Smen+Bmn?, m>4+-n3 — BmIn+ Omn*. 
10. a34b3—c3, 2a5 + 4b3 — 30%, 8a5 +4b3 -gc%. 
ll. 6a-4, 7a-3, 8a-4, 9a-—6, 10a-8. 
12. w24+6x—-8, bv? +On-3, 40? + 13-10, 8v?4+7"- 6, 
13. «#2+5a94+6r2—- 392, 4x24 30y +482 —- 942, 

3x2 +409 +202 — TOyz, 


30. Second case, Where the quantities are all .Jike, but the signs 
not all like. 

Rule.—‘‘Adad all the positive co-efficients into one sum, and all the 
negative co-efficients into another ; subtract the less of these sums from 
the greater, and to the difference prefix the sign of the greater sum, 
and then adjoin the common letters. If the aggregate of the positive 
terms be equal to that of the negative ones, then the difference =0."" 

Ex. 5. Add together :— 

3a,—- 5a, 9a,-—7Ta 


+ 8).-.5 
dt diet 
+12) -12 


« The required sum + 12a—- 12a=0 Ans. 


Ex. 6. Add together :— 
= 2b, +4b,— 5b, + 6b, — 136. 


- 2 

~ 5 +4 

-13 + 6 

= 20 +10 
~204+10=- 10, 


The required sum = — 10b. 
Ex. 7. Add together :— 

4x? +3094 9?2,— 30? +ay— 292 and 2v? —bay+ 3y*. 
Proceeding by the rule, 


4n24309+4+ 9? 442-3=3 
— 34274 xy— 249? 34+1-5=-1 
92 om "A) 2 
amt bP 143-2=2 


3a2— xy+2y? 
Ex. 8. Addtogether:— | 
fat}b—20, sa- gh + 4c, ja—gb- fc anda-b+c. 


i.) ADDITION. 19 


Proceeding by the rule, 


ka+4b— ec §+4444+1=2 
ja-Yb+4c -4- aie 
$4 ~ yb — gc ~a+a- i) 

a- b+e 


2a—4b4 4c 

EXERCISE 5. 
Add together :— 
i. 3a,-5a,- 6a, 8a, 
2. 5b,—7b = 9b, +130. bh 
3. —4ab, Tab, tab— tab. 

4. Ja? -$a?,-1a? a2. 

5. a+b+c+4d, —a+b+c+d, a= bbb eed, a+b-~c+d and 


a+bh+c-d. 

‘6, a+2b+3c- 4d, b+2¢+3d— 4a, c+2d+3a- Shona 
d+2a+3b-— 4c. 

7. a?—hb*4402-4d2, ie dae sa° 


— 4d? + \a? —}b2 and d?-4a24 1b? —4¢2, 

8. ae eo 8a eer 

and 4 3— 4a eed, 

9. ax +by +z, ‘add 2by — 3ez and 4av— 3by + 4cz, 
10. a'+4a3+6a?24+4a+1 and ate 4a3+6a? -4a+1, 
Il. a3 -fa3v+tant — 5x3, a3 + barat tan? +243 

and 24% —ja?v+ >hav2 +yv3, 
12, a? +b? +c? --2ab + 2ac— 2bc, 
a? + b2¢? — 2ab+4 2ac— 2be. 
a? re b? +c? — Zab — 2ac + 2be, 
31. Third case. Where the quantities are unlike, 


Rule.—" Set all the quantities down one after another with their 
40-cfficicnts and proper signs prefixed, and collect all the like quantities 
dogether (if there be any) by the foregoing rules,” 

Ex. 9. Add together :— 

3a, 5b, 6c, 7d. 
The sum =3a + 5b + 6c +7a. 

Rx, 10. Add together :— 

3a, 6b, + 8c, — 7x. 
The sum =3a + 6b #8e- 7.x. 


20 


Ex. 11. Add together :— 


Proceeding by the rule, 


Add together :— 


iL. 


15. 


16, a pies, b pies,—c pies. 


17. 


1% 2 pounds, 3q pounds, 47 pounds.} 


ab+ac+bc, av- 2ab+ by, bz -— 2av+cy and be — cz + Bac, 
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ab+ac+ be ; 
— 2ab + ax+by 
—2ax +bz+cy9 
+ 3ac+be — Cz, 
—ab+4ac+2bc— ax+by+ bz+cy -a ; 
EXEROISE 6. 
¢ 


3b, - 8a?b, aH 4 
6ac,-— 7x9, l0xy™ 9xy9%. j 
ba2 41, w? -— 4043, 6a? +8a—-9. 
6a® +7ba? +8b2a+ 2b%, 3a2b+5b5 + 11a®, Tha? +8a* — 9ab?, ; 
Gath +12ab2 — 10a : 
m? +23 —3mn+1, 1° +15 + 31-1, 13 + 3 — 3lm+1. 
a-w-y, b-—c—d, w+y+e and d+c—4#-y. 
ay? +by+c, by? +cy+a and cy? — bya. 
x? +ay+az, py? +094+-92, z?4+-20+29 and 
a? + y? + — 2ny — 292— 2en, | 
3ab2 —4a2b+a3, —4ac?4+6ab*—c®, — 7b> 4+2a*b— 6ac? and 
6a®—1lab?—12ac* : 


a-1b+1c-}d,-}c+4a-4b4d, jd— jb+c-a, ja-—3d+b-(Ge 
and 8a — 6b+4 8c— 4d. . 
bt a@ $8 «2 8,08 ~S 
a= gte-@ gat? “g's ate e r * 
l+a+a2+a542!, 1-2a048a? —404, 4 30? 4 7n* 


and 1-a’%. 
Qn? — Gay — PEy?, 49% — $98 4222, 2vy— gy? +29° 
and 4ay— 2y? — B42? — 39? — 32°. 
2a%+4a?+6ab, a’ 4b? 4+ab?+b?, ab? -4ab—2a®, 
3a?b-—a*, ab? +a, and b- <a’. 
Lat + 4a3y — 20093 4 34,3039 — 10a? y? + 2y4— dat, Txt y® +6ay®? 
— 644-3439 and 18xy8 49x29? — 4y4. 


x rupees, 3y rupees, and 5z rupees. 


—_—_—_—— 


CHAPTER III. 


SUBTRACTION AND REMOVAL OF BRACKETS. 


32. Any quantity B is said to be subtracted from any other 
quantity A when a third quantity C is found such that the sum of B 
and C 1s equal to A. 

t.¢., C=A-B when C is such that B+C=A, 


The quantity from which another quantity is subtracted is called 
the minuend. 

The quantily subtracted is called the subtrahend. 

The result is called the difference or the remainder. 

A is the minuend, B the subtrahend and C the remainder, 


Graphical representation of subtraction and negative numbers, 
Subtraction as in Arithmetic is the opposite precess of addition’ 
Subtraction of 3 from 4 gives 4-3. Similarly subtraction of 8 from 
+ may be taken as 4-8 but 4-3 hasa meaning whereas 4-8 is not 
easily intelligible. If+ts regarded as gain-— may be regarded as loss; 
s0 4—3 means an initial gain of 4 followed by a loss of 3 resulting in 
a net gain of 1; but 4-8 may Similarly mean an initial gain followed 
by a loss of 8 resulting in a net loss of 4 which is denoted by— 4. 


“«4-8=-—4 or graphically thus. 


* 

| b . toe d iM Sag i" 

Suppose a person starts from O and takes 4 steps, to the right, to 
A. This is denoted by+4. -—3 means from A he takes 3 steps in the 
opposite direction, i.c., to the left to B. (See the figure.) Now he is 
finally at B which is 1 step to the right of O. .+4-3=+41. 
Similarly+4-8, means taking 4 steps from O to A to the right and 
then taking 8 steps from A to the left which brings him to C which ig 


4 steps to the left of O. »~+4-8=-4, Thus if+denotes advance in 
one direction — denotes that in the opposite direction, 
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33, From 2a take b, and the difference is deneted by 2a-b; 
because the sign—prefixed to b shows that it is to be subtracted fron 
the other and 2a—6 is the sum of 2a and—b. 

Again, from 2a take — b and the difference is 2a+b ; because 2a= 
2a+b—b. 

Take away -b from these equal quantities. : 

_ 3 The difference between 2a and-b is 2a+b, i.e., the sum _ of 2a 
and + b. ae 

«. To take—b is the same as to add+b. me 

Hence we have the following rule :— : 7 

Rule.—'‘ Change the signs of all the quantities to be subtracted or 
conceive them to be changed, and then collect the different térms together 
as tn addilion.,” 


Ex. 1. Subtract 3-5) from 40-8), Changing the sign of 
3x- 6b, we have,-3%+5b. Add-389+6b to 47— 8b thus: 
4x—8b 
— 384+4+5b 
v— 3b. 


Ex. 2, Subtract +?-29y+4 49? frem 1?4+209+ 97, 
Changing the sign of every term of the subtrahend we have- a? 
+2xy-9*. 
a*+2ry+y°. 
—x?42ay— 9? 
4ny 


Note.—The signs need not be actually changed, the operation may 
be performed mentally. 


Ex. 3, Subtract 2a248ab—5b2 from — 3a? + 2ab-—4b?. 
— 3a®+2ab—4b? 
2a? + 3ab — 5b? 
5a? -ab+ b? 
Ex. 4. Subtract a? —4ab4+5x?-— 4? from 64% + 39? —6a°. 
642 + 3y? —6a? 
5at— y®+a®—4ab 
x? 4492 —7at4-4ab 


———— 


Ml.) . SUBTRACTION AND’ REMOVAL OF BRACKETS, 23 


EXERCISE 7. 


Subtract :— 

- 3 from 5,-3 from-— 6,—$ from 9. 

2d from 36, - 4 from ey'~ 8z from — 9w, 

a+b from c+d, 3u—2y from 6v-8y, 10z+6c from 34-42. 
a4-—b+c from 3a-2b+c. 

—~V-¥+z2 from 37+ 4y- 5z. 

~ 4a? — 2ab+6 from —5a?2- ab+8. 

20°+342+4745 from «3 —4n2 +6xv+7. 

Pa a hgllaaal from a3 —3a7b+3ab2 — 3, 

~ 4496+ 6a7b? — 4463 +64 from 
irc. spaetae and find the value of the difference, when 

4=2, and b=3, 

10. From $#- 3a+ }b- ty take fv+4a—4b— hy, 

11. From 2a4+36+ [¢+4bc take 3a—- es 

12, From 49- §a—-4v+ ha take 39+ lan, 

13. From 10am -14bn-ch-b5d take — San 45s 5d, 

1%. Subtract }a—b- 1 from the sum of b+4—-1a, 

1+ ha-jb and a+}b-3, 

15. Subtract 1+a-a?, from the remainder after subtracting 
3a° -5a-} from a*+a?2- fais }. 

16. Subtract the sum of 3a-—6+42c- 5d and a4+6—~2c+3d-from the 
excess of 64-c-d over a~b-c, 

17. From the sum of the first four of the following expressions 
we? + y? z?4a?, a? + y? +22, v2 —Z?+ y* am V2 — y? 422 4q2) 
v2? +2274 q2?- ¥?, subtract the sum of the last four. 

18. What must be added to 3a?-6ab+6b2 +7bc in order that the 
sum may be — a? — b2 - b¢ ? 

19. What must be addedto 

— 6a5 4 13a7b2- vya+ Bub? + 7abay in order that the sum 
may be a*+a*b? + x? ya—-2yab? = 2hyab 3 ? 

20. What must be subtracted from 4a’ -3ah-—6b? in order that 
the remainder may be a? + 3b? ? 

21, What must be subtracted from 

10a? —7ay+5y? -9x- lly+14 in order that the remainder 
may be «*+ay+y?+e+y41? 


a eee 
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22. From what expression must 
3x? — Tay —892z+9y% be subtracted in order that the remainder may be 
2x? +3xy4392+ 29? ? 

28. The sum of two expressions is 2? +2y?- 42a, and one of 
them is v? 4 9? —2? 4209 + 292 - 22n. Find the other. 

24. By how much does «?+ay+¥? exceed vw? —ay+y? ? 

25. A ship sails 30 miles due north and then 40 miles due south, 
How far north is she from her starting point? How far south ? 


26, Inacertain year the revenue of a country is increased by 10 
lakhs. The next year it is decrcased by 15 lakhs. By how much has 
the revenue decreased ? Express it as an increase. shes 


34. Whenany expression is bracketed the whole expression is 
treated as a single term-; and the operations of addition, subtraction, 
&c., are performed upon it as if it were only a symbol like a, b and c. 
For instance, a+ (b-—c) means, that performing possible simplifica- 
tions upon b—c we are to add the result to a. 


Again a+(b- 0) itself may be treated as a single term, and added 
to, or subtracted from, any other term. In that case the whole ex- 
pression a+(b—c) should be bracketed. 

Thus d—- ja+(b ~c)| means that, simplifying a+(#—-c) we are to 
take the result from d. This again may be treated as a single term 
and put within brackets thus [d—-Sa+4(b-—c)‘}. 

A straight line placed over an expression also serves the purpose 


of brackets. Thus a+b—c has the same meaning as a+(b-c). This 
straight line is called a vinculum. 


35. To prove that (1) a+(b+e)-a+b+e. 
(2) a+(b-c)=a+b-c. 
a+(b+c) means that the sum of 6 and cis to be added to a. 
Therefore a+(b+c)=a+b+e. 
Again a+(b—’) means that we are to add b-cteoa. Now b-c 
means that b is affected by a loss ¢ ; therefore }—c is less than b. If 
therefore to a we add b instead of b—c, we add too much by «. Hence 


a+b is too large by c ; the correct result must be- less than this by c. 
Therefore a+(b— Baak b-c. 


: 
| 
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Examining the results in the two caSes, it appears that we simply 
write down the terms in a line with their proper signs, taking no 
notice of the brackets. Hence the following rule -— 


Rule —Plus sign before a pair of brackets does not affect the signs of 
terms within tt. 
Graphical proof of :—+(b+c)=+b+¢. 
+(b-c)=+b-c. 


ee —_———_——$— 


O Cc A B 
Let O be the starting point. All distances measured to the right 
are positive, i.c., +and those measured to the left are negative, 1¢.— 


Let OA=b units, AB=c units, AC=AB in length but measured 
in an opposite direction to Ac= —c units. 


- OB=b+c¢ units, CC=b-c units. 


I. Now walking from Oto B is equivalent to walking from O to 
A and then from A to B (all in the same direction) «.« +(b+c)=+b+e. 


ll. Now walking from O to C is equivalent to walking from O to 
A and then walking from A to C in the opposite direction. 


+(b-c)=+b-c. 


+sign before a bracket does not affect the sign of the terms 
when it is removed. 


36. Toprovethat (1) a-—(b+c) =a-~b-c. 
(2) a-—(b-—c) =a-b+e, 
(3) a-(b-—c-d+e)=a-—b+c+d-e. 


(1) As each of the numbers b and ¢ is to be taken from a tke result 
i§ denoted by a—b-—c. We enclose the term 6+c in brackets, because, 
both the numbers b and c are to be taken from a. Therefore a—(b+c) 
=a-b-c 
(2) If we take} from a, we obtain a—b ; but we have thus taken 
too much from a, for we are required to take, not b but, b diminished 
by c. Hence we must increase the result by c; thus a-(b-¢)=a—b 
+¢. 
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(3) We have to take b-c-—d+efroma. This is the same thing 
as taking b+e-c-dfroma,, Take away b+e from a,and the result 
is a—b—e, then add ¢+d, because we were to take away not b+e but 
b+e diminished by c+d; thus a-(b-c-d+6)=a-b-e4+c4+d=a-b 
+c+d-—s6, 


Examining the resultsin these cases, we obtain the following 
rule ;— 


Rule.—Minus sign before a pair of brackets changes the sign of every 
term within it, plus to minus and minus to plus, 


Graphical proof ef :— 


—(b4+c)=-b-c. 
-(b-c)= —b+e. 
B’ A’ C’ fo) Cc A B 


Now in this figure O A'=O A but is measured in the opposite 
direction, 


Similarly A’B’ =A B but is measured in the opposite direction. 


De. A’C’=A C do. 
, “OATS=h6 ) £O B’=-(h4¢), 
A'B’=-c } ~O C’'=-(b-c). 
A’C’ = +4¢ J 


III, A man walking O to B’ is equivalent to going first to A’ and 
then to B’ « -(b4+0)=—-—b-call in the same direction, 


IV. Again walking O to C’ is equivalent to walking from O to 
A’ and thence to C’ in the opposite direction » — (6-c)==-b+c. 


. — Sign before brackets changes the Sign of all the terms within 
them if they are removed, 


EXERCISE 8. - 
Simplify :— 
1, 24- (30-4), 2. —2y- (39-54). 
3. 3b—(4b-7b), 4. -—4¢4+(4c-7o), 
5. 5a —(3e+2). 6. 10a-(6a+5a), 
7, 2a+3b+4(3b- 2a). 8. v+y-(y—2). 
9. 3b—(i4"=-42).° 10. 4a+44b-(}a— 2b). 
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37, The following rules must be observed in the removal of 
brackets ;:— 


(1) lf any number of terms be enclosed within a pair of brackets. 
preceded by the sign+, the brackets may be removed without altering 
the signs of the terms. 


Thus a+(b+c-—d-—e)=a+b+c-d-e. 

(2) If any number of terms be enclosed within a pair of brackets. 
preceded by the sign—, the brackets can be removed only if the signs. 
of all the terms within be changed, +to-and-—to+. Thus a-(b+c- 
d-e)=a-b-—c+d+e. 

The following rules must be observed in the iwsertion of 
brackets :— 

(1) Any number of terms may be put within a pair of brackets. 


with the sign+ prefixed, without any other changes. 
Thus 4+6—2c=a-+(b— 2c). 


(2) If the sign—be prefixed, the signs of all the terms within the- 
pair of brackets must be reversed. 
- Tous a- b+2c=a-—(b-— 2¢), 


Note —If there be brackets within brackets in an expression, it is- 
the safest method to remove the innermost brackets first, then the: 
next, and se on. 

The following brackets are generally used :— 

i ) These are called simple brackets 


; 

j 
EJ canccecrenve csece soesees square........ sovedes 
This is called a vinculum. 


Ex. 1. Simplify {a-(b-c)|-{b-(c—a)}. 
The given expression={a—b+c}-{b-c+a} 
=a-b+c-b+c-a 


— =2c— 2b, 


Ex. 2. Simplify a-[b- {e— (d—-e)} - f]. 
The given expression=a-[b- \c-d+e{-f] 
=a-[b-c+d-e-f] 
sa-b+c-dterf. 
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Ex. 3. Simplify 7a- {8a —[4a~(5a-2a+a)]}. 
The given expréssion=7a — |3a—-[4a—-(5u—2a-—a)}| 
=Ta- \3a-[4a—5a+2a+a)| 
=Ta-}3a-4a+5a—-2a- a} 
=7a-3a+4a-5a+2a+a 
> =lta-8a 
= 6a. 


Ex. 4. Remove the brackets from 
v— 2y— [4x —-6y— {3v-24(50-2y- Ba- z+29){ J. 
The given expression 
=w— 2y~ [4a — 6y — |3v—24(50-2Qy-Bx4z2-2y))] 
=wv- 2y-[49-6y- )3a—2+45x—-2y-3x42—-2y/ J 
s=v— 2y— [40 - 6y—-8x4+2—- 50+ 2480-2429] 
S¥~ 2y—-404+694+3n— 2450 - 2y-8a42-2y 
SU— 40+ 34 +04 - 34-294 6y-2y-2y-—z4+e 
=9x-71+6y-6y4+2-2 
= 24 


Ex. 5. Enclose 2a+b-—c+2d-3c-4f in brackets, 
(1) Taking the terms two together each pair of brackets being 
preceded by the sign :—~ 
2a+b-—c4+2d-3e-4f= —c4+2a-3e4b- 4f+2d 
= — (¢— 2a) - (3¢— b) — (4f — 2d). 
(2) Taking the terms three together cach pair of brackets being 
preceded by the sign :— 
2a+b—c+2d-3¢e+Af=—c+2a- 36-4 f+b4-24 
= = (¢- 2a + 3c) — (4f—b— 2a), 
Introducing a pair of inner brackets in each, the expression 
= — [c- 2a - 3e} — jaf b+2d}. 


EXERCISE 9.- 


#Remove the brackets from :— 
l, 2a= |2a— (b+ 2x)| + {—(2v— 2b)}. 
2. |6a+2b— (3a + 26)| — {2a+4b—(4a—b)}, 
3. a=[2b- |8c- (a —2b= B0)}], 
4. a?=—(b? —¢?)— be +(c? — a?) +c? — (b? — a2), 
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5. -a-[-6-\-c-(-a-b-c)}]. 

6. Llv—[Ta= \80—- (9v-+240- 6a){). 

7, 2-‘4-(6-T-9)'. 

8. -2-[-8-)-4-(-5-642)}]. 

9. a-[5b-Sa—(3c— 3b) +(2c-a—26-c)}}. 
10, Ta—[2a~{b—(3a-5a—2b)—4u' — 26). 
We. — [f+ (— 4) - [+[- ty}. 

12, —3~-—[-5y- §-—7z2-(-9w- —11y- 132)? ]. 
13. —2v-[-4y—§ -52-(-2%+ -5y—82)| J. 
14. —w—-[-29+[32-(4a—- —2y—92)/]. 

15. -a-[-b-{c-(a- —b—c)}}. 

16. -—4a—[-3b- | -4¢- (34+ - 4b-5c){ 1}. 


Add together :-— 
17. a—(d—2c), 3a—(b-4c)+2d and 3a—b-(2c-d), 
18. 1-j1—(1-~){, 2v— (3-5) and 2-(-4+5~). 
19. a—(2d— 3c), 4a — (b+ 4c)4+ 3d and 3a — }(2b+42c)- dl. 
20. (av—bx)—(by—cy), avn+ba—(by+cy) and (ax— by) — (ba —cy,_ 
21. {6a—(b—4c)}, \§b—-(4c- faa} 
and }(g4—6)—(2c— 4a). 
Find the differences between 
22. bx—[4y— {32420 -(y—z){] and 6x- {6y—- 32-34). 
23, w—}—(1—3%)+ (20? — 349){ 
and [1 — ja —- (w? -— 34%){ ]. 
Pgs. 6at[4a— {8b - (2a+ 4022} - 76] 
and 7b— |4a—(l4a—56){. 


Find the values of 
25, 130-—[13«- {4v-11-(%-§8)} 
+ {5a—13-—(«#—-5){] when w=}, 
Ks. (8a— (2a — 4) + {(13-—a)- 2a- 9} ]-1la when a=7, 
27. [\2a—(b—a){ — \(2a—})-(3a—- 20); ) 
+(a+21b) when a=, and b=). 
28, 2v—[a—(3b— 5c) + {x4 (4a—b4+%—-c) + 3c} 
~ (2b - 3a+3¢)] when $=}, and c=1. 
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29. 3v-[l6y~(82— 49) — 162+ Qx- 69 — Be- 44)(] 
when #=2, y= and z=y\. 

30. v— [38 5y~ \Tw~ (99 + 1la) - (132-15) - 17a +190) |). 

when #=1,.9=2, a=6 and b=¥,. 

3!. [2a—(b—c)— }8h-(2a—c)} —5 Sh 

-{- Ae (2a —4c)+3 {6c — (20- 8a)} - — 5¢4+(6a- 7b){) 
when a= 6, b=} and c= -3, 

32. In the expression qa ~ 244 3c-—4d+5e- 6f+7¢- 8h. 

Enclose the Ist, 3rd, 7th and 8th terms within brackets preceded 
‘by the sign—and the other terms within brackets preceded by the 
sign +. 

33. Include the Ist three in brackets preceded by the Sign—, the 
next two in brackets preceded by the sign +,and the last three in 
brackets preceded by the sign-. 

34. In the last question, introduce inner brackets in the first and 
‘the third preceded by the sign —, 


35, Enclose in pairs the terms of —a—b4c-d-e4 f in brackets, 
0 that each pair of brackets shall be preceded by the sign=. 


CHAPTER IV. 
MULTIPLICATION. 


38. The quantity multiplied is called the multiplicand. The 
quantity by which it is multiplied is called the multiplier. The result 
is called the product. 


39. In Art. 6 it has been stated that when there is no sign between 
two quantities, the sign of multiplication is to be understeod, Thus 
abaaxh: 4uya4xuxy ; 
a(b+c)=ax(b+c) ; and (a+b) (b+c)=(a+))x(b+¢). 


40. The order of mu!tiplication is indifferent. This means that the 
product is the same in whatever order the factors are written. 
Thus 4ab=4xaxb=hxax4=axbx4 
alc=axbxc=bxaxca=cxaxb=&c, 


41. To multiply a numerical quantity and an algebraical quantity. 
We will first comsider cases like 
3a x 4=3a+4+3a+3a+3a= 12a. 
Te multiply 3a by 4, we must multiply the co-efficient 3 by 4 and 
write 12a for the product ; for 3a=3xa@ ; and 3ax4=3x4xa=12a. 


Ex. 1. Multiply ga by 4. 

fa=4axa ~ Rax}=3xaxh=9x hxa=ha. 
(The order of multiplication is indifferent. 
Ex. 2. Multiply 4ac by 3/. 

sace4xaxc and 3)=3x)b 

«hac x 3b=4xaxcx3xb=4x3xKaxcx b=12ach, 

Hence the following rule for multiplying two positive simple 
- algebraical quantities. 
Rule.—“ Multiply together the numerical co-effictents and write the 
letters after the product of the numbers.” 
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EXERCISE 10. 


Multiply— 
1. 6ab by ic. 6. alc by 4x4. 
2. 4b? by 307, 7. atay by fh22, 
3. ~bc by ga. 8. 10h*y by gc?z, 
4. 2629 by 37. 9. gfx by $s. 
5. g§a?b® by gcex2, 10. 3fdc* by $a, 


42, To multiply two powers of the same quantity, 


Ex. 1, Multiply a? by a 
a*=axaand at=axaxaxa 
“4° xa'=axaxaxaxaxa=a’, i¢., a® +", 
Ex. 2. Multiply 5/2 by 303, 
5b? =5xbxb and BU35=3xbxbxb 
502 % 3b3 =5xXbxKdxX38xIxdxd 
=5X3xIxdbxK bx bx D=5 xX Bh, 
=15b* i.e, 6x 30243, 


To prove that a xavsam+-n when m and 2 are positive integers, 


Since am™=axaxa ., * »« . «+ tom factors. 
And a"=axaxaxa, . - . . ow factors. 
“a@"xanm=axaxaxa. .,. . . tom+n factors. 
=amn +n, 
Similarly a” x an x af=aqm +% x ap 
=an+n4+P, 
To prove that (am)#=amn when m and n are Positive integers, 
(am)n=amxamxam, | - . to” factors, 

Senet. 5 « gas to ” terms 
=amn, 


Hence the following rule :-— 


Rule.—'‘ Multiply the co-efficients and add the indices of the powers 
of the proposed quantity and write the quantity with an index equal to 
the sum after the product o f the co-efficients.”’ 


This rule may be extended to cases where more than two powers 
of the same quantity are to be multiplied together, 


: 
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Ex. 1. Multiply together y*, 93, 
Now y? KX pF Sy? +3 = y5 
and v5 x yhoyS 44> 9 

Ex. 2. Multiply together 2u*, 3a", das, 
Now 2x? x 3a4=2x 3x4? ++4=648. 
and 64° x 445 =6 x 40° 45=24411, 


The rule holds good also when m and n are negative, integral 
fractional. 


* 8.28 .f 
mq an q 
Thus : a~”" xa-"=a-m-n;,axaz= 
2 ny? 
q q 


a-™"™xXxa=a ; a~—m xX arz=ar—-m, 


EXERCISE 11. 
Multiply— 
l. 2a? by 3a’, 2. 4b? by 553. 3. da? by ix. 
4. 3p? by 7p°, 5. 10y! by gy®. 
6. gd” by 4d. 7. 27219 by 3211, 
8. 429° by 21g. 9. l6rt? by gre, 
~ 10. 19¢71 by 10e5, 
Multiply together — 
ll. 2a?, 3a*, 4a%, 12, 42, 10f7, $9. 
13. 5x5, 9x, 10¥11, 14. 34, 2y1, Bys, 
15, $53, 2011, gh12, 


43. The rule of the previous Article is applicable to cases where 
the expressions to be multiplied together contain powers of different 
letters. 


Ex.{ Multiply 2a7b? by 3ab:. 
Now 2a?b? =2xa’*x b* and 38ab°=3xa~xb? 
“. 2a°b? x3axb9=2% a? xb? x3xK ax bh? 
i =2x%3x a? xaxb?x bs 
=6xa2?4+1xhb743 
=6a%b5, 
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2. Multiply 5«5y* by 64492". 
Now ia*y? =5x«*x y? 
And 6a4y%z* =» =6xa*xy* xz? 


Bw Sy? x 6a p82? =5x ax xy? x Ex atx yy? xe? 
=5x6xa*xatxy? xy? x2? 
=30 x a8 +4 xy? + * x2? 
= 802752". 


Note.—In the process of multiplication, the indices of one letter 


should net be combined with those of another. 


Thus the product of 


a*b? and x*y® is simply a*b*a*y?. 


EXERCISE 12. 
Multiply :— 
1. 8a?b by 4a%b*, 2. 10ety5 by 4a'y?, 
3. 4a%y by 42%y°. 4. 10a*x by lba‘x*, 
5. 'Yatb®x* by Pboxty?, 6. 4f%q7 by 138p"qr*. 
7. %2d?¢* by 80d%cta*. 8. 77x? y?i® by Say. 
9. * 6a*b3x7. 10. p®x* by l4atatp4, 
Multiply together:— 
1]. ax, 2a%y*, 3ay4x*, 12. a*b, b%x, x8ab. 
18. 26*%q, 3q%p, 4p*r?. 14, 10%?2z*, 2x *y?, B3y ®x2 
15. 15d%c?, 12d%a, 3a%c. 
a4. To multiply a compound capression by a monomial. 


Let us multiply b+c by a. 

We know 3a means three times a, that is, a+a+a. 

Similarly 8a=a+a+a+......to eight terms 

and ba=a+a+a+a+4......to b terms, 

that is, a is to be taken b times, 

Now (b+c)a=a+a+a4......taken b+c times, 
SAF ALA croeee taken b times 


together with or+(a+a+a+......taken c times) 


=batca. 
Conversely, ba+ca=(b+c)a. 


Again, let us multiply b-—c by a. 


(b-—cla=a+at+a+...... taken b—c times 
=at+a+at...... taken b times 
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diminished by or~(a+a +4+......taken ¢ times) 
=ba-ca, 
Similarly (6-c+d)a=ba-ca +da 
and ()—¢c+d—-e\a=ba-ca+da-ca, 


Hence we get the following rule for multiplying a compeund 
expression by a monomial. 


Rule.—‘‘ Multiply cach term of the expression by the monomial and 
take the algebraic sum of all these partial products.’’ 


Ex. 1. Multiply 3a+4b-5c by 2x. 
(3a + 4b — 5c) 2 =6av+ 8bx - l0cx. 


Ex, 2. Multiply 2v? - 4y-6a2 by 2ax?, 
(20? — 4y - 5a?) x 2an? =4ay! — 8ax?y—loa*x?. 


Ex. 3. Multiply 4v-1y—42 by gay?, 
($4 — 59 — 42) x vy? Baty? — dey? s-yy2z, 


EXERCISE 13. 
Multiply :— 
1. a+2b- 3c by tac. 2. 4v-5y- a? by 34%¢ 
3. ab+ac—be by ab?. 4. ab+ac by ab, 
5. @%*+b?—c¢? by 24452, 6. 7*?—28+4a by 3a?, 
7, 40%? y—Qey +4 — 3y by 2ay 
8. ha — 4044 by Zr?, 
9. T#*— 3x %y— 40’ y? by ha2y2, 
10. 44°b-—5a7h? + 6ab*— 25+ by sab. 
11. 47° - 4p%q by 429. 
12, 10a %y— $v?2y? +9099 by Quy? 
13. §u?-—2y? by gx7y. 
14. 3a?+4b? — 5c? +6d? by 2a*%bc, 
15. 2a%b? - 3b4c%~- ha2c? by 4abce. 
16. a?x? — faty? — haz? by jaty?:, 
17, 2m*n=- kn2p+ 3m*p? by 4m. 
18. abc+2fgh — af? - bg? —ch? by afg. 
19. a9*#+b?y—c*z— ath xy by fayz. 
20. wt— 409+ 6x? -4v 41 by Qty, 


36 ALGEBRA, [| CHAP. 


Simplify :— 
21. a?+(b+a)at+b*. 22. a®?+(b-a)b—ab 
23. a(b-c)+b(c-a)+e(a- b). 
24, a2(b? —c?)+b2(c? — a?) +07(a? — b?), 
95. a(a? — bc) + 0(b® — ac) +clc® — ab), 


45. It was shown in Art, 44 that (b—-¢) a=ba-ca. 
Putting /-_m for a, we get 
(b — c)(l— m) =(L— m)h = (I — m)c 
=1b— mb — (le — mc) 
=Ib — mb—Ic+mce...(removing the brackets). 
+1 in the product arises by multiplying + / and +>, 


— mb eeeereecee eereeee POU TETILICE TIE eee ON and +/). 
-—le ee ee 1 and-c. 
+ mc wee eeeseneeeee ebcbaeduedh'eSbonsevvesnvcsunsebeen Meats and-c. 


That is, +/ x +5=4/h 
| —mx -—c=+mc 
—-mxX +b=—mb 
+ Ix -ca-le, 
From the above results we deduce whatis known as the rule of 
signs. 


Rule of Signs.—'‘ Two like signs multiplied together give plus, and 
two unlike signs give minus in the product.” 
More briefly, ‘' Like signs produce + and unltke signs—."™ 


46. The following is taken from Kelland’s Algebra with some 
modifications. : 
+b—>b is always zero. 
». -a(+h—b) is always zero. 
Or (+a)(+)+(+a)(-})=0 
But (+a)(+))= + (ad) 
2. (4+a)(- 6)= - (ab) -(1). 
Again, +a-a is always zero. 
: —b(+a-a) is always zero. 


—— ee 


*The fact that—into—gives+may be explained thus : the sign—ie 


the symbol of reversal: if athing is ¢wice reversed, it is necessarily 
restered to its original condition. 
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Or (- 4\(+a)+(-dy- a) is always zero. 
But (— 4)(+.) has been shown to be =-— (ad), 
(— 4)(- a) must be such as to cancel — (ab) 
£ (> 8) ~ a) EBD rcrecenesceses (2). 
From (1) and (2), we have the rule of signs in multiplication 
already enunciated, 


Note i—Since (+.)x(+«)=.4? and ( -—4)x(-4)=4?, we have 
Vat?s+evor—w¥, Every algebraical quantity has got two square reots 
equal in value but opposite in sign. ‘ 

V4s42 Or—-2; VW9=+3 or—3, and so on, 


Note ii.—The product of any number of factors is positive or nega- 
tive according as an even or odd number of the factors is negative. 

An even power of a negative quantity is positive and an odd power 
of the same is negative. Thus :--ax +bx -c=+abe ;- ax -bx-c= 
— abc ; (—a)*=(-4@)x(-a)x(-a)=-a*; and (-a)*=(-a)x(-4@)x 
(-4)x|-a)=+a'. 

Ex. 1. Multiply 5a? -66?~—7# by — 2ab. 

(5a? — 6b? ~ 7c?) x ( — 2ab) 
= 5a* x ( — 2ab) + ( -— 6b?)(- 2ab) + (—7c?) x (—2ab) 
=—104°b)+12ab%+ l4abe?.., .. (by the rule of signs). 

Ex. 2. Multiply—5 wy? by +4054 ', 

(~ 5479?) x (+405y!) = — 2042 +5y2+'— 90476, 


EXERCISE 14. 
Multiply :-— 

1. 4ab by -—3be 
4a*b* by -10a'bx?. 
pqr® by — 4p *qr'. 
y= yz by — 2xyz. 
9. a*bc—b*ac—c*ab by —a*b?, 

10. —4ab*+5b?a-6b%¢ by 2a7c?, 

11. }ab—4bce-}ac by — hac. 

12. fxy—$yz—- sax by 4x?y, 

13. —8a*bc—4b* wy — 6c*wz by -2Qaxy. 
14, a?u—b*y—4c%z-abcby — axyc. 
15. 4a?b? = 3b%c? — 4c2u? by —12a%h?2c2, 


— habc by—-4a*b. 

— «xyz by — 34y?2a. 
ab+ac+be by —ab. 
a*b—a*c-—b*¢ by- abc. 


Now 
FP > bo 
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16. #%a—y*b*—2*c®— avez by — vyab. 

17, gp*q*r—Greptg—gq*r*p by — par. 

18, 2a4-3a*-Ta*—4a*® by —5a®. 

19. 4x! —ja5-—4x*— $4 by 4a'. 

20. atb4—bicteciat—a'b® —b'c? by —abie. 
Simplify :— 

21. 8b(a—b)+4c(b—-C). 

g x 

22. 5 (#29) 3 +82). 

23. a9(b*—c*)+b%(c?—a*)+c%(a*— 5%). 

24. a(a+b—c)+b(b+c-a)+c (c+a—b). 

25. 2(ab+bc+ca) -a(b+c-—a)-b(c+a—b)-—cla+b- Cc). 


26. © (a-+2b— 8c) —9(b+2c— 8a) — 2ic+2a— 3b). 


27. w3("— 4)— 2x" (x — 8) —34(2445) 4+ 4(8x+6). 
28. 38a*%(a—2)—2a*(a* — 2a+3)+ 5a(a* — 2a* 4+ 2a — 4) 
-4(at—a*+a*—a+l). 
29, ah(a— 7) — 2e*(x? — 38445) 43x(4? — 4448) 
— 5(x* —6x%* +16a-— 20). 

30. If P=ax?+bx-c, and Q=cy*-—by+a, find the value of 
2 Py— 30x. 

31. If A=2e+y-z2, B=2y4+2-4%, and C=224+.x-~y, find the value 
ef A+2B-—C. 

32. If X=3pxe* -qx—- 41, Y=16f+1ra—3q?, and 
Z=—px+3re? —12q, find the value of 6X —gY+1rZ. 


#7. We have shown in Art. 44 that 
(b+c)a=ba+ca. 
Putting /+m fer a, we have 
(b+ c)(lL4+ m) =b(Il + m) +c(1 +m) 
=bl4+bm+cl+cm...... (1) 
Similarly, (b+ c)(l-— _m)=bl — bm+cl—cm......(2) 
Again (b — c)(1 +m) = b(l + 1)—c(/ + m) 
= bl + bm — (cl +cm) 
=bl+bm-—cl—cm...... (3) 
Add (b= c\(l — m) = b(l — m( — c(l — m) 
= bl — bm — (cl — cm) 
= bl = bm = cl +em,...00.. (4) 
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From (1), (2), (3) and (4), we infer the following rule for moultiply- 
ing together two compound expressions -—— 


Rule.—'‘‘ Multiply each term of the first expression by cach term of 
the second ; then connect the several products together by the rules of 
addition.’’ 

Note.— When the terms multiplied tegether have like signs, prefix 
to the product the sign plus ; when unlike, prefix minus. 


We shall werk some examples where both multiplicand and 
multiplier are binomials. 


Ex. 1. Multiply a+b by c+d 
and a—b by c-d., 


a+b 

c+ada 
(+ B)C= C$ Borne ceenennceccesee (Multiplicand » c) 
(a+b) d= +ad+bd...... ( a xd) 


Product = ac+he+ad + bd. 
Again, a-h 


c-d 
(a— >) caac— Do .seveeeesseeseseee(Multiplicand x c) 
-da-b= -ad+bd ( - x d) 


Product = ac — be - ad + bd. 


Ex. 2. Muitiply—i. a+b by a+b. 
ii. a—b by a—b. 
iil, a+b by a—b 
(i) a+b 
a+b 
' Multiplicandxa=a*+ah_ 
ie Xxb= +ab+b2 
 (a+b)(a+b)=a?+9ab+b? se0ee0(Dy addition). 
(ii) a-h 
a-)b 


Muitiplicand x a=a*— qb 
Aa hash le asin aL 
 (a-b)(a-b) =a*- gab b? ......(by addition). 
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(iii) a+b 
re 

Multiplicand x a=a* +ab 

” x(-b)= -ab—b? 

» (a+b)(a-—b) =a? — b?......(by addition), 

Multiply each term of the multiplicand by each term of the multi- 
plier, beginning on the left. The results in these examples are im- 
portant and the student must pay special attention to them. 


Ex. 3. Multiply a+4 by a+6. 
a+4 
a+6 
—a*+4a 
+6a4+ 24 
~ a? 4+10a4+24  ......(by addition). : 


In this and the preceding example, we place the second result one 
place to the right so that like terms may stand in the same vertical 
column. 


Ex. 4. Multiply *-8by a—7. 
a—-8 
x—7 
x? = 8x 
— 7x +56 
a?—-15%+56..... (by addition), 


Ex. 5. Multiply (w- 8) by #42. 
(a— 8) (a#+2)=% (v4+2)-—8 (442) 
=x? 4+2e-8a-16 

=v? —- 64-16. 


From the above three examples the following are noticed :— 


1. The product consists of three terme, 

2. The first is the product of the first terme, 7. e,, the square of the 
common terin in this case. 

3. The second is the common term with a co-efficient which is the 
sum of the second terms in the expressions (the proper sign being 
taken.) 
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#. The third is the product of the second terms. 
Or thus, 


(2¥+3y) (4x - By) 
= 4x (20+ By) — By (2x + By) 
= 84" + 12vy — 10xy - 15y?, 
= 8x? +2xy - 15y3, 


EXERCISE 45. 


Write down the products of the following by inspection: — 


1. (+4) (w +5). 2. (w+4) (w+), 
(a+9) (a+11) 4. (y+3) y+15). 

5.  (y+5) (y+11). 6. (y+11) (y—3). 

T (y+2) (y- 3). 8. (y—5) (y+ 6). 

9. (+12) (w-10), 10. (#-—10) (%+9). 
Ll. (#4) (w- 5). 12. (y-10) (y—5). 
13. (y—4) (y-4). 14, (v+4) (y—4). 
15. (w+y) (w—-y). 16. (#+42a) (w+3a). 
17, (w+a) (v- 3a). 18. (+2) (x —5), 
19. (#+2c) (w -c). 20. (#+¢) (w+c). 
21. (2+) (2a-b). 22. (2e+3) (2”—11). 
23. (2y— 3) (2y—1). 24. (2a+1) (2a-1). 

Ex. 6. Multiply 2x+3y by 4v—5y. 
24+ 3y 
4x — By 
Bete 12a 
— 10ay - 15y? 


8a? + 2xy— 15y?,,....(by addition). 


EXERCISE 16, 


Multiply :— 
1. 2m-3n by m-n. 2. 3”-5 by 4a-3. 
3. 2a-4 by -3a+4. 4, y+a by -y+a, 
5. w—4y by - x+y. 6. 24+3y by 2*—- 3y. 
7. 2a+3c by -—2a- 3c. 8. 2-15 by -24+3. 
9. 4-3¢ by c-—5. 10. 2a+*% by a+2x. 
ll. Ta-3c by 4c-3a. 12. 4y-3a by 2a+3y, 


13. — 7#+2 by 2+7x. 14. 4m—-3mn by 71 -5m. 
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15. ax+2b by 3b-2awx. 16, ac—3ay by 8ac— wy, 
17. 2mn—-3a by 3mn — 2a. 18. be+ad by bc-ad. 
19. 2x9 —-3ab by 8ay+2ad. 

Simplify :-— 


20. (a+ by) (cz — ay) — (ay — bz) (cv+ az). 

21. (§* - 49) (by —B2)+(49 - 42) (42-Be) 

22. (a—b)(b-c)+(b—c) (c—a)+(c—a) (abd). 

23. (#— 2y) (By + 42) + (y — 22) (82 +44) +(e — 2x) (Ba + 4y). 

24. (a+b) (a? —b*)+(b+c) (b* ~c*)+(c-+<a) (c? - a2), 

25. Find the cost of (a+ 2b) things at (a—b) rupees each. 

26. The length of a rectangular room is (2*+3y) ft. and the 

j breadth (#—2y) ft. Find its area in sq. ft. 

27, Find the cost of (2a — 3) books at (8a— 2) annas each. 

28. Atrain goes (2745) miles an hour, Find the distance it goes 
in (#—2) hours, 

29. The strength of the Fourth Form of a school is 8a+2b. Each 
boy pays (2a+6) rupees per year for school fee, What is 
the total income from the Form ? 

§8. When the multiplicand and the multiplier contain more than 

two terms, we may employ a similar method to obtain the preduct. 


Ex. 1. Multiply—i. a?-—ab+b* bya+b. ~ 
ii. a’+ab+b*® by a-—b. 


(i) a*?-ab+b* (ii) a?+ab+b? 
a+b a-—b 
— a®=a*o+ab? at +a*b+abe 
Pa +a°b—ab?+b? ~a°b-—ab? —p? 


a* +b8, a eS oo ae 
“” (@+b (a? -ab+b’)=a*+b? 
And (a ~b)(a’+ab+b’)=a*-b*. 
Ex. 2. Multiply :— 
i, &°+2ab+b? by a+b. 
ii a°-2ab+b’ by a-b. 


i. a’+2ab+b2 ii. a? —2ab+b?. 
a+b a-b 
a* + 2a?b + ab? a® — 2a*b + ab? 
+a°b+2ab?+b3 —a°b+2ab? —b? 


a*+3a7b+3ab? +58. a® —3a°b+B8ab? —b?- 
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“(@+b)*=(a2 +2ab+b’)(a+b)=a°+3a7b+3ab+b? 
And (a —b)*=(a* - 2ab+b’)(a — b)=a*—3a*b+3ab? - b*. 


Note.—The above results are important. 


Ex. 3. Multiply 2v?-3x%y+4y? by 49? — Bay — Qy?, 
2x? ~3ay+4y? 
44° ~ Say — Qy?2 
Bat — 12e9y + 16022 
- 10a %y+ Lix2y? ~ 20ay 2 
— 4x7y? + Bry? — By4 
Set — 22x 8y 4 2Tw2y? — day? — Byd, 


Ex. 4. Multiply $v? -aw- 3a? by 3x?- hax+ia?. 
§e* ~ av —ja?. 
ix? —hax+}a?. 
ia! — Sy8g— hxag? 
— §*3 a+ }n%a? + gra3 
+4x%a2- éva3 = ja! 
gut—$eSat+ge2aq? = = aa, 


EXERCISE 17. 


Multiply :— 
1, a? +abh+5* by a+), 
2. a*-ab+h* by a-)d, 
3. w—2y+2 by #+2y—2. 
4 at—qrzha+4p4 by az+h2. 
5. at+athe+o* by a? —}2, 
6. «y+ yit+2x Dy ay—yz—24. 
7. ww? +y? +2? by e-y—sz. 
8. a—3b+4c by a+2b- 3c. 
9. m+n+p by 3m—4n— 5p. 
10. 4a? —3a+7 by 5a? —4a+8. 
ll. a*—5ab+2b? by a?+5ab—- 22. 
12. 2H? —A1xy+y? by 3x? +5xy+2y? 
13. #2? —2e+4+2 by 2x? -44+4+65. 
14. 9a’ —24ab+4+16b? by 3a—- 4h. 
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15, -—a'+2a?b?+b*% by-a+b. 

16. —2#9+3ay+y? by -#—-y. 

17. ga+3b- $c by ga 4b. 

18. 3a?—ab+ gb? by a®—4fab+@ pb’. 

19. Sx-y— fz by 2x- gy. 

20. 3a? -—gay+sy? by gv+ Fy. 

21. 4a°*— $a+} by $a? -2a+1. 

22. ga? -—a+2 by $a? -20+4+1, 

23. ga°+3aa+ 4a* by fa’ - gax+ Ga’. : 

24. m®>—Lmn+ gn? by 4m? — mn+ 3x. 

25. —4a?-Phe+ 4b? by — Fa? + gba+d?. 

Simplify :-— 

26. (a+2b—¢) (b4+2c-a)+(c4+2a—b) (a+2h- Cc), 

27. (a-—bd)(a+b—-c)+(b-c(b+c- a)(c— a)(c4+-a—)), 

28. If X=3a-2b, and Y=2a-3),\find the value of (2X-8Y) 

(3X - 2Y). 

29. If A=*x+2y-82z, B=y+4+2z-34, and C=2z+2w-3y, find the 

value of (A+2B=—3C) (B4+2C- 8A). 

30. If P=l-m4+n, Q=m-n+l, R=n-14m, find the value of 
(P-Q)(Q- R)+(Q - R(R- P)+(R- P\(P-Q). 

49. When one expression is te be multiplied by another, it is 
convenient to arrange boththe multiplicand and the multiplier according 
to descending or ascending powers of some letter common to them and 
then preceed with the multiplication, 

The expression 2a+3a*—- 6a? 4+a4+a5+4+2 when arranged accord- 
ing to descending powers of a is a54+qa4+3a3-~— 6a®+2a+2; and 
when arranged according to ascending powers of a is 24+ 2a-—€a? +33 
+at+a5, 


Ex. 1, Multiply a?+b’+ab by a?+b?-ab. 
Arranging the two expressions according to the descending powers 
of a or the ascending powers of }, we have, 

a? +ah+h? 

a®-—abh+hbz 

a*+a3h+a?h? 

— a°h—q?h?~ ab 
+a?l? +ab34p4 
at +a’h? + b+ 
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Ex. 2. Multiply a? +b? +¢° -ab-ac-be by a+bic. 
a* —-ab-—ac+h? —be+¢2. 
a+h+c 
a*—a’*h—atc+ab2 - aie fac? 


+a?h ab? —ahc+b3 —beer bez 
sa ee. Om ah, Oe et c?, 
a* — Babe - +53 C— 


. (&+b+¢)(a? +b? +6? -ab-—ac-— be)=a*+b*+c*- 3abe. 


. 

Note—The multiplicand and the multiplier are arranged according 

to descending powers of a and we place the like terms in the same 
vertical column, The result is very important. 


Ex. 3. Multiply o*?+br+c by ca? +av+b. 
ax? +ha+c 
cw? +an+b 
aces + bow? + c2 42 
+a? v3 + ghz? +acx 
tabu? +h? x + he 
Product = acv*+(ch+a*)x® 4 (C2 4 Qab)a? + (ac+b?)x 4 hc 


EXERCISE 18. 

Multiply :— 
1, a?-a+l1 by a?+a+41. 

w? —2ay+y? by #2? 4+2ay+ y?, 
5a3 + 44-3424 1] by 2a? ~3~+2. 
MPELY? +2? — wy — ye-—ce by e+y+e, 
BFE 24 4 | by -l+a— 42443, 
v5 — w2y+ ny? —y? by WF pauryt yy? 4 y3 
3a°+2a+a%+1 by a? -2a41. 
at —a®*h+a’?h?2 +b4 — abs by a? —ab+pz. 
c®§—~1+3¢=-3c? by 1 —2¢+c?, 
10. a°+a?b+b?+ab? by a~ bd. 
Il, -~2+3y—- 4y 9+ 3y2 by y?—y+2y24]. 
12, a*x* —3ax+4a?x°+5 by 2av+3. 
13. bbe pder +n by #2 —dxe+dz, 
14, 2y° — By? + 4y—5 by ~2- 3y44y2 —y¥3, 
15, px? +qu+r by ra? +pa4q. 


ORS 2S Fo he 
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16. pe8+qa?+ra+s by ax*—bxe-c 

17. a8 —«#54%?-3a*%x by a? +%* — ar, 

18. 142a+4 044245434? by 1 +4* = 22. 

19. b++b2a?+ba%+b*a+a* by at+b'+b’*% a5 — b%a— ba’. 
20. at—5ab+3b2a+4a*b—b* by a* +3b%°a+5ab—4a*b+b4, 
3 


x Bar #5 x 
21. Tt hese 36 +o +3 by 3 +3". 
3x5 Se SB. Pees J 


22. 3-+ 3a°- | -35 °'4-a & 
22. Multiply the sum of 3”? - 5bay and 2vy-y* by the excess of 
34°+y* over 2y? + 3xy. 
24. Multiply the remainder after subtracting 1-3% from 
v? —2a—1 by the sum of **?-142¥ and 4-3, | 
Simplify :— 
- 25. (a+b)[a* - bj a? - b(a-b)|). 
26. 6{a—F(b-%| {$(2a+1)+(b+1)). 
27. (#—y)[82—#}3y — (22 — «+ 4y) — (2x — 32)(2 + 9) |]. 
28. (a+b)(2b— 3c) —[a(b -c) - 2b\(a-c\(a +0) 
— b(c - a) — a—b){ — a+b = 2¢)(b+0)], 
29. 3(b-c)(b?c— bc”) + 5(c— a)(c?a— ca?) +7(a— b)(a®b— ab?). 
30. 2(b+0)(b?a- bca +-.ac*) — (c+ a)(c?b - cab +-ba*)+ 4(a 4+ b)(a?c~ 
abc +cb*). 
31. If A=#? +ay~y?, Bay? +yz-2°, and C=z?4+z2x-4?, find the 
values of — 
(i) A(B-C)-B(C-A), (ii) (Av +By)(Cy+ Az). 
32. If A=w#?—-y?, B=y’?-2? and C=2?--x*, find the value of 
A (B4+C)+B(C4+A)+C(A+B). 
33. If V=3a4+2b-4c, X=-a-7b+5c, Y=18a+6b-2c, and 
Z=l1la-3b+7c. 
Evaluate 
V(a+b) -b(X4+ Y)+(b-«0) Z. 


50. The product of three or more expressions is called their 
continued product. 
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Ex. 1. Find the continued product of #+1, #—1, and #42. 


a +1 a=) 

o =~) # +2 

we +x Pes 
—#+1 + 2%7--2 

a #2424? 2-9. 


Ex. 2. Find the continued product of x+a, x+b and x+c. 


_ &@ +a “*+ae+be%+ab 
__# +b # +¢ 
s*+ax #*+an? +be? +abe i . 
+be+ab + 6%? +aczx+ bcv+ abc. 
&? +ax+ba+abd. 4? + an? + bx? +c"? + abet acn + ber 


+ abc. 


(x+a)(x+b)(x+0c) 
=x*+x’(a+b+e)+x(ab+ac+be)+abe. 


Ex. 3. Find the continued product of x - a,x-band x-c. 


” —a a? —ax—be+ab 

ax —b ew =-C¢ 

x? ~ax "<€hiniet+ig 7° 
— bx+ab — C#* + acx+bcx — abc 

#? ~ax—bae+ab, #° — ax? — bx? — cx? + abs+aex + bex 


— abc. 
(x — a)(x— b)(x -¢) 
=x? -x’(a+b+o)+x(ab+ac-+ be) - abe. 


Note.—This product may be deduced from that, of +a #+b6, and 
#+c by putting—a for a,—, for b, and—c for c, 


EXERCISE 19. 


Find the continued product of— 


1, a+b, a-b, and a’? —5b?, 2. #-a,av+b, and v~c, 
3. a+b, b+c, and c+a. 4. a-b, b-candc-a, 

5. a#+3,4+7, andx-5. 6. 2n+3, a#—7, and 34-4. 
7. y+6, Zy—3, and 3=—4y, 

8. 4-—c,3=2c, and 2-c. 


9, BY, #—¥, ey, and at+y*, 
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10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
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a+2y,a- 2y, and #?+4y?. 

a?+ab+bh?, a? -ab+b*, and at—a?h?+h4, 
w?243a 1, *°-3¥41, and #'+7x? +1. 
2h+3c, 8)-2c, and a—4, 

x-y-2,*%-y+2, and y+z-2%, 

a —2c, w+3c, and w— 4c. 

a-—2v, 2x-a, and 2v°+a?, 

a? —2a+2, a®+2a+2, and a—4. 

a? —Qbx 2b? a? 4+2he42b?, and w!—- 44, 
ata—b, x+b—-c, and *+c-a. 

a® —ab+h?, a- b, a? +ah4+b? and a+b. 
atbh+c, b+c-a, c+a-—4, and a+b-—c, 
l-x+a?, l—-x?4+a4!, l-«#!+ex°, and 1+a4+2?. 


CHAPTER V. 


DIVISION. 

51. Division is the inyerse of Multiplication. 
we determine the product of two given factors ; 
the product and one of the facto 
the other factor, 


In Multiplication 
in Division we have 
rs given, and our object is to determine 


When one quantity is divided by another, the former 1s called the 
dividend, and the latter the divisor ; the result is called the quotient. 
Dividend—Quotient x Divisor. 
“ Quotient = Dividend + Divisor 
52. Rule of Signs.— When the dividend a 
Same sign, the quotient is postive, and 
the quotient is negative.” 


nd the divisor have the 
when they have di ferent signs, 


Thos ab+a= 2” noe! PER An esti 

-ab+a= <2 a8) = = Deserecsesseeseocsosen(2) 
40-4 ~ ax — — ae Ps he eeiere ta 
Aha an a ett) te lege fe stsccetd) 


From the above results, 


we infer that in Division as well as in 
Multiplication, like signs produc 


€ +, and unlike signs —, 


53. There are three cases in Division. 
First case. When the divisor and the 


dividend are both stmple 
quantities or monomials. 


Rule—''Write the divisor under the dividend ip the form o f a frace 
tion and divide the terms of the fraction by all the factors which are 
common to both and prefix to the result the proper sign,’’ 
Ex 1. Divide 16%2y3 by —4ay?, 
The dividend=4x4xaxaxyxyxy, 
The divisor=~—4 xaxX YY. 


4x4xXuxXUxyxyx 
«. The quetient= oe aikaneae at — sae, 


4 
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Ex. 2. Divide — lam?n2p by — Tmp, 
The divisoer= —-7x mx p. 
—-7x2xK ] 
+ The quotient= UKM MXNK NK P 
—-7xmxph 


=2mxnxX n=2mn?, 


-Ex. 3. Divide a; by @°. 
as®=axaxaxaxa, 
at=axaxa. 

axaxaxaxa 
« The quotient = aha 
axaxa 
Hence we get the following rule, 
Rule. —'' When the dividend and the divisor are powers of the same 
etter, subtract the index of the power in the divisor from the index of 


=axa=-a? =qi- 


I 
the power in the dividend.” 
Generally, when m and are positive integers. 


am 
Pe Poco when m /n 
_ am axax A.es.eet0 m factors 
For on ~axaxXa.....to » factors 
H=AK AK Aervseee to (m—7) facters | 
=qam-—n, — 
am 4 
AlsO on =gn—m when n>m. 
aM AXKaXAnn to m factors 
FOr gn ~axaXd..wto m factors 
= 2 
~~ AKAKA..000 to (71—m1) factors 
oo Nm 
= tm—mM 
a 


To prove that a°=1. 


am an 
ie let m=. Then5,=a"—" : or l=a®. 
Note—Any expression raised to the power of 0=1, 
Ex, 4. Divide 4a°b® by—8a*b’. 


ps 
Quotient = aT == }a5-*b3 -2?=— ab. 
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Ex. 3. Divide—$w7 y6z5 by — Avty2g3, 


aa 5 
Quotient = ro oe Sg? — Ay 0 — 15 = 8 = 4 Sy 4g? 
EXERCISE 20. 
Divide -— 

l. av by—a., 2, abcby-b. 
3. 3a%b3x by — aby. 4. —14a3b?7¢3 by 28abc?. 
5. 57 by 3x2. 6. 6y7v7? by—9y2ut, 
7. ~—2547y%z9 by —45x%y+z5, 
8. 48a1?b%¢7 by — 64a2b3¢, F 
9. 120a7 v7 y2 by — 24a%y?. 

10. 15m?np by — 3npm?. 


Il. —25p'n'm by — 50f3 22m. 

12. 6347y%215 by — 72z4y4y2, 

13. 28m7n%p5q* by —70q 2h! n5m°, 

14, 111v?y3ztqtopi1 Dy — 37436 42 y3z2, 
15. -81m74327°5S by 72b22um. 

16. a*(b-c)? by a*(b—c)3, 


‘Sh. Second case. When the divisor alone is a stmple quantity. 


5L 


Rale.—“ Divide each term of the dividend by the divisor and add the 


quotients.” 
Ex. 1. Divide ab+ac by-a 
b 
Quotient = - i < 
Ex. r Divide Bx? + 4txy = ye by om Qa. 


3a? 4a — 5x? y? 
Quotient = a = yee 


’ 


== F 6. 


= = tv 2y-+ fry? 
Ex. 3. Divide 45a'b! —-35a3b3 +15a2b4 by 5a?b?. 
45a'b* ~35a3b3 15 q2b4 
5a2b2 + 5a*h? + 5aeb2 
=9a7?b? —~7Tab+3b2, 
Ex. 4. Divide dv? y? — Buy +3y? by — hy. 
4u2y?2 —B5uy By? 
-hy * —hy ary T 
= — 84° y+107v—3y, 


Quotient= 


Quotient= 


52 ALGEBRA. [ CHAP. 


EXERCISE 21. 
Divide— 


1, #®-3a2y by—x?®. 2. a*-—8a*b+3ab* by -a@. 
3. «#7—49+2x* by w®. 4. a'wi—a%x*® by —a*a®, 
5. abc?+a*bc+b%ac by—abc. 
6. 9a°b? +27b%a? —81a*b® by — 27a’b?. 
7. 9a7™+lla® —12a'b? —18a°b® by — 2a%. 
8. —B840%y+17r5y5 — Bla’y® by — Ayia Sy. 
9 -4a°b?+}a%b—-ga'b® by—2ab’. 
10. 8a?b'—jab*+4a%b*? by—3ab?®. 
Wl. = — 8m? + gnm —fm'?n? by 2m. 
12. b7—3b6+2b5 -#b° by— 3b’. 
13. b%c®—§b'c?+4b%c* by —4b°c?. 
14 a fata - Barve +ha%a 7 by G0? 5, 
15. —4m'nip? + m?n spt —Atmin® p> by — emnp. 


55. Third case. When both the divisor and the dividend are 
compound expressiozis, 


Rule.—(a)Arrange the divisor and the dividend according to descend- 
ing or ascending powers of some common letter. 

(b) Divide the first term of the dtvidend by the first term of 
the divisor, and put the quotient obtained as the first 

? term of the required quotient. 

(0) Multiply the whole divisor by this quotient and put the pro- 
duct under the dividend, 

(d) Subtract the product from the dividend and bring down 
only as many terms as are qecessary. 

(ec) Repeat the operation using each new remainder as 
dividend, till all the terms in the dividend are 
exhausted and the remainder vanishes, 

(f) If the remainder does not vanish, then set down as the 


last term of the quotient the remainder over the 
divisor in the form of a fraction. 


‘ 


We shali first illustrate the rule by working some examples where 
the divisor is a binomial. 


Ex. 1. Divide «*+7#+10 by «+5. 
Divisor. Dividend, Quotient. 
a+5) x2 4+7v+10 (42 
aw? +5y. 
2a+10 
2x%+10 
0 
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We first arrange the dividend and the divisor in descending pewers 
of w. 

Then we divide v?, the first term of the dividend by w, the first 
term of the divisor, the quotient is +. We multiply the divisor #+5 
by ~ and put the product w? +65 under the dividend (as shown in the 
working). We subtract this product «7 +5. from the dividend #?+7% 
+10, and the remainder is, 27+10. 

The next term of the quotient (+2) is obtained by dividing 2, the 
first term of the remainder, by w, the first term of the divisor, We 
then multiply the divisor «+5 by 2, and put the product under the re- 
mainder (as shown in the working). 

The quotient required is v+2. 


Note.—The reason for the above rule is this : 


The dividend is split up into a number of parts, each of which 
contains the divisor exactly. The sum of all the partial quotients 
forms the complete quotient. In the example worked out, the dividend 
«? +7 +10 1s separated into two parts «2 +5, 27-+10, t.¢., « (w+5) and 
2 (w+5) and each of these is divided by «+5. The partial quotients are 
wand +2. The sum of these, i.c., 1 +2 1s the complete quotient, 


Ex. 2. Divide 21a? - 434ab+20b? by 3a-40. 
Divisor. Dividend. Quotient . 
3a — 4b) 21a? -43ab+4+20b2 (7a-6b 
21a? ~ 28ab, 
— 15ab +206? 
— 15ab+20b 


JEx. 3. Divide-1-30?+.49+43y by x-1, 
We arrange the dividend according to descending powers of wx. 
Divisor. Dividend. Quotient, 
w—1) w®-—3a?+4+3y—1 (vw? -— Qn +1. 
a? — 4? 
= Qu? 8x 
— 2H? +24 
“#—1 
w-1 


—— 


0 
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Ex. 3. Divide 24a°— 984? +133a9* — 609°® by 4a—5By. 
Divisor, Dividend, Quotient. 
4 — By) 24.03 — 98424 413309" — 609% (Ga? — Livy + 129° 
24a 5-300? 
ch. — 6802 9+ 133092 
— 6802 y+ 85ay? 
48ay* - 60498 
48ay° — 60% 
0 


EXERCISE 22. 


Divide— | 

1. a?+4a+by a+2. 

8. w?—-17x+60 by w -5, 

5. w? —47"+4+560 by w- 26 

7. 8a?-—22v+15 by 40-5. 

9. 6x2? -—Tw -3 by 3a+1. 

10. 10a? —27~ - 28 by 2a-7. 

11. 24%? —- 654421 by 3a—-7. 
12. 15a? —-26ab+4+8b? by 3a—4b. 
13. 6424709 —20y? by 2v+5y. 

op14. 21b?— 53bc + 30c*? by 7b— 6c. 

15. 63a?4+67ax+14a? by 9a47~. 
16. 99x? +4ay-— 49? by 1lw— 2y. 
17 44a? — 39ac-—135c? by 4a —- 9c. 
18. 74%? 4+96ay — 28y? by 7w- 2Qy. 
19. 100a* —3b? —-13ab by 25a+4 3b. 
20. 374+34?+4+4°4+1 by #+1. 
21. 8#?-~1-1240? +6% by 2a-1. 
22. w*—8w#?+4+124 by a-—6. 
23. 64°+a%7 — 2x by 3442. 
24. #*-6-6%?+11¥4 by #-3. 

25. 27v*—12"? —-257+10 by v-1. 
26. 44°-+64? -x-2 by a+1. 
27. 8a*+6a’b-—3ab? —b8 by a+b. 
28. 16¥* -— 46474390 -9 by 8a-3. 

29. at—8a*bh+24a’b* — 32ab*+416b4 by 2b-a. 
30. #8 — y* +a? y= wy? by wy, 


a*—6a+56 bya -1. 

av? +u—566 by v4+8. 

6a" ~18”+6 by 2v-3. 
3a°+34a+11 by 3a4+F_ 
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31. w*+y%—a?y— ay? by a+y. 

82. 40°+70? -3v-16 by 40-5. 

33. at—b*+2a%b+2ab* by a?+b?, 

34. a'+b*—-2a?b? +2a%b — 2ab3 by a? — b?. 

35. Sla!-216a%b+216a2b2 — 96ab%+4168"by 2b — 3a. 


¥ 
56. The rule enunciated in Art. 55 is applicable to cases where 
the divisor consists of more than two terms ; and both the divisor and 
the quotient may be written on one side. 
Ex. 1. Divide v® -2v%a%+4a® by #? -2va+a?. 
v5 —2y39a3+4aQ° a*—2va+a’ 
¥° —2aat+w'a?) ys +2 8a+302a? +2xa*+a4 
20°a—w a? —2x*%a3 
2v5 a — 40ta? +2303 
3uta? —4v%a3 
Sata? —642a24+3072at 
 289a2%-Bx2a4 
Qu 8a? - 402 a4+24a5 
w2a*—2va> +a6 
wat — 245 +a6 
Ex. 2. Divide #'+64 by w7+4%++8. 
w+ 64 x? +4v+8 
wt + 4u 9+ 807) y2 — 40+ 8 
; —4v3-— 8x?+ 64 
— 44% — 164? — 324 


Sa? +320+64 _— 
8a? 4322+ 64 
Ex. 3. Divide a*+b*+c*-3abe by a+b+ec. 
a’ — 3abc+ 63 +¢8 a+tb+c 
a*+a?b+a’c a? —ab— ac+b? —be+c?. 


— a?b- a?c—3abe 
— a*b—ab?—- abc 
— a*¢+ab2 —2Qabec 
~a’c -— abc—ac? 
ab? — abc+ac?+b? 
abe +63 +b2¢ 
— abc + ac? — b2¢ 
—abc - b?¢=be? 
ac? +bc*? +c? 
ac? +bc?+c? 
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The result of this example is important. Compare this with 
Ex, 2, worked out in Art. 49. 


Ex. 4. Divide 16444 3642 + 64486 by 40°46949, 


16a4+4 364° + 60+ 86|4w? +6049 
16a4+4+24a°+360° lq4y2-6y4-9 


— 24v5+ 60 +86 
— 244° — 36a? — 54a 
36a? + 600486 
86a? +540 +48] 
eS aaa Remainder, 
Thus the quotient is 4? —-67+9+4 Pls: ot a 
4v? +6949 


Note— When the division is not exact, the work should be carried 
on until the remainder is of lower dimensions than the divisor, 


EXERCISE 23. 


Divide— 


i, 


oo NAOH w Po 


—_= — 
a wang 


a 


17, 


~_— 
© ® 


i) 
= 


21 


wo — 34? 43x—1 by #2? —244+1, 

3a°— 10a? +446 by v2 —44+48, 

#&—a® by w®—2awv? 4+2a24 - 3, 

a*+64 by #7? -—4¥48, 

at 256 by #°+44? + 160+64, 

#7 ~13%— 30 by wv? - 24743, 

1—5a+4a5 by 1-24.42, 

30° — 100494 164 %y2 — 12x? 924 vytagys by 1? -2ay+y. 
214° — 2u4 — 70v5 4 23.42 4+ 3344.27 by 7a? +40-9. 
Leta? +94 e446 47 4 8 4 9 4 15 by 1-45 448. 
a* — 8b® — 27c*— 18abc by a-2h-8c. 

wo — yF 42943492 by w — +z. 

m?+n?+3mn—-1 by m+n-1, 

VI4 2 4 y— 3B by #°+2948. 

#94342 45743 by #242443. 

404-94? +6%—-1 by 1-894 2x2, 

345 -10"°+4157+8 by VF 4302 4344-1, 

a5 —Qv'— 6y9 +44? 4184746 by 1+34a43842 +48, 
*54+1149°— 54 by MP4 Qe 4-3, 

6"? +21 vy + 189? +282? +45 y2+9642 by 2v+3y44e. 
6a’ +13ab — Bac— 6b? 4+ 13bc = 6c2 by 8a -b+2c. 


¥,.) 


22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33, 
34. 
35, 
36. 
37, 
38, 
39. 
40. 


DIVISION. 


L0a* — 8ab - 1ac — 246? — 58b¢— 36c: by 24-45 — 5c 


l4u? +33xy+46y4 8y?+42y+12 by 2¥+3y+46, 
6a*+1lab—~13¢~ 580? +346 — 28 by 24455 — 7. 
¥°— 99 by w?-+ay+y2, 

“9 +y9 by x2 —Vy+y?, 

V+ Y +342 y 4 3uy? 41 by w+y+41. 

We ~ IY? DY wba yt yey ty, 

¥7 +2187 by x43, 

1-~a*~—8b4_6ah by l-a~2b, 

wi? — yl? by atm yd, 

a°+36a* ~ 4a? 484-17 by a4+42qa%_]. 
a*+ta? +1, by a’? —fa+H. 

aw? — fa? y+ dhay? — 293 by BU — Y. 
2a°—lla2-~9 by a?4+2a+43. 

36a? + $b? +4 ~4ab —6a+4b by 6a— 1b — 4, 

4x? +29? +4 — 2ay+44— hy by 2u—-dy+4. 
Yow! — 40° da? +4049 by gu? — 49. 
g4°+b5—- Liiay by }a+b-1. 


hal tind! ~ $4%+48a°b? — 44063 by Jat +462 — Jad. 
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EXAMINATION PAPERS. 
First Series on Chapters I—Y. 


¢: 


1 Ifas05, b=:06, c=—- ‘11, find the value of (1) a? —b*® — 2bc—c® 
and (2) a8+b*+c%—3 abc. 

2, Simplify:- 

2 [4a — {29+ (20-y)- (e+ 9)} ]- 

3. Sum up 8a°-—4ab+ 7a?b?42ab%, 2ab—2b?-—a*b?+4a%b, ab 
— 2a°+2b*%+a’b?, 

4. Multiply (1) 2v°-3a?4+47-5 by 7#+9 (2) {a°-#a’a— ba? by 
ga 2x, 

5. Prove that a—(b+c)=a—b-c. 

6. Find the cest of (a— 2b) books at (2a — b) annas each, 


2. 

1. Simplify:—(2b +0)(b -¢)4+(2c+a)(c— a)4+2a+b)(a-b), and find 
the value of the result when a=1, b=2 and c=3. 

2. Remove the brackets from and find the value of :— 

a —[2a- 3b - \4a—- 5b- 6c—(7a—- 8b — 9) }. 

3. Find the continued product of a?+2a+2, a®*—2a+2, a*—4. 

4. 1. Prove that am+an=am-—”, when mand are positive 
integers. 

2. Prove that a-(b-—c)=a-—b+c. 


38a-—5 


5. Find what values will take when a takes the follow- 


ing values:—2, 0,-3,-1. 
6. Divide a*— b*+c®+43abe by a-— b+, 


1. Add together a+b-—2c,b+c-2a and c+a- 2b,and subtract 
the result from a+b-+c. 


9. If a=), b=2,c= -j, dad find the wileege ao. + *~ Soe 


a-b-c bd+ac 
b? a? 
~J/ (as) 
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3. Simplify:—(4+—-¢(b+c-a)(c+a -b). 

4. The length of a rectangular reom is (2a+3y) ft. and the 
breadth is (w-+2y) ft. find the area in sq. yds. 

5. Divide «*-6x?+1la—6 by w#-2. 

6. Prepare a table showing the values of 2¥?-a#+3 correspond=- 
ing to the values of w:—0, —1, 2,-4. 


4 
1. lf a=3, c= —4, find the values of :— 


0 58) Et (ME) 


2. The product of two expressions is 10w'!+14¥°+41la2415a-3-. 
and one of them is 2v? +4a—1; find the other. 

3. Divide 1-—w by 1+. to 5 terms. 

4. Find the square of a+6-+c and subtract the result from zero. 

5, Show that #°+6#? +1llv+6=0 when w= -1, -2, -3. 

6. Find the value of 2”? -3x-+1 when w has the values 1, 3, 5. 


1. Show that #?+y?+2?+ay+yz+-7% has the same values when. 
#=2, y=3, z=4 as it has when += -2, y= -3 and z= —4, 

2. If a="02, b=:08, c='1, find the value of a°+63+3abc—c?. 

3. The product of two expressions is (v+2y)?+(3a+z)? and one 
. of them is 4¥+2y-+2; find the other. 

4. If a=l, b=2 and c=3, show that OPE oe eaiee: an 5 

ba+ac c¢+abc ab’ @ 

- 20 
~ Gb pbb 

5. If A=2e+y-2, B=2y+z-a4 and C=2z+4+~4-y, find the value of 
A+B-2C. 

6. Simplify:—(a+b)? -(a-b)?. 


1. ax?+ba+cn*+5+cx-bx?-—w*%. Collect the coefficients of the 
powers of x and insert them in brackets. 

2. Multiply 4° -3a'x+9a%v? -27a2v*+81ax!—24345 by a+2x- 
and divide the product by a - 3x. 

3. Expand (a—2b+c)?, 
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4. If y=-3x*+2v-6, find the values of » when w has the values 
1,- 2, 0, 2, 3. 
5. It w=}, y=}, z= 9, find the value of 2Qx°y?42y?2? 422? 4* 
—wt—yt— 24, 
6. Simplify:— ae MS? 
[-{ -1-(-1-i-1)-1-1{-1-7}. 


1, Multiply 3a? +2ab—- b? by a?—2ab+b* and divide the result 
‘by a+b. 

2. Substitute a—2 for w in 3~? +2¥+1 and arrange it in descend- 
ing powers of x, 


8. y= ied find the values of y for the following values of 


#:—},0,3,-4. 

4. Simplify:— 

(40 + 6)(40 — 5) — (5x44)? - (5a - 4)(54 +4). 

5. The area of a rectangular reom is (24?+a-—1) 8q. ft. and its 
‘length is (21-1) ft. Find the breadth in yards. 


6. Express a pounds y shillings as pence, 


8. 
1. Ify=5+4+a-44?, find the values of y when whas the values 
4, 1, = 2. 
2. Divide wS+3x? +5443 by 2242443, 
3. Substitute a-3 forwin 40?-6%-1 and arrange the result in 
-ascending powers of x, 


4. Find the continued product of qa? —ab+b*, a*+ab+b? at—p4. 
5. Simplify:— 


(3a — 2)(2% — 3) + (2 + 3n)(3 4 24). 
6. Show that (w+ y)? - 2a+ y)(a— y)+(a— y)®=4y?, 


CHAPTER VI. 


SIMPLE EQUATIONS. 


57. There is a certain number. If 5 is added to twice that 
number the result is 35. What is that number ? 

In answering this question the boy performs the follow ing 
working mentally :-— 

35 isthe final result. As this is obtained after adding 5 to 
twice the original number, twice the original number igs got by sub- 
tracting 5 from 35. This 30 is two times the original number. 
Therefore the original number is got by dividing 30 by 2. The origi- 
nai number is therefore 15. 

The original number may be supposed to be w. 

Twice the number = 2,4. 

If 5 is added to this, we get 21 +5. 


The final result is 2v+5, but by the question it is given to be 35, 
Therefore 2v+5 and 35 are equal, this is denoted by writing 27465. 
and 35 with a sign of equality=between them as— 

24+5= 35 

We are now stating that the two quantities 2745 and 35 are- 
equal. 

21+5=36 is a statement of equality between the two expressions. 

A statement that two expressions are equal is called an equation. 

We know that when 1++4 is multiplied by *-4 the product ig 
*?-—16. This is generally written as— 

(w+ 4) (w-—4)=4?2-16, 
This is also a statement that two expressions are equal. This may 


also be called an equation but a point of difference can be noticed bet- 
ween the truth of the two statements. 


In the second case. we have (+4) (#-4)="2-16. The letter x 
may Stand for any number. Eventhen the statement is true. For 
example. 


62 ALGEBRA. [CHAP, 


Suppose «=7, 10, 8, we see that our statement ‘(x +4) «—4) is 
-equal to #* -—16” is still true as :— 
(i) (7+4) (7-—4)=33 


72 -—16=33. 
(ii) (10+4) (10-4)=84. 
10?-—16=84. 
(iii) (844) (84+4)=48 
82?-16=48. 


Therefore the truth of this statement does not depend upon the 
‘value of « or the letter involved, 

The statement is true for all values of the involved letter or letters, 

in other words (#+ 4) (w-—4) is only transformed as w* — 16 by the pro- 
-cess of multiplication. . 

This statement of equality or equation is unconditional and does 
not depend on any particular value of «#, 

This is generally called an identical equation or simply an iden- 
tity. 

Again taking the equation 

2¥+5=35, we find we cannot give any value to win order that 
2” +5, may be equal to 85. We can sce that this statement is not true 
for any value of v, as in the previous case, If 8 is written for #, 2v+ 
5 becemes 11, but not 35. We also saw that this equation is equiva- 
lent to the arithmetical problem given above, and that there is only 
one answer to that question or only one number. So the statement 
that 27 4+5=35 is true only for one value of a, t.¢., when v=165, 

The statement 21+5=35 becomes an identity only when «=15. 

This equation is only a conditional identity, 

This is known as an equation. 

When the statement of equality is always true we use the sign= 
and when itis true under certain conditions, weuse the sign=to 
denote equality. 

In the case of the equation when we are able to find the value of «, 
so that 2¥+5=35 may become an identity, we are said to solwe the 
equation. That value of # is said to satisfy the equation. This value 
of « which satisfies the equation is called the root of the equation or 
solution of the equation. vw is called the unknown quantity or the 
unknown, The two expressions connected by sign=are called the 
Sides. 
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The right hand side expression is for convenience denoted by 
R. H. S. and the left hand side expression by L. H. S. 


If only the first power of the unknown quantity is involved in an 
equation, it is called a Simple Equation. 


58. To solve the equation 24+5=35, 

This means that we should finda certain value of s which when 
‘substituted for w, satisfies the equation or makes the equation an iden- 
tity. 

The process of solution is similar to the arithmetical selution of 
the original problem given at the beginning, 

The No. 5 is added to 2w and therefore 21 +5 is got and this is 35. 

Therefore if 5is taken away from 2¥+5 and-also from 35, the 
result 30 should be equal to 2x. 

We find the value of 2 to be 30. To obtain w from this relation, 
we should divide 2w by 2 and also 30 by 2. Thus we get v=15. 


This is represented as :— 


2¥+5=35. 
29+6-5=36-5. 
2% = 30. 
2=3= 15. 
Verification :— 
2x 154635. 


On obtaining the value of x, it must be verified whether this 
value makes the equation an identity or not. 


59. Itis seen then that the process depends upon the following 
important axioms. 

(1) If same quantity is added to each side of an equation, the two 
sides are still equal. * 

(2) If same quantity is subtracted from each side, the twe sides 
are still equal. 

(3) If same quantity multiplies each side, the two sides are still 
equal. 

(4) Ifsame quantity divides each side, the two sides are still 


equal. 
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Ex. 2 :—Solve 

Ba — LL SBG.e ..recceceeees Ae 
Adding 11 to both sides, we have 

3a —114+11=25411. 

ey | ee | 

3a= 36. 
Dividing each side by 3, we have 

a= 12. 

Verification:— 3 x12-11=25. 


In the course of the above solution, we find that 11 which appear- 


ed on the right hand side of the equation A appears on L. H. S. of B, 
but with its sign changed. 


We, therefore, notice that a quantity can be made to change from 


one side of the equation to the ether, by changing its sign. When a 
quantity is thus changed we are said to transpose it. 


Ex. 3:— Solve 


3444-44 22. 
Transposing 4 to the other side, we have 
3veex + 22-4. 
Transposing « to the other side we have 
3a—-% =22-—4. 
24 =18 
x —} 
Verification:— 


R. H. 8.=3x94+4=381. 
L. H. S.=94+22=381. 


The transpositions above may be made in one step. Itsheuld be 
the aim of the student to bring all the terms containing the unknown 
quantity to one side and all the known quantitiesto the other side and 
finally divest x the unknown quantity from all co-efficients other than 
unity. 

Ex. 4. Solve:— 

(a+ 3) — (5a — 2) = (24 4+ 3)+(7 — x) 

Simplifying we have 

#4+3-—5442=244347- 4% 
~ 44+5=%+410 
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Transposing 
— 4N—-a=10-5 
— 5a=5 
a=-1 
Verification 
L. H. S=(-—1+43)- 5 (5x -1)—25 
=2+ 7=39, 
R. H. S=(2x -14+3)+(7— -1) 
=+1+8=9. 

The student should make it a point to verify the answer he obtains 
after solving an equation. The beginners are apt to commit the very 
commen mistake of finding the value of ain terms of x again, which 
therefore, still remains unknown, 


Ex. 5. *-:7}. 
3 vs 


Here the co-efficient of w is a fraction, viz.,4. The equation may 
also be written as 4 +=7. 

‘Yo obtain the value of + from the above, we should get rid cf the 
fractional co-efficient and obtain 1 in ite place. This can be done by 
multiplying it by 3. So we have. 

~ hax 3=7} x 3. 
#= 58% 3=128 or 212. 


Ex. 6. Solve: vay. 


The co-efficient of wis ?. So multiply the equation by 4 to get 
the value of v. 
“fa K Gms x 4. 
FaAEX P= 4 =5}. 


Ex. 7. 
(v + 2)(a +8) — (w+ 1)?=(¥+ 1) (w +2) -@-4)?. 
Expanding each side we have 
(4? + ba + 6) — (#2? + 244+ lw? + 3442 — (vw? — 84416) 
4? +64+6-—42 —-24 —-low?+344+2-— £74 84-16. 
Simplifying 
34+5=11lv- 14. 
5 


66 ALGEBRA. [CHAP. 


Transposing :— 
.Ba—li«e= -—5-14. 
— 8a—-19. 
8#=19. 
v= = 2}. 


Verification :— 
L, H. S=(2§ +2) (23 +3) — 2§+1)?. 
= 4§vd§ — (89)?, 


= 8p x 43 — (47)*. 

_1505_ 729 

64 864° 
776 

~ 64 

R. H. S$ =(2$+1) (2§+2) — 23 - 4)? 

= 33x 43 -(1§)? 

A 

_945 169 

64 «6F 

16 

3 oo 


EXERCISE 24. 


1. Solve orally:— 


(a) 2v=20. (b) 3a=16. 
(c) 154=76. (d) 201 = - 80. 
(e) 9v= -81, (f) -5*#=10. 
(g) -—7#=36. (kh) 12”%=48. 
(h) 2v=H. (1) 3#=34. 
Solve :— 
2. #+65=15. 3. a+4=21. 
4. «-3=10. * 56. «#-65=26. 
6. 27+3=13. 7. 3£45=28. 
8. 444+-1=20. 9. 2v-—4=20. 
10. 3*-6=165. 11. 1017-1=99. 
42. *+4*=20. 13. 5a-a=16. 


44. 2x4+5x7=1044. 15. 10*+27=68- 8, 
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2vn+3=4 +17, 17. 24+7=10+x. 
7v-6=6%-4. 19. 6v4+2=5%+4. 

Te —-3=654 +4, 21. 8#-5=13-7-x. 
8-15 =2 (w- 4). 23. 9v-3-(41+22)=0, 


7¥-4-(3v-11)=0, 


21lv— 12=4(v—3)4+34 +42, 


E EY, 

— at. . = =3, 

5 i 7 

2y 3 By 

ae oS =) 
$ §6§ 7 

7x 3 4 1 
aan S's os =? = 
a. F . 5 5 
ww —} ca | 
12 2 3% 3 12 
3x 3 An 

—_ = . 3 A —— =O 
5 5 - : 15 

3a 3 

a. ¢ 

34+12=50+ 550-185. 


2v—6 (l+x)-7=0. 

5 (v+1)+6 (v+2)=9 (~+3). 

7 (v—1)+3 (2441) =4 (v+5) —(v+1). 

3 (v—5)—8 (v +2) =7 (2v—5)-—5 (3v+3). 


15 (2v—5)— 10 (3v - 1)=320 (3v+2)—15 (4x — 1) 


3 (5v+15)-2 (5%-7)=10 (v- a (w — 2). 

(#— 2) (v—6)= w (w-7). 

& (v+2)+w (w+1)=(2 -1) (vw +3). 

(3a — 1)? + (40 + 2)? = (50 +2)2 44, 

(v+1) (W¥-+3)=(¥+3) (w+ 4) 

(w+1) (v+2)=(~-3) (w- 4). 

(v+1) (w — 2)+(v- 3) (w- 4)=2 (w-7) (v¥— 8)+116. 


(w+ 2) (v+1)—(v+3) (¥— 5) =(# +3) (#3) — “(v7 +5). 


(2v +1) v— 2w (vw +5)=% (8x +8) — 3 (v+1). 
(v+3) (v+4) + (vw +1)? = 2 (vw +2) +5. 
2a (v +5) — (w+ 4) (¥+1)—(¥-1) (w+3)=0. 


2 (v +10) (vw +9) —3 (# +5) (¥ +2)+(v+1) (vw+2)=0, 


(w— 5) (w-—3)=(#-1)?. 
(@ +2) (vw +7) =(a+3)2, 


67 


68 ALGEBRA, [CHAP- 


57. Find the value of a whiclh makes the expression 4 («— 4) 
— (+2) vanish. 

58. Determine the value of w so that §(v4+10)-—4(#-2) may 
exceed w by unity. 

59. Find the value of « so that the sum of the expressiom 
4(3a+1)+§$ and §v+3 (4-1) may be equal to 1. 


—2v+65 3 


60. Determine the value of « for which —> +> exceede 
unity by }. 

61. Find the value of w which makes (8w—-5)—(a—-1) and (30-5) 
+3 equal. 


62. Find for what value of w the expressions (8v-5)-—«#« and 
4v—(v+2) are equal, 

63. Find the value ef a which satishes the equation. wv (*+3) 
+a wv? — (4-3), 

64. What value of « will make 7 (#+3)-4 (w-—1)4+(a#+41) equa? 
to zero, 

65. Find for what value of athe expression 5 (#~1)—(674+8) 
(#+5) vanishes. 


60. Equations involving fractions :—We shall now deal with equa- 
tions when the co-efficients of the unknown quantity are fractions. 
v 
4 
Here there are two terms containing the unknown quantily and 
their co-efficients are fractions. It is these denominators that give 
us trouble. So our object should be, first to get over this difficuity, 
and make the co-efficients integral. In the previous examples where 
there is only one term involving the unknown quantity with a frac- 
tional co-efficient, we multiplied the equation by the denominators of 
# to get rid of it and convert the co-efficient inte (one) 1. Bul in the 
present case, there are two different denominators and both must vanish 
by one operation. We must therefore choose a number such that the 
denominaters 6 and 4 may disappear when the equation is multiplied by 
it. Suchanumber should therefo;e be a multiple of 6and 4, There 
ar@é always very many common multiples of 6 and 4,—of course the 
smallest or the least of these can be selected to simplify our werk. 


Ex. I. Solve a + =}. 
J 
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Therefore the least common multiple of 6 and 4 should be taken and the 
equation should be multiplied by it 

As the work with fractions is more difficult than with integers, we 
should make the denominator of the term that does not contain « alse 
disappear by taking that also into consideration is selecting the num- 
‘ber by which the equation is to be multiplied, 

So all the denominators of the terms of the equation are 6, 4, 3 and 
their L. C. M. is 12. 

Multiplying the equation by 12, we have 


x wv 
= 12+- * 12=21 «19, 
6 “7 . 


2u+3¥ = 28. 
5a = 28. 
28 

a a OF Be. 

v 3 b 


Ex. 2. Saline eee it 
g 3 -6 


The L. C. M. of the denominators is 30. 
Multiplying each side of the equation by 30, we have 154-10*=6# 

+ 30. 
By transposing 

L54—100— 6a=30, 

-2 = 30. 

#: = —90. 
v—1 ,2v+3_ 6¥4+19 
Ex. 3. Solve — + ihe ag oe 
Multiplying each side by 24, the L. C. M. of the denominators we 
thave :— 


24% (=) p24 x 
“12 (#-—1)+8 (244+3)=3 (64 + 19). 
“12a - 124 164%+4+24=18¥+57. 
Transposing, we have, 
12v+ 16% —18#=57+412- 24 
104” = 45 


45 
— 44, 
10 4 


(24 +3) _94(6* +19) 
3 . 


&= 


. 
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Verification— 


aw. = 2x45+3 


44-1 
2 ¥ 3 


Ii 
w 
BS] 
+ 
a 


' oo 


\) 
i~nes 

~ 

te 


v2) 

a) 

na 

\) 

oO yp 
|X 

— 
joote 

i+ 
= 


This equation may be written also thus 
L (w—1)+ 4/2" +43) =}(64419). 
Ex. g.—*+3_ 2a — 6 _2x+1 _#*-2 
2 8 3 6 
Multiplying each term of the equation by 24, the L. C. M. of the 
denominators. 
2 124+ 3)—3 (2”-5)=8 (2~41)-4 (w— 2) 
124+ 36- 644+15=1)644+8-—4414+8 


Transposing, 
124-64 - 164+44—84+8- 36-15 
—- 6*— -—35 
a = 55. 
Ex. 5:—Solve— 


Reducing the decimals te vulgar fractions, we find that the equa- 
tion becomes, 
5 1 


100 100" (;*.- ae 
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Multiplying by 100, the L.C.M. of their denominators, we 
have— 


50- 10#-3+2%=3 
— 8#=3-504+3=-44 
44 
f= = = 8 
ee 0 
6. The student should be warned against the very common 


mistake of omitting the multiplication of the one side of the equation 
by the L. C. M. 


24-5 

8 
in ex. 4, affects the whole expression 2v— 5, just as it does, when it is 
written as—4 (2#-—5). After the multiplying it by 24, we will have 
—38 (2¥-5.) In simplification, beys, without noticing this, are apt to 
change the sign of 2x3 which is immediately next to the negative 
sign and omit the change of the sign in the case of other terms. Boys 
should be warned against this. 


Orderly arrangement and placing of the sigus of equality ina 
column should be insisted on. They should also be cautioned against 
using = meaninglessly before each step of the selution. Verification of 
the solution should be,as arule, insisted upon in the case of. 
beginners, 


He must be made te clearly understand the sign—before 


EXERCISE 25, 


Solve :— 
(1) rt (2) peo (3) a=. 
(4a) f=55 (5) 214, (6) a1 
(7) == 16; (8) a (9) itg7 
(10) ats= it (11) 7tq=10 
(12) Se +451; (13) -§=3 
(4) S- AF 12; (16) § - 3 243 
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(16) 
(18) 
(20) 
(22) 
(24) 
(26) 
(27) 
(28) 


(29) 
(30) 
(31) 
(32) 
(33) 
(34) 


(35) 


(36) 


(37) 
(38) 


(39) 
(40) 


(41) 


ALGEBRA. 

Qs .3e  * w 2a 
w= -_— +1; 17 +4= =e 
15-10 20° Oe 7 3 
134# lle €. 
8 Bets; 19 t+ #2=>34-1 
: = + (19) jetie=4 
2 Be lest ] 5a _ Sw _3# 1 
Sa #2 _@. 24 
ass Ss ava BD 23) —+8 at | 8 
tre —t 4; (23) at jos + 
5~tt gah (25) i aot, 
x+1, #42 a+3 

: =15 —- 

3 te 
#_Qe-2_Be-4, # 
oe 1s 1p 
va-l. awe a-3 5ba-1 
“Se tage? a ar 
2a-6_ w-4_ 3¥_1 

7 ae } ie 


4(a# — 2)4+ 4(4+2)=8-— 3 (v-6). 
>("—5) 2 A209) =4 (3a — 21) —54(~— 11), 
g(v+8)—4 Pt ee 


= a [*-" ch 7 )=8. 


ee W = 6x ~ 2(°5 3 +24) 

" 2 ~2) 2v-8 
#4102 gy 4 ,G# ise eee | 
et 03 — 02x) =-03. 


‘08a + 02 = 02 — -06. 

‘07 ("= 10) — 4 =-2('1 — 1x) — 3(-05 — -02.). 

by 4. BO8— "75 1-2 _ -Ba— 9. 

6 4 4 

‘02 (x — F jo * “ 

_ 02 (w= 1)_ Ola = 03 , 21. 
0B 4 2 

O0l#— "125 _6-#_ 14, 


‘034-01 
02 


‘O11 # + — 


+ = 
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CHAPTER VII. 


SYMBOLIC REPRESENTATION AND FORMULAE. 


62. To enable the student to selve arithmetical problems which 
may Or may not admit of arithmetical solutions, he should be able to 
translate successfully the conditions of the problem into algebrical 
language, Certain problems which cannot be solved arithmetically 
can be very easily solved algebrically by reducing them to equivalent 
equations and solving them. Therefore when once the boy is able 
to form an equation that represents the problem, the solution becomes 
easy. For this purpose the student must be able to translate the condi- 
tions of a problem into algebraical language or symbols. Exercise of 
varied nature in this respect will enable a student to form equations 
which is the chief difficulty in solving problems. A few examples are 
given below to show how this can be done. 

Ex.1 If the sum of two numbers is a and one of them is 3b. 
Find the other number. 

In such case when the student finds a difficulty he should think of a 
similar question in numerical numbers and notice what he does in 
that case. 

When the sum of two numbers is 10 and one of them is 3, the 
number is 7. Here the operation of subtraction is suppressed. This 
must be explicit when we deal with algebraical letters. 

Similarly > is the sum of the two numbers one of which is a 

.« The other number=6- a. 

Ex. 2. The product of two quantities is and one of them is y. 
Find the other. 

By taking a numerical instance we see that the second number is 
got by dividing the product by the first number. 

« The second number=“, 


bs ; 
Ex. 3. Aman travels at the rate of v miles per hour, how much 


«ill he travel in a hours and in what time does he travel y miles ? 
FA 
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Assaid above, suppose numerical numbers in the place of the 
algebraical letters in the question and observe how the question is. 


-answered. 
In 1 hour the man travels # miles 


sa hours.........5.@X a OF aw miles. 
Again a man travels « miles in 1 hour, 


» he travels 1 mile in 1 hour. 
x 


- he travels y miles in Yhours. 
v 


Ex. 4. Find the excess of a over b. 

The excess of 8 over 3 is 8-3 or 5. 

Similarly the excess of a over b=a-—b. 

Ex. 5 <A boy is * years old now. What was his age a years ago 
and what will be his age in 3 years more ? 

His age a years ago was “—a years. 

His age in 3 years more will be +3, 

This can be seen by giving to the algebraical letters some numeri- 
cal values and then mentally solving the problem. 

Ex. 6. Find in pence the sum of a pounds, 0 shillings and & 


pence. 
a pounds =ax 240 or 240 a pence, 
b shillings =bx12 or 12 b pence. 
c pence = c pence, 


a pounds+b shillings and c pence 
= (240 a+12 b+ pence, 


EXERCISE 26. 
1. The sum of two numbers Is / ; g is one ; find the other. 
2. The sum of two numbers is 25 and one of them is a. Find the 


other. 
3. The difference of two numbers is 2 and the greater is x 


Find the other? 
4. The difference of two numbers is w and the smaller is 15 


What is the other ? 
5. What is the excess of m over 1 ? 
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6. The sum of three numbers is 5, one number is a and another 
is 6; what is the third ? 
7. What is the excess of c over a+b? 
8. q+ exceeds a number by 3. Find that number. 
9. What quantity is less than 4 a by 5c? 
10. If 15 is less than another number by #, what is that number ? 
11, The product of # and another number is y. Find the other 
number, 
12, What quantity should be divided by w to get 4 as the 
quotient ? 
13. What quantity should be multiplied by 3 to get 12 w as the 
preduct ? 
14. How many times is w contained in y? 
15. How many time is c contained in a+b? 
16. A boy is 10 years old: (1) what will be his age w years hence? - 
(2) and what was it y years ago? 
17. A boy is w years old. What will be his age 15 years hence ? 
18. My age exceeds the age of my brother by « years. If my 
present age is 30 years, what will be my brother’s after a years ? 


19. A’s age is v years and B's age is twice A's age and 2 years . 
more. What is B’s age ? 

20. As age is w times As age and A's age is 25 years. Find B’s 
age. 

21. w is an integer. What is the next above it and the next 
below it ? 

22. Write three consecutive numbers of which a is the smallest. 

23. Write three consecutive numbers of which 6 its the middle 
one. 

24. wis the greatest of four consecutive numbers. Find them. 

25. a+b is the smallest of four consecutive numbers. Write the 
four numbers. 

26. There are three brothers ; the age of the youngest is « years» 
the age of the eldest ts twice that of the youngest and the age of the 
middle one is } of that of the youngest and one year more. Express - 


their ages. D 
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27, Ais four times as old as B. Express their ages 10 years 
-hence if A’s present age is « years and also express their ages five 
years ago. 


28. The speed of a train is miles per hour. How far does it 
travel in m hours ? 


29. A jutka ran a distance of x miles in 3 hours. At what rate 
did it run ? 


30. I went in a jutka which ran at a speed of 6 miles per 
‘hour to reach my destination in v hours, How far is my destination? 


31. A ran 3 miles more per hour than B. If B’s speed is # miles 
-per hour, find the speed of A and the distance run by him in y hours 


Two people start at the same time for a place and walk in 
-opposite directions—one walks at / miles per hour and the other at q 
miles per hour. How far apart will they be in a hours? 


33. The distance between two places 4 and B is 10 miles. Two 
persons P and QO start at the same time and run towards each other at 
v miles and y miles per hour respectively, Find the distance 
between them in 2 hours after they started, 


34. Two men etart together to walk in the same direction. The 
rate of the faster is * miles and that of the slower is y miles per hour, 
Find the distance between them at the end of (1) one hour, (2) 8 hours. 

(3) m hours after they have started. 


36. Inthe above question, find, in how many hours after they 
have Started, they would be c miles apart. 


36. Two persons start together te walk at the rate of aand b 
miles per hour respectively. The distance between them at the time 
of starting is 4 miles and they walk in epposite directions. Find 
when they meet 

37. Express a rupees, b annas and c pies in pies. 


38. There are three bags one containing a sovereigns, the second 
4b rupees and the third c¢ shillings. Find the total value in pound 
sterling of the money in the three bags. (One Sovercign=Rs. 15). 


39. Outof every dozen oranges mare good; how many good 
~ones are there in (1) 84 oranges, (2) # oranges, (3) y dezen oranges ? 
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40. Out of a purse containing w rupees and y annas | spend 2 
pies Find in pies the sum left. 

41, A merchant mixes a lbs. of tea at 3 shillings per lb. with 5 
Ibs of tea at 4 shillings per lb. What is the price of the whole mix- 
ture and 1 Ib. of the mixture. 

42. If the cost of a books is 12 annas, find the cost in pies of (1) 
ene book, (2) c books. 


63. Wurther examples are given below :— 

In the number 25,2 is the digit in the tens’ place and 5 in the 
units’ place. 

The local value of 2=2 x 10. 

Gaveecece oe vesrececmenaae OX 1, 

« The number — 2x 10+5=25. 

We notice that if the digits of a number are known, the number 
can be got by adding their local values 

In arithmetic the number is written by writing 2 and 5 side by 
Side or in a particular order without using any sign of operation bet- 
ween them. 

If 2 is the digit in the tens’ place and a in the units’ place we 
cannot write the number as 2a as this means 2xa or 2 times a. But 
the number is got by adding the local values of these thus 2x10+a= 
20+ a. 

Ex 1. If a,b,c are digits in the hundreds’ place, tens’ place and 
_ and units’ place, respectively, find the number. 

The local values should be added together 

« the number==100a+10b +c. 

Ex. 2. If amencando apiece of work in p days, in how many 
days will 6 men do the same work ? 

a men can do a piece of work in p days. 
L MAN --.  ssetseseeese.ssssesee » oof days. 


b MEH esesaesessenseecereee ses ssesteneerte days. 


Ex. 3. A man walks a distance of 10 miles ina hours at the rate 
of x miles an hour. Express this in the form of an equation. 

In 1 hour the man walks » miles. 

* in @ hours...,,...+...000...a% miles, 
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But by the question the distance done by the man in a hours in 
the same time is 10 miles, 
10=ax, 


Ex. 4. 4’s age is » years and B’s age is three times 4’s, But four 
years ago B’s age was four times A's. Express this in the form of an 
~equation. . 
A’s age=a years. 
B’s age =8 wx. 
Four years ago A’s age = — 4. 
and B’s age=3w- 4. 
~ 8v7-4=4 (w—4). 


EXERCISE 27. 


1. Write down the number of two digits of which w is in tens’ 
place and 4 in the units’ place, 

2. A number consists of three digits f, q and r» which are in the 
hundreds,’ tens’ and units’ places respectively. Find the number. 

3. A number consists of three digits of which w and y are those 
in the hundreds’ and units’ places, respectively. The middle digit is 
twice the sum of the first and Jast. Find the number. 

4. The digits in a number of 4 digits are four, consecutive num- 
bers, the least of which is «and is in the units’ place. Find the 
number. 


5. w, yandzarethe digits of a number in the hundreds’ tens’ 
and units’ places, respectively. Write down the number with the 
digits reversed. 

6. If m men are required to build a wall in ¢ days, find how many 
are required to build a similar wall in # days. 

7. A does a piece of workin a hours and Binbhours. Find in 
how many days they can tegether do it. 

8. The average of m numbers is a, and that of m of them is y. 
Find the average of the remaining numbers. 

9. The strength of aclass is 38. The average mark in Elemen- 
tary Mathematics of 1 of them is a, and of the whole class is b. Find 
that of the remaining boys. 


td 
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10. The average age of one section of the first form of » beys is 
@ years, that of the second section of y boys is b years and of the third 
section of z boys isc years. Find the average age of the boys of the 
three sections. 

il, Aman spends 10 shillings out of his purse containing » 
pounds and y shillings. One-fourth of the remaining sum is given 
away in charity. Wind the sum in shillings left in the purse. 

Express the following in the form of equations ;— 

12. The excess of a over b isc. 

13. Aman bought acamp cot for » rupees and sold it for y 
rupees thus gaining one-tenth of the cost price. 

14. A man bought a oranges at « annas per dozen and b eranges 
at y annas per dozen. He seld each of them at 2 annas gaining there- 
by / annas. 

15. A number wis added to 1l0andthe sum is multiplied by 6. 
The product is subtracted from 20, the difference is a. 

16. The product of three consecutive numbers of which p is the 
least is a. 

17. The sum of five consecutive numbers the greatest of which 
is v is y. 

18. A number of two digits x and y ts reversed and the product of 
the original number and the one inverted ig 2°52, : 

19. M,yandzarethe digits of a numberin order from the 
hundreds’ place. The number reversed is three times the original 
number. 

20. wand y are the digits of a certain number from left to right; 
the number reversed exceeds the original number by d. 

21. A’sageis twice B’s age which is x years. Ten years after, 
A’s age will exceed B’s by 10 years. 

22. A boy is w years at present which is one-third of his father’s 
age. 5 years ago he was one-fifth as old as B. 

23. Aand B start from the same place simultaneously to walk in 
opposite directions at the rate of x and y miles an hour, respectively. 
They are a miles apart at the end of ¢ hours after they have started, 

24. A and B start to walk in opposite directions from two places 
Pand Q 2 miles apart at # and y miles an hour, respectively. It is 
found that they meet in ¢ hours. 


* 
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25. A walks at the rate of a miles per hour for m hours, and B at 
b miles an hour for hours. Itis found that Bhas then walked 
3 miles more than A. 

26. The excess of « over a— b is equal to the sum of # and c+d. 

27. A man spends annually at the rate of « rupees a week for 20 
weeks; 9 rupees a weck for 12 weeks and Rs. 6 a week for the remain- 
ing number of weeks, and finds that he has saved c rupees at the end 
of the year when his income per menth is Rs, 100, 

98. The difference between half and athird. of a number «a is 
greater than the sum of a fifth and a fourth of the number by 9. 

29. A man bought w eggs at three a penny and the same number 
of eggs at one-fourth of a penny each. The whole were sold at 3d, 


with a gain of a pence. 


USE OF FORMULAE. 

63. We know that the area of a rectangle is given by the product 
of the number of units in the length and breadth, If A be the area. 
1 the length and b the breadth this statement is expressed as 

A=16, (1) 

From this relation we are able to find any one of three quantities. 
when two are known. 

Similarly we know that the area ofa triangle is given by half the 
product of the base and height of the triangle and this is expressed as 

A=}bh (2) where A, b and h denote the area, base and height of a 
triangle. Whatever may be the triangle, the above relation enables us 
to find out readily any of the three quantities when two are known. 
We have many other relations regarding the circle, cone, etc., as 

A=? (3) where A and 1 are the area and the radius of a circle 
and 

V=jarth (4) where V,1r and i denote the volume, radius of the 
base and height of a cone. 

Such relations as the above are known as formule. 

A formula may be stated asa general relation between certain 
quantities from which any one quantity can be found for particular 
values of the remaining quantities involved in the relation. 

In other words a formula may be regarded as an equation wher 
ave are required to determine one ef the quantities involved in it, 


Vil.} SYMBOLIC REPRESENTATION AND FORMULAE. sl 


particular values of the remaining quantities being given. 
branches of mathematics we have to deal with formulz very ofte 
80a therough knowledge of handling them is quite essential] 
student of mathematics. 
Ex. 1. Use formula (2), viz, A=} bh to find the base of a tri- 
angle whose area is 40 sq. in, and the base is 10 in. 
A=} bh, 
Here 4d=40 and 6=10, Substituting these values in the above 
formula we have 40=} x 10h, 
Now this becomes an equation, 1 being the unknown quantity 
40=5h 
& had 
. The required height=8 in, 
Ex. 2. Find the height of a cone whose volume is 462 c. in. and 
the radius of the base is 7 in. 
We have the following formula for the volume of a cone. 
V=h9rr2h, 
Here V=462 andr=7, substituting these values in the above 
formula we get an equation, becoming the unknown quantity thus 


In all} 
n and 
to a 


162=}x x 7h 
462 - 154; 

3 

164 


..The required height=9 in, 

The spaces traversed by a moving body with a velocity of » ft 
per second in ¢ seconds is given by the formula s=yvt (5). 

This can be used to find s, vy or ¢ where the remaining twe quan- 
tities are given. 

Ex. 3. Find the distance travelled in 3 hours, by a train whose 
speed or velocity is 60 ft. per second. 

The above formula s=vt. 

. Substituting these values we have 

S=60x3x 60x 60 


= 648000 ft. 
__ 648000 
~ 17603 
122 miles 1280 yds. 


6 


iailes. 
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EXERCISE 28. 
1 Use the formula A=}b/ the area of a triangle where a, b, h, 
denote respectively the area, base and height of a triangle to find 
(i) the area, when the base is 10 in, and height is 15 in. 

(ii) the base, when the area is 120 sq. ft.. and height is 60 ft. 
(iii) the height, when the area is 100 sq. ft, and the base is 40 ft. 
2. Use formula (3) given above to find. 

(i) the area of acircle whose radius is 4.'' 

(i1) the radius of a circle whose area is 154 sq; ft. 

(iii) the radius of a circle whose area is 120 sq. cm. 
Correct to the nearest tenth of ac, m. 
(r= %). 
3. Use the formula c=2ar when.c and 1 denote the circumference 
and radius of acircle to find 

(i) c, when r=42 in (r= %?), 

(ii) *, when c= 949 ft. (r=). 

(iii) +, when c=66 ft. correct to the decimal place when m=3°1.4 
4. Use the formulas=47r? to find 

(i) s, when r=2°1 in (r=3°14). 

(ii) *, when s=400 sq. in, (7 =3*14) correct to the nearest inch. 
5, Use formula (4) to find 

(i) V when r=14"' and h=24'’, 

(ii) 4) when V=5900 cubic feet and h = 10 ft. 

(iii) + in feet when v=10,000 c. yds, and = 20 yds. 
(iv) + in yards when V=2,000 c. ft. and #=5 ft. 
(v) Vin c inches when r=2 ft. andh=3 ft. 
Answer correct to 1 decimal place. 
6. Use formula (5) given above to find 
(i) s when v=40 ft. and t=30 seconde. 

(ii) s in miles when v=6 miles {=20 minutes, 

(iii) v infeet a minute when s=300 yds. and f=15 ft. 

(iv) vw in feet per second when s=10 miles and t=1 hour. 

(v) £ in seconds when v=20 miles an hour and s=} a mik. 

7. If, whenanumber N is divided by D, we getthe quotientQ © 
and remainder R, we have the formula 
N=OxD+R. 
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Use this to find 


(i) N when 0=25, D=17 and R=13. 
(li) the number which when divided by 17-2 gives the quotient 
13:1 and a remainder 10. 


If a be the first term of a succession of » natural numbers and 
the last term, the sum of all these numbers is obtained from 


the for- 
mula s =% (a+1.) 


8. Use this formula to find 
(4) the sum of the first 20 natural numbers. 
(ii) the sum of the first 100 = 


(iii) the sum of the 19 numbers 5, 6, 7, . 23 
(iv) thesum of the 100 numbers beginning with 27 and ending 
with 126. . 
If we consider the series of numbers 4, 7, 10, 13,16, 19 we find 
‘that the difference between any two consecutive numbers is 3, 7. ¢., the 
difference is common throughout ; each of the numbers in the series is 
called aterm. The sum of all the terms is obtained by the formula, 


s=5{ 2a+(n—1)d t where 


sis the sum, # the number of terms, a the first number andd the 
commen difference. 


9. Use the above formula to find 


(i) the sum of the first 20 natural odd numbers. 
(ii) the sum of the first 40 natural even numbers. 
(iii) the sum of the first 93 natural numbers. 
jiv) the sum of the series 10, 14,18 .. . to 8 terms. 
(v) the sum of the series 2, 7, 12, . 


. », LO terms. 
(vi) the sum of the series 3, 6,9, . 


. y, 21 terms, 
10. Use the same formula to find. 


(i) a when s=460, »=20 and d=2, 
(ii) d when s=875, n=25 and a=5. 
If a body falls under gravity g, the space s through which it falle 
in ¢ seconds is given by the formula, 
s=34 gt? where g=32 


11. Use this formula to find the height from which a body fall¢ 
if tt strike the ground in 15 seconds, 
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12. Find the ,time a body takes to fall te the ground from a 
height of 1,936 ft. 


13. The formula Joh gives the relation between the interest /, 


on the principal f at the rate of r per cent, per annum in / yeare. 
Tse this formula ta find 
(i) the interest on £365 for 3 years at 5 per cent. per annum, 
(ii) the interest on Rs. 475 for 4 years at 3 per cent. per annuin. 

(iii) P in pounds when J= £11-12, r=4, t=2. 

(iv) P when J=Res. 28-14 as. 7=3}, !=3. 
(v) © when /=£16-5s, t=2 and P= 325. 

14. The area of the four walls of a room is givenby the formula 
A=2 H(L+B) where A denotes the area, H the height, L the length 
and B the breadth, Uee this to find 

(i) the area of the four walls of aroom whose length is 18ft., 
breadth 16ft., height 12 ft. 

(it) the height when A=1440 sq. ft. L=24 ft. B=16ft. 

(iii) the perimeter of the floor when A =1240 sq. yds. and H=3} 
yds. 


CHAPTER VIII. 


PROBLEMS ON SIMPLE EQUATIONS. 


65. Inthis chapter the solution of problems will be dealt with. 
As said in the previous chapter, problems which may or may net 
admit of easy arithmetical solution may be readily solved algebraically. 
This may be done by framing an algebraical equation equivalent to the 
arithmetical problem and solving it. 


66. A correct equation can be obtained only when the student is 
able te translate the conditions of an arithmetical problem accurately 
into the algebraical symbols or shorthand with the help of the principles 
treated in the previeus chapters. 

No general rule can however be given to enable a student to solve 
problems ; he should only depend upon his thorough acquaintance with 
the principles of the previous chapters. The following hints may 
however be found helpful. 

(1) Represent the quantity to be determined by x. (It must be 
clearly stated what x is chosen to represent). 

(2) Express the conditions of the problem in algebraical langu- 
age, using « whenever the unknown quantity enters. 

(3) Obtain two statements that are numerically equal from the 
conditions of the given question and translate this statement of equality 
into an equation. 

(4) Ifinthe problem one-half, one-third, one-fourth, etc., par 
of the unknown quantity is to be taken, then represent the unknown 
quantity by 2#, 3¥, 417, etc., so as to avoid introduction of fractions 
into equations. 

67. We shall work out some examples to serve as illustrations. 

Ex. 1. There is a certain number, it is multiplied by 7 and to the 
product 20 is added, the result is 167. Find the number. 

Let # represent the number. 

When this is multiplied by 7 we get 7 wx. 

To the product 20 is added by the question. 

Se we have 77+ 20. 
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This result is 167 by the question, We have, therefore, the 


equation. 
7x+20=167 
18 — 167 -—20=147 * 
2 —p 


(Verification) 21x 7+20=167. 
Ex. 2. The sum of |two numbe’s is 28 and their difference is 4. 


Find the numbers, 
Let # represent the greater number. 
cendition, the other number is 28-— v. 
By the second condition the difference #.¢., ; 
So the equation is 


Then according to the first 


a — (28— a) is 4. 


v—(28-w)=4. 
ov -—28+a=—4, 
2a =4+4+28=32 
x =16 


- The greater number=16, 
and the smaller = 12; 

Or, a different equation can be framed and solved, 
By the second condition the smaller number=a — 4. 
By the first condition the sum /.¢., »4+(a—4) is 28. 
So the equa'ien is 


a+(v- 4)=28 
v+a—-4=28 
24-4 =28 
2% =3uz 
iG =16 
i.e. the greater number=16. 
and the smaller ,, =12. 


In either way we get at the correct answers. The student must 
make ita point to verify the correctness by substituting the answer 
obtained inthe problem and see if the conditions given in the problem 
are satisfied. Time spent on verification is not at all time lost or 


wasted. 
Ex. 3. The sum of two numbers is 30, the greater exceeds three 


times the less by 2 ; find the numbers. 
Let #=the greater numbor ; then 30-a=the less 
It is given that * exceeds 3 (30-1) by 2 
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Hence we have 
4#— 3(30-4)=2 
. .~v¥-90+34=2 
4a =92 
rer. 


= 23 (the greater). 
and 30-#=7 (the less.) 
Verification : 23 exceeds 3x7 by 2. 


Ex. 4 A father’s age is twice as great as that of his son, but 10 
years ago it was three times as great; find fhe age of each. 
Let v=son's age in years. 
Then 2v= father’s age 1n years. 
Their ages 10 years ago were respectively 
#—-10 and 2~- 10, 
Then by the question 
2v—- 10=3 (¥- 10) 
“ 2x-10=3 ~-30 
2v — 3” = 10-30 


- *=-20 
a2 20 
aat= 4 

“ The father’s age= 40, and the son’s, 20. 


Verification 


Ten years ago their ages were 30 
and 10. 
t.é., the father’s age was three times the son’s age, 
Ex. 5. Divide 19 guineas among 4, B and C, so that 4 shall have 
twice as much as B, and C 5s. less than B, 
Let v= B's share in shillings 
then 2v=A's share 


v= 6=C's 
By the question v+2v+*#-5=19 x2) 
o 48-6 =399. 
 4n =404 
x =10ls. 
B’s share 


=101 shillings or £5—1s, 
Aa % = £ 10—2s, 
CPF: ge =f 4—l6s. 
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Verification : 
=The 3 shares amount to £ 19-19s or guineas. 


In this question we supposed w to represent the number of shil- 
lings ; therefore, «, 2v, «—5 represent the number of shillings. 

The sum of the three shares i. ¢., 4v-5 stands to represent the 
number of shillings. So it is wrong to equate this to 19 

We should not say that 

4v-—5=19 as the expression onthe left hand side denotes the 

number of shillings while 19 denotes the number of guineas. 

* 4v-5-19x21is the correct equation as both the expressions 
denote equal numbers of common units. 

Care must be taken to express every term inthe same unit, It is 
only this omission that leads a beginner to incorrect equations and 
hence to inaccurate answers. 


EXERCISE 29, 

1, One number is four times another and their difference is 21. 
Find the numbers, 

2. Find the number which exceeds 200 by the quantity by which 
290 exceeds it. 

3. Find the number which being multiplied by 15 and having 35 
added to the product gives 215, 

4. One-third of a number is as much less than 150 as one-half of 
the number is greater than 25, Find the number. 

6. Findtwo numbers the difference of which is 14, and the 
greater number being divided by 4 is twice the sinaller. 

6. Find a number from which if 6 be taken and the remainder 
multiplied by 6 and then 6 added to the preduct, this sum divided by 
3 shall give the required number. 

7. I thought of a number, doubled it, then added 5, The result 
multiplied by 4, gave 84. Find the number. 

8. Divide 150 inte two parts so that three times the less may be 
equal to twice the greater. ; 

49% Divide 70 into two parts such that three times the greater ex- 
ceeds 60 by as much 4s twice the smaller is less than 118. 

10. Divide Rs. 90 between A and B so that twice 4’s share in- 

creased by Rs. 10 may be equal to twice B’s diminished by Rs. 10. 


_— = 
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11. Divide 15 guineas among A,B, & C such that 4’s share may 
be twice B’s plus 15 shillings and B’s share may be three times C’s 
diminished by 10 shillings. 

12. Find three consecutive numbers whose sum is 27. 

13. Find five consecutive numbers whose sum is 35. 


14. Find four consecutive numbers such that the sum_ of twice 
the smallest and the greatest may be equal te the sum’of the remain- 
ing two increased by 12. 

15. Find three consecutive even numbers such that the sum of 
‘three times the least an twice the greatest may be equal totwo times 
the middle désient y 76. 

16. Find four consecutive odd numbers such that thrice the 
smallest number may be equal to the greatest. 

1%. Find three consecutive odd integers such that the square of 
the greatest exceeds the product of the remaining two by 46. 

18. Find four numbers which increase by 6 such that the product 
of the first and the third may be equal to the product of the second 
and the fourth diminished by 95. 

19. The ages of two men differ by 10 years ; and 15 years ago the 
elder was just twice as old as the younger. Find their ages. 


20. A father’s age is four times that of his eldest son and five 
times that of his younger son ; when the elder son has lived to three 
times his present age, the father’s age will exceed twice that of his 
younger son by 3 years. Find their present ages. 

21. A number consists of two digits whose sum is 7 ; five times 
the left digit is equal to two times the other digit. Find the number. 

22. A number consists of two digits whose difference is 1 ; the 
smaller being inthe tens’ place. Five limesthe sum of the digits is 
equal to the number increased by 1. Find the number. 

23. A numberconsists ef two digits whose difference is 2, the 
greater being inthe tens’ place. If 16 be subtracted from the number, 
the result is the mumber reversed increased by the smaller digit. 
Find the number. 

24. A number consists of two digits whose sum its 5 ; if 10 times 
the digit in the tens’ place be added to 4 times the digit inthe units’ 
place the number will be inverted. What is the number ? 
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25. The sum of an odd number and the third odd number after it 
is 16. Find the numbers, 

26. Divide 180 into two parts such that 3 of one part exceeds g of 
the other by 9. 

27. The sum of the third and fourth parts of a number is less 
than two-thirds of it by 4. Find the number, 

28. The difference between two numbers is 5 and that of their 
squares is 115. Find the numbers. 

29, The difference between the ninth and the sixth parts of a 
number is equal to the excees of half the number over 24, Find the 
number. 

30. A’sageexceeds B’sage by 4 years and four-fifths, A’s age 
exceeds half of B’s age by 5 years, Find their ages. 

68. We shall work below some more examples to serve as fyrther 
illustrations. 

Ex. 1. AandB have between them £22; After A gives B £3, 
two-thirds of A’s money is lees than half of B’s money by 10s, How 
much has each at first ? 

Let w represent the number of pounds which A has at firet. 

Then B’s money = (22—.«) pounds. 

Alter £3 is given to B by A, his money=w-3 

Bis 5) an ee = Ws 
=20-4 
2. § (v—3)=4 (25-9)-} 

Clearing fractions by multiplying the equation by the L. C. M. of 

the denominators we get 
4(a — 3) =3(25-—a)-38 
4n-12=75-39-8 

\ 444 34= 76 = 8412 


7 = 84 
#=12 
“«A’s money= {£12 
B'S. «> MERA. 
Verification:—After A has giventoB £ 38 
Awillhave .. . £9 
B44. . . aa £13 
K§ol gD . Cae e£s 


x18-4 ..°0 +) wZO 
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Note. In framing the equation we have written 
i(¥- 3)=4 (25-2) - 4. 
but net as 4(25-w%)-10, 10 shillings is expressed asa fraction of a 
pound as all other quantities are expressed in £s. Care should 
therefore be taken to express all quantities in the same unit or deno- 
mination. Itis here that beginners generally fail and are conse- 
quently led to confusion. 


Ex. 2. A purse contains £1 13s 9d. made up of pence, shillings 
and half-crowns; but the number of half crowns is one-third the 
number of pence but only one-fourth the number of Shillings. Find 
the number of coins of each sort. 

(It is convenient to denote the number of half-crowns by w. In 
such questions the student should see which quantity can conveniently 
be represented by v.) 

Let v=the number of half-crowns, 

Then 3v=the number of pence, 

and 47=the number of shillings. 
Expressing all these in the same denomination, i.¢.,in shillings we 


have. 
~ half-crowns=w x 2} = §w shillings 
3 x pence Pn =i > 
12 
4 w shillings = 4a ~ 


* The total value in shillings=§v+i7+4y. 
But by the question the total By 3 
value of the money in the Boe | 41. 13s. 9. 
Expressing this also in shillings ; =—3: sata ae 
we have it ; 333 shillings. 
5 135 
. We have git iwtae= > 
Clearing the equations of fractions we have 
10a+a+ 1l6a=135 
27 #= 136 
7 «= -5 
. The number of half-crowns= 65. 
pence =15, 
shillings = 20 


” = ” 


” ” 
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Verification ;— 
5 half-crowns=5 x 24=12h4s, 
15 pence =}§s ss lis, 
20 shillings =20s = 20s. 
.. The total value = 33% shillings. 


Ex 3. 4 and B start at the same time to walk in opposite direc- 
tions a distance of 15 miles between them and meet each other in 
3 hours. If A walks at the rate of one mile more per hour than B, 
find their rates. 

Let =the number of miles A walks in one hour 


a-i=> .~ Ae sD 
In 3 hrs, A goes 3x a or 8 w miles. 
7 B,, 3(#-1)=(39—- 3) miles 


They meet each other in 3 hours, 4. ¢., they walk together the dis- 
tance between them i.¢., 16 miles. 
 3a+38 (v-1)=15 
3a 4+30-3=15 


61-3= 15 
« 6#=18 
w= s 
“ A’s rate =3 miles per hour. 
B's rate =2 miles per hour. 
Verification :—In 3 hours. A walks 3x3 or 9 miles. 
and B....006003% 2 Or 6 miles. 


-. They both walk 15 miles, hence they meet. 


Ex. 4. A room is asquare; but if the length is increased by 4 
feet and the breadth diminished by 3, the area of the room remains 
the same. Find the area of the room. 


(We find it is convenient to denote the said of the square by a, we 
can find the area when this is known. It is to be noticed that though 
the quantity required is the area, « is made te represent the length of 
the square, Sometimes we have to make a stand to represent a quantity 
from the quantity required in the question, and from which the 
required quantity can be readily found.) 

Let w denote the length of the square in feet. 

This is increased by 4 ft.=a +4. 

Breadth is diminished by 3 ft.=a#~8, 


eT | 
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The statement is made in the question regarding the area of the 
room before and afier the changes are made. So the area should be- 
found out in beth cases and equated. 

wv? = (a+ 4)(4% — 3) 
w@=x?+4—- 12, 


-.-4#=-12 
a= 12 
» «The length of the square=12 ft. 
.. The area = 144 sq. ft. 
Verification :— 
The length after it is increased=16 ft. 
Cs) ne diminished= 9 ft. 
PABOM, deta sachacanscecanccax 44 FQ: Mt. 
The area of the square............ = 144 sq. ft. 


EXERCISE 30. 

1. How many trees are there ina garden containing one-fifth: 
mango trees, three-sevenths apple-trees and twenty-six trees of various 
other kinds ? 

2. A house and a garden cost Rs. 650 and the price of the garden 
is equal to 4; of the price of the house. Find the price of each. 

3. Two persons A and B own a flock of sheep. They agree to 
divide its value. A takes 72 sheep while B takes 92 sheep and pays 
A £35. Required the value of a sheep. 

4. Divide 19 guineas among 3 persons, so that the first shall have 
twice as much as the second, and the third 5s. less than the second. 

5. There isacertain number composed of two figures of which 
the igure in the units’ place is 3 times that in the tens’, and if 36 
be added to the number, the sum is expressed by the same digits 
reversed. What is the number ? 

6. A number consisis of two digits, the sum of the digits is 8; 
and if the left digit be diminished by 2 it will be equal to # of the 
number. Find the number. 

7. A post is a fourth of its length in the mud, a third of its length 
in the water and 10 ft. above the water. What is its length ? 

8. A is twice as old as Band four years older thanC. The sum 
of the ages of A, Band C is 96 years. Find B’s age. 


° 
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. 9. From two towns 561 miles apart two men start, one from each, 
at the same time ; one goes 24 and the other 27 miles a day; in how 
many days will they meet ? ; 

10. Two trains which travel at the rate of 24 miles and 20 miles 
an hour respectively start at the same time from two places P and O 
and run towards each other, If they meet in 2 hours 15 minutes after 
they start, find the distance between P and Q. 

1}. A man whose age is 40 has a son who ie 9 years old, 
When will the father be twice as old as his son ? 

12. Divide Rs. 15,200 among A, Band C so that B shall have 
‘Rs. 1,000 more than A, and C Rs. 2,700 more than B. 

13, Two men start at the same time from twe places A and B, 
49 miles apart. One walks at the rate of 4 miles and meets the other 
coming inthe opposite direction in 7 hours. Find the rate ef the 
other. 

14. A sum of £5 6s. is made up of sovereigns, half-crowns, and 
six pences. There are twice as many half-crowns as there are 
sovereigns and thrice as many six-pences as there are sovereigns. 
Find the number of coins of each kind. 

15. A purse contains rupees, two anna coins and one anna coins 
amounting in value to Rs. 29-6 as. The number of rupees is one-third 
the number of two anna coins and two-thirds of the number of one 
anna coins, Find the number of coins of each sort. 

16. A person has 45 coins consisting of sovereigns and crowns 
amounting in value to £15. How many coins has he of each kind? 

z 17, Asum of £4 6s.is made up of sovereigns, three-times as 
many crowns and four times as many florins, Find the total number 
of coins. 

18. A and B have together £14 ; if A gives B one-fourth of his 
money, B will have now what A had at first. Find what money each 
has at first, ® 

19. A has Rs. 4 morethan B, If Rs. 10 from A’s mroney were 
given away to B, B would have then $ times what A would have. 
Find B’s money. 

“20. A began to play a game with B with twice as much money 
as Bhad. A gained Rs. 4 and found that he had 8 times as much as 
8 then had. Find with what amount each began the game, . 


ow 
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21. A roomis 3 ft.longer thamit is broad. If the lent i? 
and breadth are each diminished by 2 ft, the area of the room 


will be diminished by 50 sq. ft. Find the length and breadth of the 
room. 


22. The floor of a room is a perfect square ; if the length is in- 
creased by 5 ft. and the breadth diminished by 4ft. the area remains 
unaltered. Find the area of the floor of the room. 

23. The Jength of a room is twice its breadth ; if the length is 
diminished by 5 ft. and the breadth increased by 5 ft. the area exceeds ’ 
the original area by 26 sq. ft. Find the area ef the room. 

24. The length of a field is twice its breadth; another field which 
1s 50 yards longer and 10 yards broader, contains 6,800 square yards 
more than the former. Find the dimensions of each. 

25. The length of aroom exceeds its breadth by 3ft.; if the 
length had been increased by 3 ft. and the breadth diminished by 2 ft. 
the area would not have been altered. Find the dimensions. 

26. A does a piece of work in 3 days and Bin 4 days. Find in 
what time they can together do it. 

27. A person bought acertain number of tables and twice as 
many chairs with Rs. 115. If the cost of each chair is Rs. 5-8-0 and 
that of each table is Rs. 12, find the number of chairs beught. 

28. A man bought 20 books consisting of copies of Algebra and 
Geometry with a total sum of Rs. 26. If each copy of Algebra costs 
Re 1-4-0 and each copy of Geometry Rs. 1-8-0, find the number of 
copies of Geometry bought. 

29. A carriage, horse and harness are together worth £120 ythe * 
carriage is worth three-fourths of the horse’s value and the harness 
one-seventh of the value of the carriage and horse together. Find the 
value of each. 

30, A person bought a certain number of eggs at 15 for a shitling 
and sold them at 14d. per dozen gaining thereby 22d, Find the num- 
ber of eggs. 

31. A boy says to his friend “I am 18 years older than you and 
in two years I shall be twice as old as you.” What are their ages ? 
32. In 10 years afather willbe 2} times as old as his son 
“whose present age is one-fourth of his father’s age. Find their ages. 


CHAPTER IX. 


CO-ORDINATES. 


69, Take a straight line x! Ox anda pointO on it. Wecar 
mark a point on it at any given distance 


Rael RS RE 


from it, Suppose we wish to mark a point on the straight line at a 
distance of 4 steps from O. It can be neticed that we can do so in 
two ways, as we can measure 4 steps either to the right or left of O- 
Thus we get two points A, At as shown inthe figure. But suppose 
we wish to mark a point 4 steps from O to its right then we get only 
one point, viz, A andif itis to the left, then also we get one point. 
Therefore if it is our object that only one point should be marked, we 
should state not only its distance fram a fixed point, but also its direc- 
tion. It was already mentioned in chapter II] that the distances to 
the right of O are considered to be positive and those to the left 
negative. Therefore instead of saying that A is 4 steps or units from O 
to its right, we can use+sign before 4and omit “to its right” C is 
therefore + 2 steps from O. Similarly At may be said to be-4 steps 
from O using — sign before 4 and omitting “‘to its left”. 


70. Take a vertical straight line YOY1. As above we can mark a 


point on this straight line if its distance from O is given, and y 
we get here also two points B and B* at a distance of 5 steps B 
from O one above it and the other below it. It is convenient 

here as in the previous case to use positive and negative signs —lo 


to denote distances above and below O respectively. General- — 
ly distances above O are considered to be positive and are —| 
denoted by the sign+and those below O negative and denoted 
by the sign—. 


Thus B is+5 steps and B1 is—5 steps from O, So we find that 
points can be located on any straight line, if their distances from any 
point on that line are known with the direction, The point from 
which distances are measured is called the starting point or the origin. 
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rhe distance of the peint trom this origin is called the co-ordinate 
Of that} point. 


71. We shall sce how we can locate a point on a plane, 

Supp ose you are required to fix the position of a point on the 
page of your note book, This can be done lf its distances from two 
adjacent edges are known. We find that it is not enough if the dis- 
tance of the point from only one edge is known, as we can mark a 
very large number of points which areat a given dislance say 5'’ 
trom the lower edge, 

Let the rectangle Y OX 7 represent a page of the note book. Let 
OX & OY represent the edges from which distances are measured to 
hx the position of any point. Let each division of the lines represent 
an inch. 


The points that are at a distance of 3” irom U Y areona straight 
line parallel to O Y drawn ata distance of 3’’ and all points that are at 
a distance of 4’’ from O X Jie on the parallel toO X ata distance 4’" 
from O X. These two parallels mect at A. This point is ata distance 
of 4’’ or 4 unite frem O X and 3°’ Or 3 units from O ri Similarly any 


ed 


‘ 
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point may be marked on the page if such two distances are given and 
conversely these distances may be found out when the position of a 
point is given, Unless these two distances are known, the position 
of A cannot be fixed. Unlike inthe case of fixing a point ona line, 
we require two measurements or two co-offlinates to fix the position of 
a pointon aplane. We can also view that A is reached by going+ 
4units from O along O X and then +3 units vertically. However two 
co-ordinate distances are quite necessary to fix the position of a point. 


712 Instead of taking the edges of the page, we can take two 
straight lines X' O X and Y O Y'" at right angles to each other in the 
plane of the given page and fix the position of a point, its distances 
from these lines with proper signs being given, 


VY 


f 


These two straight lines that are at right angles to each other are 
called the lines or axes of reference or axes to which the measure- 
ments are referred and the horizontal which is generally denoted by 
x’ OX iscalled the axis of ~ or « axis and the vertical line YOY" 
the axis of y or yaxis. As was said previously, distances measured 
along O X to the right of O are positive and to the left negative and 
those measured parallel to O Y in the upward direction from O are 
positive and in the downward direction negative. The two distances 
are called the co-ordinates. The measurement in the -direction 
parallel to the » axis is called the « co-ordinate and the parallel to the 
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vy axis yp c-ordinate. In the above figure we know that the point A ig 
3 unitsina direction parallel to the vw axis and 4 in the direction 
parallel to the y axis. 


3% is called the v co-drdinate and 4 is called the y co-ordinate of A. 
Generally we omit to state that 3 is the 1 co-ordinate and 4 is the y co- 
erdinate of A, but only. write 3, 4 to denote it, always taking care te 
write the # co-ordinate first and the y co-ordinate next, The order of 
writing the co-ordinates is very important as the point (4, 3) méané 4 
different point altogether. The v co-ordinate is algo known as abscissa 
and the y co-ordinate, the ordinate of the point. 

Considering the point P on the plane, we find 

O M=the co-ordinate on the w axis. 

ON= ms fe y axis, 


If O M and ON are denoted by « and ¥ respectively the point P ig 
spoken of as the point (v, y)- 


It may be viewed that P N and P M to be the co-ordinates of P 
since O M=PN andO N=P M,and therefore the co-ordinate of a 


point may be considered as its distance from the y axis and y co-ordi- 
nate its distance from the Wv.axis. 


The four compartments into which the Page is divided by the 
axes of references, are called the quadrants, 


Y OX is called the first quadrant, 


Y OX? - second - 

X!OY1 ~ third ri 

Y¥* O48 ad fourth a 

In the first quadrant x co-ordinate is+e & ¥ Co-ordinate is+e 
» second oi ty —eé 3 +e 
‘ third a +7 =6 ’ Pike 
» fourth - 43 +e - —e 


73. To determine the position of a point whose co-ordinates are 
6, 3, we have to draw two parallels one to the Y axis ata distance of 
6 units (inch orhalf inch) and the other parallel to the x axis at 
distance of 3 units from it, Thhe point of intersection is the required 
position of the point. Or we can §0 adistance of 6 units from oO 
along the w axis and from there go vertically a distance of 3 units te 
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reach the required point. To determine more points similar prece- 
dure is to be adopted, So for this purpose we have to draw a number 
of straight lines parallel] to the axes of reference. We find it very 
convenient to use paper ruled inte squares at very small distances for 
this purpose. Such paper is called the squared paper, which gives us 
parallel lines ready for our use. 


14 The fixing of the position of a point when the co-ordinates 


are given is called the plotting of the point, 
Ex. 1. Plot the points (3, 4), (- 3, 5), (5,— 4) (-3,- 4), (5, 0), (0, 3). 


(1) Let the unit be one small division. Measure O M=3 unils on 
the x axis and along the parallel through M to y axis, measure 
M A=4 units. A is the point (3, 4). 


(2) Measure O M=8 units on O X’ since there is negative sign 
before 3. Measure M’ B=5 units on the parallel through M’ B is the 
point (— 3, 5). 


(8) Measure O N=5 units on the «# axis. N C=4 units on the 
parallel through N to the y axis in the downward direciion as there is 
a negative sign to the co-ordinate, C is the required point, 


(4) Measure O M’=3 unitsonO X’ as the X co-ordinate is-3 
and M’ D=4 units on the vertical through M’ in a downward direc- 
lion. Then D is the point (-3, — 4). 
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o) Measure O E=5 units on the axis and zere units on 


the 

vertical through E. «= E is the required point (5, O) 
6) Measure o units on the ¥ axis from O. Through this point 
#.¢., OO measure O F, 3 units on the vertical upwards, 7 €., on the y axis, 


1) The » co-ordinate of all points on the » axis is O. 
2) The y co-ordinate of a'] points on the axis is 0. 
3) The w co-ordinate and , c9-ordinate of the origin are (0. 0) 


75. The following points should be noticed 
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Ex. 2. Plot the points (5. 8) and (12, 13) find the length o1 the line 
joining them by calculation and by observation 

lake two straight lines X’OX and YOY at right-angles to each 
other as the axes of reference. Plot the points (5, 8) and (12, 13) as 
shown above taking each small division or ‘1 of an inch as the unit and 
call them P & Q. 

Join P Q with the centre P and radius P Q describe an arc cutting 
P R a parallel drawn through P to the x axis ; then count the number 
of units in P. R. 


. P R=(8°6) (approx). 
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Draw the perpendiculars from P & Q to OX;PM&O N are the 


erdinates of these points. 
These are to be by the question 8 & 13, 
. QO T=13-8=5 
PT=QL-P 5 
~The abscissa of Q—the abscissa of P 
=12 ~ 5 
Sih; 
and P Q?=PT?+RT* 
=o 6 Used? 
= 25+4+49 
a Meet 
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Ex. 3. Find the length of the straight line joining the points 
(5, 8) and (-8, — 5). 

Take X'OX and YOY’ two straight lines as the axes of reference 
and plot the points asin the above case and denote them by P & QO. 
Join P Q. 

With P or Qas centre and P Qas radius describe an arc ofa 
circle cutting P R’ or Q R at k’ or R the parallel from P or Q te the « 
axis. Measure the numbers of units on Q R or P R’ without taking the 


direction into consideration. 
The length of P Q=18°5 (approx). 


Note.—The arcs may be cut on the parallel to y axis also, 


or thus, 


Obtain the right-angled triangle P MQ of which P Q is the 
hypotenuse as shown 1n the figure. . 


P M=the ordinate of P+the ordinate of Q - 


=8 +. 5 (the sign need not be taken 
into consideration), 


ais. 


Q M=the abscissa of P+the abscissa of Q 


=65 +8 (the signs before the co- 
E ordinates need not be taken 
into consideration) 


=13. 

P Q?=P M?+Q M? 
=13? +4132 
=169 +169 


=938 


aP Q=v 338=18'5 (approx.) 
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Ex. 4. Find the area of the triangle whose vertices are (6, 8) 
(- 5, —2), (15, — 9). 

Taking the axes of reference as before plot the three points with °? 
of an inch as unit and denote thein by P, Q, R as shown in the figure, 
Join them and obiain the triangle P QR. Count up the number of 
squares, neglecting fractions of themif they are less than half and 
counting as complete squares if they are half or above half. 


Thus the number of squares whose side is the unit taken, enclosed 
by the triangle is 139 square units nearly, 

If the unit is an inch, the area is so many square inches, if it is 
acm, it is s© many sq. cm., ete. 

Second Method:—The area may also be found by drawing the per- 


pendicular from one of the points to the opposite side and finding the 
length of the perpendicular and the base. 
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The area of the A = };PMX&OR 
= 1384 sq. units. 
Third Method:—Obtain the trapezium Q R L Mas shown in the 
figure, 
The area of the trapezium Q R L M=iLm (MQ+LR) 
= NR {(ordinate of P 
+ ordinate of O)+ordinate of 
P+ordinate of R)} 
=4%x 20 (84+2+8+9) 
= 10 x 27=270 eq. units. 
The area of the right-angled triangle PMQ=iP MxQM 
=4x11x 10=55 sq. units 
seorrersecee LZ) PLR =4PLxRL 
=4 (15 ~6) (849) 
=3x9x17 
153 
ee =76°5, 
“The area of the A P Q R=the area of the trapezium ORLM 
“the area of the QPMA—the 
area of the A RL P 
=270 -55-—764 
= 1384 sq. units. 
Fourth Method:—The area of the rectangle N RLM may be 
calculated and from it the area of the right-angled triangles R L P; 
P MQ &NQR may be subtracted. 


Ex. 5. Find the co-ordinates of the middle point A of Q R in the 
figure of the previous question. 


Draw AS] to XX’. Then AS is the ordinate and SO fhe abscissa 
of A. 
SO=S B-OB 
=4 BC-OB * RQBC isa trapezium. 
=4(BO+OC)-OB 
= 4 (OC - OB) 
4 (15 ~5) 
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EXERCISE 37. 


a. 


Taking O'l of an inch as unit write down the co-ordinates of 


....P in the adjoining diagram. 
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of 


write down the co-ordinate: 


inch as unit 


f an 
A,B, C, D, G, H, N in the same figure 


0 @Q 


Taking ° 


2. 


ret F 


A, B, C 


Taking 1” as unit write down the co-ordinates of 
g 


L, E, K, H, N, P in the same figure, 


Ss 


Plot the following points : 


4. 


(2, 2) (5,-— 8), (10,- 1), (-9, 8), (-— 15-15), 


(0, 8), (8, 0), a 20, 0), (0,- 15), (= ‘,- 7), 
(—12, 6), (—7,-—10), (0-12), (7-2), 
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5. Write down the co-or dinates of the points of inter-section of 
the straight lines joining the following pairs of points :-— 
(i) (-8, 12) and (7, - 14) and (10, 3) and (-—5,-9) 
(ii) (6, 6), (-8, 3) and (-10, - 8), (=%, B 
(iii) (-9, 5), (5, 3) and (12, 12), 0, @). 
| 6. Find the co-ordinates of the middle point of the lines obtained 
‘by joining each of the following points with the Origin. 
(12, 15), ( - 18, 10), (-—15, - 15). 
7. Find the co-ordinates of the middle point of the lines joining 
ach of the following pairs of points -— 
(i) (7, 8) and (20, 22) 
(il) (5, 5) and (-10,-10). 
(iii) (10, 10) and (- 10, 5). 
8. Plot the points whose co-ordinates are given in the following 
table:— 


v= [ ef slleeel 


9. Taking 1 inch as unit, plot the following points :— 
(i) (4, 1), (1, 0), (0, 0), (2, 2) (-2, 0), (3,-), (-1, 3) 
(ii) (1°5, 6), (2°7, ii 1-2), (- 2°5, 1°7), (= *b, a 2), (2°3,—1) 
(ili) (14, 24), ( — 24, — 3), (3, —4), (3, 4), (-$, -3) 
(iv) (16 -2-8), (—2°1, °8), (-3-2, 1°5), (1°3, — 2°5), 
10. Taking 0°5 of an inch as unit plot the points : 
(1) (3, 4), (-1, 2), (- 5, -5), (3, - 6), (-— 2, -2), 
(li) ( -1°2, 0), es ‘t= 8), — 24, 3°2), (0, 2°6) (3°3, 1'5). 
(ili) (f, 1%), (°, a9 23), (23, 0), (= 24, sa 12), (3, ¥ 25). 
1l. Plot the following points on the same diagram: (4, 2), (4, 10), 
(4,—5) (4, 0), (4, - 8), (4, — 12), 
What peculiarity do you observe about them ? 
12. Plot the following points on the same diagram and notice 
the peculiarity about them. (0,-5), (2,- 5), (8,-—5), (8, - 5), (10, = 5) 
(-16, - 5). (-8,-5), (-12, -5). 


108 ALGEBRA. [CHAP. IX.]} 


13, Find the lengths of the sides of the triangle whose vertices. 
are (8, 6), (10, - 5), and (—7, 10). 

14. Show that the following points are the corners of a square 
(8, 12), (8, 8), (— 18, 12), (-—12, 8). 

15. Find the area of the triangle whose vertices are : 

(i) (12, 0), (0, 5), (0, 0). 

(ii) (15, 0), (10, 8), (10, 0). 

(ifi) (-—8, 0), (-8, — 6), (5, 9). 

16. Find the areas of the triangles whose vertices are = 

(9, 7), (—4, - 3), (13, -11). 

17. Find the area of the trapezium whose vertices are ; 

(i) (6, 6), (18, 10), (6, 0), (18, 9). 

(ii) (4, 10), (-—9, 6), (-9, 9), (4, 9). 

18. Find the area of the trapezium whose vertices are : 

(4, 8), (-—6, 2), (-—6, 6), (4, - 6). 

19. Find the perimeter of the triangle whose varies are the 
points (1, 4), (5, 12), (18, 3). 

20. A man walks 4 miles due west and then 3 miles due south, 
How far will he have walked if he has to reach a point 5 miles due 
east of the starling point? 

21. Plot the points (13, 0), (12, 5), (5, 12), (0,13) and show that 
they lie on the circumference of a circle whose centre is the origin. 
Find its radius. 

22. Find the length of the perpendicular drawn from (3, 4) om 
the line joining the points (6, 5) and (10, 13). 


CHAPTER X. 


THE STRAIGHT LINE GRAPH. 


76. Plot the points whose x co-ordinates and the corresponding 


yice-erdinates are arranged in rows as inthe following table taking 


@1 of an inch as unit (See figure below) :— 
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We notice that all of them lie on astraightjline paral- 


and join them. 
lel to the y axis at a distance of 5 units from it to its right 
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The peculiarity noticed about these points is that the « co-ordi- 
nate of every point is the same, viz 5. Taking any other point on the 
parallel we notice that its * co-ordinate is also 5. Soevery point on. 
this straight line has its a ce-ordinate equalte 5. If we take any 
point outside the parallel we see that its « co-ordinate is net 5 but 
some other quantity. 


Therefore summing up what we have observed we find that every 
point on the parallel straight line has its « co-ordinate equal to 5, and: 
no point outside it has its w co-erdinate=5. 


This straight line is called the locus of the points whose x co- 
ordinate=5 and «=5is the equation of the straight line. The straight 
line is called the graph of the equation, 


77. The graph of an equation is the line, such that every point on 
it satishes the relation given by the equation regarding its co- 
ordinates, 


Similarly if we take »= -4 into consideration we get a straight- 
line parallel to the y axis at a distance of 4 units to its left by plotting 
a number of points whose vx co-ordinates = — 4, and joining them. 


78. Generally the equation s=a represents thereforea straight 
line parallel to the y axis. It will be to its right or left according as 
a is positive or negative. 


79. Again, the y co-ordinate of a point is said to be its distance 
from the w axis. If we plot a number of points whose 9 co-ordinate = 
6 and join them, we get a straight line parallel to the w# axis at a dis- 
tance of 6 units above it. Wenotice thatevery pointon it and ne 
other point hasits y=6. Hence this straight line represents the 
equation y=6 or is the graph of the equation »=6, 


Similarly y= -7 represents a straight line parallel te the » axis 
at a distance of 7 units below it. We see, therefore, that y=b repre- 
sents a straight line parallel to the # axis ; itis abeve er below it 
according as b is a positive or a negative quantity. 


80. Every point on the ¥ axis and no other has y=o and every 
point on the y axis but no other has w=O ; therefore y=O represents 
the * axis and #=O, the y axis, 
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Sl. Plot the points whose co-ordinates are iven in the follewing 
table (see the hgure given below) and join them; evidently all of them 


ilé on a Straight line 
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[t may be readily seen that the y co-ordinate of every one of these 
points=the x co-ordinate. As in the previous case it may alse be 
observed thatthe yco-ordinate of any other point on it taken at 
random = co-ordinate of the same and no other point outside it has its 


=. 
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Since the condition satisfied by every point on the line and by 
no other point is y=a, y=x is the equation of the line, Conversely 


the line thus drawn is such that every point on it statisfies the rela- 
tion given by y=, and 1s called the graph of the equation y=, 


82. Again plot the points given by the following table :-— 


x 8 


7 -« l-g ++3e}—19)-10 
| 


y |\-3 -15) 12 | 10 


| 
-7|6 8 


We find that these points also lie ona straight line; we also 
notice that the co-ordinates of every point are numerically equal but 
are of opposite signs. Itis therefore evident that the wand 4 co- 
ordinates of the points on this jine satisfy the equation y= —.a# but not 
of any other point. Therefore y=-—~» is the equation of the line, and 
the line 1s the graph of the equation y= —. 


Let us next find the graph of y=2wv. As shown in the previous 


case make a table of values of w and the correspending values of 
y thus: 

bee bee Bate 
6-4 3-8 


when 


y= | 0 2 6 |12 -8|-6 |-10 


Plot the points given by the table, wiz., (0,6), (1, 2), 
(3,6). “so ae =. -s. «- SRO JOIN Sem, ; 
Evidently a straight line is got andthe student may Satisfy him- 
self that the co-ordinates of any point taken on it at random and of no 


other point satisfy the equation, Therefore the line thus obtained is 
the required graph of the equation y=2 ws, 


83. In a similar manner we can find the graph of the following 
equations :— 


(i) (2) y+2a=0 (b) y-2a=0. 
(ii) 2y-—x =0 
(ili) 2y+4 =0 
(iv) 3y +44 =90 
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(b) y—Qa 


VY+t2x =0 
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(1) 
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(ii) 2y=4 
yo her 
a { Se |S ere oe. 
whist v= | ofa} 2, sf a, 
(iii) 2y+a=0 
29> -¥ 
y= 40 
when e= | ofa) al-e| 
= [elakefel 
Lae 
(iv! 3y+41=0 
3y= —- 44 
y= — §. 
when | y= | 0 | a i-8|-6 een. | 
eames. 
v=. | 9 leeeeat’ (+4 oe 
| : 


It is advisable to give such values to was would give us integral 
values of 9, when the equation involves fractions. 


In each of the above cases we may notice that all the points given 
by each of the abeve tables all lie on a straight line. The unit taken 
in each case is O'l of aninch. We may take a larger unit, if the 
values in the table are «mail. 
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B84 It is to be noticed that every one of the equations treated abeye 
involves only terms containing wv and y without involving one inde- 
pendent of x ory. These equations may be put in the general form, 
y=m wv where i may be fractional or integral and positive or negative. 
It may also be further noticed that in each equation, when #=0, y is 
equal too. Therefore the values of the co-ordinates, ©, 0, satisfy the 
equation. The point whose co-ordinates are 0, ©, 7.¢., the origin isa 
point on the line. 


Therefore it may be said from what we have observed that 
ym & represents a straight line and aiso that it passes through 
the origin. 


EXERCISE 32. 


1. Draw the graph of v=a for values of a, 3,-2.4, 10,-5,-10 
with reference to the same axes and using the same unit. 


+ 
2. Draw the graphs of y=a for values a, 4,-4,5,-5, 6,-6 with 
reference to the same axes and with same unit, 


3. Draw in the same diagram and using the same unit the 
graphs of 


(i) y=3a, (ii) y+3%=0 and state whether the point (10, 20) is on (i) 
and (—6, 18) is a point on (11). 


4. Draw on the same diagram using the same unit the graphs of 
(i) 2y+54=0. (ii) 2y-5¥=0. 
(iii) 5y+2v=0, (iv) 5y—2v=0. 
and state on which of the lines represented by the above, 
the points (10, 25), (-6, —2), (— 10, 25) lie. 


85. Variables: —Certain quantities will be changing in value 
without being constant, é.g., the population of a town, the temperature 
of atmosphere, etc. 


One quantity is sometimes related to another in such a way thata 
change in value of the one Produces a corresponding change in the 
ether. Such quantities are said to be directly preportienal to each 
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ether ; fer example, suppose the cost of acertain number of books is 
something, then if the number of beeks is doubled, the cost is doubled, — 
if the number is trebled the cost is trebled and so on, The value of 
the expression «+2 depends on the value of w« which can takea 
number of values. If 1+21is denoted by y, then for every value of 4, 
there will be a corresponding value of 9; and these may be exhibited 
in the following table for the sake of clearness:— 


i 


| } 
Oo} b| g2l-l1 -2] 
| 


3| 4 (+1 VU 
. 


a eet 


All the above quantities, viz., the population of a town, the tempe- 
rature, the cost of books, etc., are called variable quantiti€s or 
variables as their values are changing. Therefore « also is a variable 
and hence y, whose values depend on the value of a which isa 
variable, is also a variable. The expression a+ 2, As an expression in 
the variable w, and the second term 2 is called the consfant. The ex- 
pression in the variable ~ is also called a function of x. 


86. To draw the graph of the equation y=v+2. 


Give a series of values to w and obtain the corresponding values of 
y from the given equation, as shown in the table:— 


UE EEE 


when a= | 0 | 3 a|-2)-8| 


Exhibit these changes by means of points, That is, plot the 
points (0, 2), (1, 3), (2, 4,) (= 2, 0,) (- 3, is L)ecocddees casei. and join them, 
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A straight line is obtained as shown in the figure, The correct- 
ness of the graph can be verified by taking any pointat random on it 
and seeing whether the co-ordinates of that point are related te each 
other by the equation (or satisfy the equation) or not. 


In the same diagram the graph of y=w is also drawn with the 
same unit. The y inthis question, =. while the y in the ques- 
tion y=«+2 is as much as that in the first plus 2. That is the 
erdinate of every point on the second graph is 2 units more than 
the ordinate of every point on the first graph. It can therefore be 
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observed that the twe s‘raight lines are parallel] to each other and the 
eecond graph,i.¢., y=*+2 can be got by preducing the ordinate of 
any point on the first line to 2 units more and drawing a parallel to it 
through the extremity. Or more easily by taking 2 units on the y axis 
from the origin (since the origin also is a point on the graph of y=« 
and the y co-ordinate of the origin is O) and by drawing parallel 
through that point. The constant term of the equation y=a+2, is 
equal to the length of the intercept on the y axis, which can be got by 
putting «=0, and the intercept on the w axis can be found by putting 
y=0in the equation, Astwo points are quite enough te drawa 
straight line, these intercepts can be found and the points joined. But 
to ensure greater accuracy of the graph more points will have to be 
found, through which the straight line passes. 


87. It may also be observed that it will not be casy to plot these 
points of intersection of the graph on the axes of reference particular. 
ly when these intercepts are so large that the size of the squared paper 
used does not permit marking them. Therefore the method of obtain- 
ing a series of values of « and 9 as done in this case is to be adopted 
preferably. : 


2. To draw the graph of the equation— 


2y-—4x4+3=0 
Write the equation as 
2y=4a-3 
y= 2a - 5%. 


By this arrangement the valucs of y corresponding to the varieus 
values of # can be found more readily than otherwise. 
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Che greater the number of points thas are plotted, the more accu- 
rate will the graph be. 


DQ 


3x+ 2 
3 To draw the graph of the function ; the value of the 


function depends on the ears of a 
3a + 
+ 
Give a series of values to + and find the corresponding values of » 


Let ¢= 


or the function as shown in the table :-— 


when , 0 l 2 4 S fang 
14 1( 
1 
y= 3 2 —l 4- 
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Here we find that the values of y invelve fractions, so we will 
have to accurately know one-half, one-fourth of a unit, etc. 


Therefore :i'’ may be chosen as the unit. Plot the points given 
by the table, we find that they all lie ona straight line which is the 


aa 
graph of the function BA 2. 


AB, H 
Bg 


Ll 4 
ae 


es 


PS 


a { oH wR 
Sea gaeug nace 


3 


This graph may be used to find out the values of »orthe func- 
tions for a given value of «. Since these two values of wand y are ‘o 
be related to each other as shewn by the equation y= ae they 
must be the co-ordinates of a point on the graph. Therefore when 
the value of « is given, it means the « co-ordinate of the point is given 
and its y co-ordinate can be found out. For example, suppose *«=14, 
find the values of » or the function. Mark a point M at 14 units on the 
* axis from the origin. This length is the v co-ordinate of a point on 
the line. To find the position of that pointerect atthe point a per- 
pendicular M P to the w axis to meet the graph. The point at which 
the perpendicular cuts the graph is the required point, the length of 
this perpendicular is its ordinate or the y co-ordinate and this repre- 


sents the value of y or the function when «=1}3. 
. 


M P=1} (approx). 
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This can be verified by calculation. Similarly when the value of 
¥ 18 given, the corresponding value of w can be found. 

Suppose y= 24, 

Then on the y axis mark a point N at a distance of 24 units from 
the origin. At N erecta perpendicular to the y axis NQ to meet the 
graph atQ. Then measure the number of unitsinNQ. This gives 
the value of « corresponding to y=2h. . 

~ N Q=3 (approx): or 22. - 

89. To find graphically the values of v and y which will satisfy 
beth the equations. 

(1) 2y— #=8, 

(ii) 34+5y=13, 

Write the equations thus ; 


_ e+3 2 
= a ema . ne. ° (ins 
= ae 


Prepare tables of values of « and y from each of the equations. 
thus : 


From (1) From (2) 
| | | | 
when ja | »@ 1  e ..Wwhen'*= 0 1 g i 
| | 
| 13 | 7 | 16 


I.et us take one inch as our unit and plot the graphs as shown in 
the igure below. The two straigiit lines intersect at P. Since P is 
on the graph of the equation (1) its co-ordinates satisfy the equation (1) 
andas it isalsoon the graph of equation (2) also its co-ordinates 
satisfy equation (2). 

Therefore the co-ordinates of P satisfy the two equations simul- 
taneously. The co-ordinates of the point are 1, 2. 

Therefore the values of x» and y that satisfy toth the equations 
are l, 2. 
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It must be remembered that the unit for both the graphs should be 
the same ; and the unit chosen should be as large as possible 

Hence to find the values of ay which satisfy two €quations of the 
first degree simultaneously we should draw the graphs of the equations 
and read off the co-ordinates of he point of intersection, These 
co-ordinates will be the required values of vand 4 
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90. If it is required to selve graphically a simple equation in 
ene unknown, ¢.g. 


oats‘ wae can proceed thus. 
Put y= #1+3 tf +S oe 
2 
44+4+2 
v= 2). 
J 3 (2) 


Asin the previous case, the graph of each equation should be 
drawn using the same unit and the point of intersection of the two 
lines should be marked. As the value of x alone should be found, 
the w co-ordinate of the point of intersection should be read off. It ig 
this value of w that satisfies the given equation. The value obtained 
Srtaphically may be verified by algebraical solution. 


91. The procedure for drawing the graph of an equation may, 
for the sake of clearness, be summarised as follows :-— 

(1) Put the equation in the form y=mv+c (keep y on the left 
hand side and remove all other terms to the other side. Particularly 
see that the co-efficient of y is unity). 

(2) Give a series of values to x and find the corresponding values 
ef y from the equation. Arrange them in the form of a table 
separately. 

(3) Plot the points whose co-ordinates are given by the table, 

(4) Join them by means of a foot-rule. 


92. The various points that have been observed during the course 
of the foregoing chapters are given below to enable the students to 
have a full grasp of all the points. 

(1) =a represents a straight line parallel to the y axis at a 
distance of a units from it. 

*=0 represents the y axis as the + co-ordinate of every point on 
it is zero. 

If ais positive the line will be in the first and fourth quadrants 
and if negative, in the second and third quadrants. 
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(2) y=b represents a straight line parallel to the 4 axis at a 
distance of 6 units from it. 


y=o represents the «# axis, as the y co-ordinate of every point on 
it is zero 


If b is positive, the line lies in the first and the second quadrants 
and if negative, in the third and fourth quadrants. 


(3) y=mw represents a straight line passing through the origin. 


(Notice the equation does not contain a term free from wand y 
and therefore (0, 0) the co-ordinates of the origin satisfy the equa- 
tion.) 


If m is positive, the line lies in the first and the third quadrants 
and if negative, in the second and fourth quadrants, 


m is called the gradient or slope of the line. 


(3) »v=mx+c represents a straight line which does not pass 
through the origin. 


If the co-ordinates of the origin O, O be substituted for # and » in 
the equation it is not satisfied. Therefore the origin is not a peint on 
the graph. 


As mdenotes the slope of the graph, it is also observed that 
y=mna-+c is parallel to y=ma, making an intercept of c units on the 
y axis. 


93. To get the intercept on y axis cut by any graph of an equation 
put *=O and find the value of y; and the intercept on the w axis is 
found by putting y=O and finding the value of x. The graph may be 
obtained by finding the points of intersection of the graph with the 
axes by putting « and y equal to zero in order, and joining them, as 
two points are quite enough to determine a straight line. But this is 
net always an easy method to adopt. 


94. As it has been observed that every equation of the first degree 
in the two variables wand y can always be putin the form y=max+c 
and that the equation always represents a straight line, itis called a 
linear equation and expression ma +c a linear function, 
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EXERCISE 33. 


In the following exercises, in cases where the unit is not stated, 
the student should choose a suitable unit and state it clearly : 


A small scale is not at all advisable. 


1. In the same diagram and with the same unit draw the graphs 


of : 
(i) y= 243. (ii) y= —2u 43. (ili) y=2v-3. 
(iv) y= — 24-3, 
2. In the same diagram and with. the same unit draw the graphs 
of; 
(i) 644+3y+15=0 (ii) 6a-3y-15=0. 
(iii) y+ 2¥+5=0 (iv) 2a-y-5=0. 
3. In the same diagram draw the graphs of : 
(i) 2y=3e (ii) 2y=3a+4 


(iit) 2y=34- 4. 
4. In the same diagram draw the graphs of. 
(i) y+2a=0. (ii) y+2a=4. (ili) y+ 2a4+4=0, 


Draw the graphs of the following functions by finding intercepts 
on the axes : 


5. #+y=3 6. 3a+2y=6 
7. 4u-—3y=12 8. 6a-y+3=0 
9. 4y—-v=4 10. 3y—2*-4+9=0, 


(In each case a sufficiently large unit should be chosen). 

What is the equation to the path of a point which moves as describ- 
ed in examples 11-13. Draw in each case the graph. 

da, The abscissa of the point is always — 10 

2. The ordinate of the point is always 9. 

13. The abscissa of the point is thrice the ordinate. 

14. A point moves such that the sum of its distances from two 


straight lines at right angles to each other is always 8 units of length. 
Wind the equation to its path and also draw the graph, 
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Draw the graphs of the following ;— 
15. 2y+5x*=0 16, 5y-2a=0, 
17. 10y48x=7 18. 8x-4y=15. 
19. 2#=9y—-3. 20. 12¥- 5y=10. 
21. 34#+4y- 24=0 22. 69+84"-15=0. 
23. 6x=—3-2y, 24. #=6+43y. 
5, J=* 26. *47— 
25 ; gti. 6. ata 2. 
oe 2) 28, *tI=3 
3 4 
Draw the graphs of the following functions : 
29. 2a+1 30. -—3*#4+1 
Boe | ga, Shes 
> 2 . 2 
8, 3x45. 34, 2 (e410) 
> 4 » 
35. Draw the graph of the function “<- 3 and from it read off 


the value of the function when w=2°5. 


chosen). 


36. 


Draw the graph of the function 


(A suitable unit should be 


5- Qn 


grand from it read off 


the value of the function when a=6; also find the value of « which 
makes the function equal to (i) 1 (ii) 0. 


Solve graphically the following pairs of equations :— 


37. 2+y=6; a#-y=0 
- 38. 3¥-y=7; a4+y+1=0 
39. 2r+3y=23 ; 3a4+2y—22 
40, #=-y=1; 2a+4y=11 
2a+y Ba +29 
1 = 8=0 ; See 
4 i 0; > 3 
ie ge -2—2 a5 
19) ~ 
-2 
S=9-y *—*. 
aE 
43, a+y=8 ;4-y=2. 


. (Linch as unit). 
-(One inch . ), 
. (0°4" ). 
; (0°6"” be 


"1" } 
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44. Draw the graph of each of the functions 24-3 and 
2x - 
==" ; and find the value of « for which the two functions are equal 


Solve graphically the following equations : 


aw 5a 
Ss [+= +2 
4° et 


46. 7T#w-6=640-4 

47. 7#-3=54+4. 

48, Draw with the same axes and unit the graphs of ; 

(1) 2v=y+41 (2) a+y=5 (3) w-2y+4=0. 

Show that the three straight lines pass through the same point. 

49, Show graphically that the three straight lines represented by 
the following equations are concurrent: 

(l) »=4, (2) ++3=y, (3) 34-2y4+65=0. 

50. Draw the graphs of the following equations with reference to 
the same axes using the same unit. 

(1) w=y., (2) 20-y=4; (3) +-39+3=0. 

Also find the co-ordinates of the points of intersection of every 
twe of the above three straight lines. 

51, Find the co-ordinates of the vertices of the triangle whose 
sides are represented by :— 


(1) y=2; (2) e+y=1; (3) 8#-4y=10, 


CHAPTER XI. 
FORMULAE AND THEIR APPLICATION, 


95. A Formula is the most general expression for any theerem 
respecting algebraical or numeiical quantities. 
96. Formula (a+b)? =a? +b? +2ab. 
The square of the sum of two quantities is equal tothe sum of 
their squares increased by twice the product of the quantities, 
(Art. 47, Ex. 2. } 
Ex. 1. Find the square of 34+ 4y 
(3x +4y)? = (8%)? + (49)? + 2(3x)(4y) 
=9n? + 24uy416y2, 
Ex. 2. Find the square of 2a°+5b?, 
(2a +52)? =(2a*)? +. (5b2)? + 2(2a2) (552) 
- =4a°+420a3b2 4255), ey 
97. Formula (a-b)? =a? +b? — 2ab, 
The square of the difference of two quantities is equal to the sum of 
their squares diminished by twice the product of the two quantities. 
(Art. 47, Ex. 2] 
Ex. 1. Find the square of 2a~— 3b 
(2a - 3b)? = (2a)? +.(3b)? ~ 2(2a)(3b) 
=4a? -12ab4 9b2. 
Ex. 2. Find the square of 3a4— 4b5, 
(3a4 — 4%)? =(3a4)? + (4b5)2 — 2(3a4)(4b2) 
=9a® —24a1b5 4.16510, i 


98. To find the square of a + b 46, 
(a+b+e)?= }a+(b+c)\)?..,considering b+c as one term 
=a’ +2a(b+c 4-(b+4+c)2 
=a* +2ab+ 2ac+b?42bc4¢? 
=a’? +b? +c? + 2ab + 2ac + Qhe 
=a?4b2 +? + 2a(b +6) 2QD(C)ecs...ceccccevece (ft) 
To find the square of a+b+c+d. 
(a+b+c+d)? 
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tap tent dy} considering a+b as 
= [t+ (CHA) PP noe. ( ) 


one term and c+d as 
another, 


=(4+6)? +2(a+ by(ctd)+(c+a)y? 

=a* +2ah+b2 + 2ac + 2ad + 2bc4+2bd+c¢? +2cd +d? 

=a? +b? 4+¢24 dz + 2ab + 2ac + 2ad + 2he + 2d + 2d 

S49 +b? +67 +d? + 2a(b+c +d) +2b(c-+d) + 2cld) coe (ii) ° 

From (i) and (ii), it is plain that the squar- of the sum of any num- 
‘ber of quantities is equal to the sum of the squares o 
together with twice the product of eac 
terms which follow it, 


f all the quantities 
h term and the sum of all the 


Formula (a+bicid+e ... )? 
=a'+b’?+e?+d2?+e7+ +2aibt+e+d+e . . . ), 
+2bie+d+e . .. jt+2ed+e. )+2d(e+ «. beta 


Ex. 1, Find the square of + -y-2, 
de— y—2)?=|4+(-9)+(-2)|3 P 
= 42 +(— 9)? +(~2)? + 20(—y - 2) +.2(— y)(—2) 3 
SU + y? +2? — 2ay — 22 4+ Qyz, 
Ex. 2. Find the square of 2a +3y +42 
(2% + By + 42? = (2x)? + (3y)? + (42)? +2(24)(3y 442) + 2(39)(42) b. 
= 442 49y2? 41622 4 l2ay+4+16wz+24yz2 
Note. The rules stated in Arts. 58 and 59 may be appliedto de- 
duce the squares of all multinomial expressions, 
Ex. 3. Find the square of v= yz, 
(¥—y¥—2)?=\(w—y)-2?.. .., (considering v- yas one term) 
= (v= y)? = 2(e— y)z4+e2 
Sw? -—Qvy+y?- 2xvz242yz+4+z2? 
Sut + y? +22 — 2uy —2vz+2yz, 
Ex. 4. Find the square of a-b-—c-d. 
(a-—b—c-d)?, 
= (4 -B)— (CHA) } Fee. term and c+d as another, 
= (a — b)? — 2(a = b)(e +d) +(c +d)? 
=a? — 2ab +b? — 2(ac -— bc+ad ~ bd) +c? 42d +d? 
=a? +6? 4c? 4+d* ~Qab —-2ac+2be- 2ad +2bd +2cd. 
Note.—These two results may be deduced from the expansions of 
(#+y9+2)? and (a+b+4+c+4d)? respectively by putting—y for ¥,—2 for 2 
din the first and—bd for b—c for c, and—d for d, in the second. 


9 


preee py a—b as one ) 
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EXERCISE 34. 
Find the equare of each of the following expressions :— 
1. 423238. 2. lla+8., 
3. 3a+8b. 4. 40+62 
5. av+2by. 6. B8abc+c?. 
7. ax+bey. 8. mp+qn. 
9. 2e+89, 10. 3a%?+47b?. 
ll. 3p3 4 q?, 12, 10042. 
18. 100-2: 14. 60074, 
15. 60-38. 16, 9-7, 
17. ab—-ae, 18, -—5a—4b. 
19. 4p-8q. 20. -ab-cd. 
21. ga-%b. 22. b*c-a’d, 
23. p*-—2qr. 24. -acb-—de. 
25. 4a%—-65c%, 26. 1000-2, 
27. 999°8. 28. 7°996. 
29. a-3b-4e. BO. 38x- 49-62. 
31. 4p— 31-1. 32, ta- gb —3c. 
33. ab—bc+ca. 84. a*-a-—l1, 
35. a®?—26?—3c?. 36. a-b+a+y. 
37. 2a-—3b-—4w+5y. 38. ja-4b-ic-1ld, 
39. a?+2b?-2c?-d?. 40. ab+ac+be. 
41, a+3b+4c. 42. 2m+2n+4p. 
43. 4§a+4b+He, 44. w?4+y?24¢2, 
45. a?+62%+4¢!, 46. a+b+42443y. 
47, 4a4+3b42c¢+4+d. 48. x+4+294324490. 
49. 4m +324 2p + 3¢. 
Simplify :— . 


50. (a+b—c)? +(b+c-a)?4+(c+a-—b)*. 

51. (a+2b — 3c)? + (b+ 2c — 3a)? +(c4+2a— 3b)? 

52. (a+b+c-d)’?+(b4+c+d—a)?+(c4+d+a-—b)?+(d+a+b~-c)?. 
53. If #+y=a, ay=b, express «++ 94 in terms of a and b, 

54. If m?-n? =x, m’n?=y, express m°+45 in terms of # and 9 
5B. (a@ + y4+2)?+(v+2—- 9)? +2 (w+ p42) (w4+e- 9). 

56. (a+b-c-—d)? +(b4+c-d-a)? +(c4+d-a-b)? 4+(d4+a-b-0¢)?. 
57. L+m+n)?+\m4+n-—1)* -2(14+m+4mn) (m+n—1.) 
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58. (a+b— 2c)? +(b+c— 2a)? +(c+a— 2b)? +2(a + b-2c)( b+c- 2a) 
+2(b+c¢—2a)\(c+a— 2b) +2(a+b— 2c)(c+a— 26). 


99. Formula (a+b)? +(a—b)*=2 (a?+b%). 
The sum of the squares of the sum and difference of any two quan- 


tities is equal to twice the sum of the squares of the two quantities. 
. (Arts. 96 and 97.} 


100. Formula (a+b) * -(a—b)*=4ahb. 
The difference of the squares of the sum and difference of any two. 
quantities is equal to four times the product of the two quantities, 
(Arts. 96 and 97.] 


EXERCISE 35. 
Simplify :— 

1. (3a+7)? +(3a —7)?. 2. (a+ $b)? + (da — 20)?, 
3 (a? +b2)2+(a? —b2)2, 
4. (a%°+bD%)?+(a%— b?)2, ‘ 
5. (3a+8)? —(3a—8)?, 
6. (gv+§y)? —(2v— §y)?. 
tT. (8? +9°)* — (6? - 97)". 

aes (a? + y 8)? —(v8— y9)2, 
9. (a?+b?+4+ab)?+(a?2+b2-ab)?. 

10. (v? — 9? +2uy)? +(u? —y? —Qyy)?, 

Il (a-—b+c)?+(a-—c+b)?. 

12, (uv? +9? +ay)? — (v2? + 9? —vy)?, 

13. (a? —b? 4 2ab)? - (a? — 62 —2ab)?. 

14. (w-y+z2)?—(v-2z4+49)*. 


101. Formula (a+b)(a -—b)=a’-b?®. 
The product of the sum and difference of two quatities is equal to 
the difference of their squares. [Art, 47, Ex, 2,] 


Ex. 1. Multiply 4a+36 by 4a- 3b. 
(4a + 3b)(4a — 3b) = (4a)? —(36)? =16a? ~9b?2. 
Ex. 2. Multiply a*+b* by a*-b*. 
(a*+b*)(a* —b%) =/a%)? ~(b3)2?=a6 — 5°, 
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Ex. 3. Multiply a+ -c by b+¢-a@. 
(a+b—c)(b+¢- a). 
=\b+(a-c)} §b-(a-c)} 
=b? —(a—c)* 
=b? - (a® —- 2ac+c?) 
=b*? -a*?+2ac-c’?. 
Ex. 4. Multiply a? -ab+b* by a?+ab+b?. 
(a? +ab+b?)(a® —ab+b*) 
={(a?+b*)+ab\ \(a*+b*)-ab) 
=(a* +b)? —(ab)? 
=at+2a?b?4+b4-a*b® 
=a'+a2h?+b}, 
The product of any two numbers or quantities may be expressed 
as the difference of two squares, 


Ex. 5, Express 760 x 431 as the difference of two squares. 
Now 760x431 is to be put in the form (a+b) x (a—b) 
so that a+b=760; and a—b=431. 
«by addition 2a=1191 
a=5954 
b=760 — 5954 =1644 
By formula (a+6)(a -b)=a* — b? 
where a and b are any two numbers. 
+ (5954 + 1644)(5954 — 1644) = 
(5954)? —(1644)° 
i.e. 760 x 431 =(5955)? — 1643)*. 


EXERGISE 36. 

Multiply together :— 
1. ab+cd by ab—cd, 2. 5a4+7 by 5a-7. 
3. ax+y? by axv-y’. 4, vy+2 by xv —- ye. 
5. 4x¢+5b by 4x%-5b. 6. 34a?-Th? by 3v?47h?. 
7. 4xy9-—5mn by 409 +50. 8. p? —3qr by $*° +3qr. 
9. a?+b?,a+band a-b, 
4.10. p+1,p-land p?+1. 

ll. #+y—-2 by 2-y+x. 

12. #+y+2 by #-y9 +2. 
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13. p* +hq+q* by p*-pq+q?. 

14. at+a*+l1 by at-~a44+1. 

15. ¥?+2vy+y? by wv? —2vy+y?. 

16. (24—36+c)(2a+3b-c), 

17. (4+b-c+d)\\a+b+c-d). 

18. (a++a%+a*+a41)\(a!-a%4+a?-a+4}). 

19. a+Vab+b by a-Vab+b. 

20. (w+vVe- l)\(w+v #+1). 

21. wv 3v+3, v2? -34¥+9 and w—- Vv 3x43. 

22. a*-2a+1, 4*+2a+1 and a'+2a?+1. 

23. (a? ~3v+9)(¥? +3a+9)(4* —9v2 +81), 

24. (a@*-—4a+8)(a?+4a+8)(a? -6a+ 18)(4? +6a+18). 

25. 203 197, 

26. 1:72x1°68. 

27. 20°004x 19°996. 

102. Formula (a+b)*=a*°+b*+3ab(a + b). 

The cube of the sum of any two quantities is equal to the sum of the 
cubes of the two quantities, increased by thrice their product multiplied 
by their sum. $ [Art. 48, Ex, 2.) 

Ex. 1. Find the cube of 2v+3y, 

(2.0 + 3g)? = (2x)? + (3y) + 3/20) (By )( 20+ 3y) 
= 8u°+27y%+ 184 9(2¥+4 3y) 
= 8x>+ 2792+ 3602 y + 54ay2 
= 8w5 + 3602 y+54ay? +27y9, 
Ex. 2. If p+q=5 and fq =6, find p3+¢°%, 
\P+9)° =f? +9 ° + 3pq(p +) 
(5)% =p%+q9+3x6x5 
126 =p*+q5+90 
“Pp +q* =125 - 90= 35. 


Ex. 3. If vp az, find vp 
# ” 


( wt tary pot texe/ ++; 
x a? # # 


=s*4_1 43 ( v+t) 
a P) 


s 
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= « 2949+ 1igx2 
as 
3 1 
2827+ —+6 
x 
04 ae = 
EY +—=6aiwe, 


Similarly x°+ 1 =2; 427 taehh &e. 


The cube of ei sum of cae or more quantities can be deduced 
from the formula of Art. 64. 

(a+b+c)* 

= \(a+b)+c\®. s_,considering a+b as one term) 
={(a+b)*4+c%43(a + b)(c\(a+b +0) 

=a? +b%+48uabla +b) +0¢% +4 3c(a +b)? + 3c?la+ b) 

=a?+b34¢6943a'h4+3ab? +3ca? 4+38cb? + 6abc4+3c?a+3c*b 

=a*+b%4c843abl(a+b)+3bc(b+0¢)4+3ac(a +c) + 6abc...(i) 

=a°+b? 4+¢243a2(b+0)43b2(a+c)+43c*(a+b) + Gabc...(il) 

=a*+b34¢%+43a(b? +c?) +3b(a* +c* + 3c(a? + b?)46 abc (iii) 

ee eats sc Sabc........ oars Lee 

=a°+b?+c%+3(a+b)(b+c) c+a) . Sk asnsese toes Laem 

103. Formula (a—b)*=a*—-b*— ais. = bas, 

The cube of the difference of any two quantities is equal to the 
difference of the cubes of the two quantities, diminished by thrice their 
product multiplied by their difference. [Art. 48, Ex. 2.] 

Ex. 1. Find the cube of 2w—3y. 

(2a — By)3 = (2a) ? — (34) ® — 3(24)(3y)(2a — By) 
= 8a — 279% — 18449(24 — 84) 
= 84° — 2749? — 3647 945449 
= 845 — 364° + 544092 — 2793, 

Ex. 2. Find the cube of a—b—-c, 

(a—b—c)® 

= \(a- b)- c{%...(considering a—b as one term) 

=(a— b)*—c3 - B(a— b((c)(a— b —c) 

=a* — b® — 8ab(a — b) — c* — 3c(a — b)? +. 8c?(a — }) 

=a*—b*—c*—3a*h+3ab? — 8ca*® — 3cb2 +. Gabe + 8c? a— 8c2h 

=a* -b*—¢*— 3ab(a— b) +. 8be( — b - ¢) — Bac(a — c) 4+- Babe. 

Note.—The same may be deduced frem the expansion of (a+b4c)? 
by putting—b for b, and—c for c. 


Xi} 
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EXERCISE 37. 


Find the cube of :— 


1. 4a+3. 2. 3xv+2y, 3. fats. 

4. 4b-5a, 5. ab—cd, 6. 2p-5¢. 

7. 4e-ky. 8. vw? +4+2y, 9. mat+xam. 
10. 2aa+43y, 11, ayv+yz+z2u, 12. ab- bc+ae. 
43. a*-—b?~-¢?. 14, a+2b-c. 15. p?+q?-r?, 
16. a+2b6+3c, 17, $4a-4b- ke. 18. 102. 
19. 996- 20 «5°03. 21. 99°2. 

Find the value ef :— 

22, x+y* when v+y=7 and ay =6. 

23. *#*—y? when x —y=6 and wy=16. 

24. a* + af when at+a3. 25. a — i when a-! 

a? a a* a 
26. v7+y%+15ay when x+y <5. 


27. 
28. 
29. 


6°? +q°+6pq when p+q=2. 
#%— y3-—9xy when +- y=3, 
84° — 27y%=-90vy when 2x - ay =5, 


Simplify :— 


30. 
31. 
32. 
33. 
34. 
35. 


104. 


(@+6+¢)*—(a9+b%4¢3), 

(v — 9)? +(y 2)? + (2-419, 

(2a — 3b)* — (26 — 3a)? — 15(2a ~36'(2b - 3a)(a — b), 
(#1)? ~(y~1)?-3(x-Iy(y- ley). 
(@+b+0)§+(c—a-b)* +6e5c? —(a+b)?}. 

(w+ 2y)* — (uw +29)? (au - 2y) + (e+ 2y)(a - 24)? —(v—2y)3, 


Formulze (a + b)(a? ~ab+b?)=a*%+b3 
and (a —b)(a’? +ab+b’)=a* —b? 


1. Multiply a'-a’?+1 by a? +1, 


Putting $ for a* and q for*1, we have 
a*— a* +1=(0?)? —a?x%14+12?=$7 ~pq+4q? 
*(@* — a? +1)(a? + 1) =p? - p¢ +.97((p + q) 


=p*+q3 
=(a7)* +18 
=@* +), 


[Art. 48, Ex. 1.] 
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2. Multiply 94% + 124416 by 3a—4. 


9a? +12a4+16=(3a)? +3ax44+4? 


=(*? +19+ y*)...(putting vw fer 3a & » for 4) 


2 (9a? +124 +16)(3a - 4) = (a? +a9 4 92)(¥ - 9) 


=w5- ys 
=(3a)°-—48 
= 274° 64. > 


EXERCISE 38. 


Multiply :— 
1, wv? —2v+4 by v+2. 2, vw? -89a4+9 by 14+3. 
3. ta? -2a4+l1 by 2a+1. 4. a*b?-abc+c? by abt+e, 
5. 25v?-100+49? by 544 2y, 
6. 16a* ~28ab+49b? by 4a4+7b. 
7. 14+8v4+94?2 by 1 -8y. 
8. a*?+2abc4+4b2c? by a—2hbe, 
% wv? +2v4+4 by v2. 
10, m?+4mnp +1€p'n? by m—Apn. 
ll. 4a*b4+2ab? 41 by 2ab?-1, 
12. aS+ath'+b* by al—b?, 
13. a?+}ab+1b? by a-hb. 
1#. 5a? -ab+ 3b? by 4a4 8b. 
15. a+Vab+bby Va-vb. 
16. 9v-12V xy +16y by BV v—4¥ y, 
17. 4m? + 3n? — linn, 4m+4n, and 411° — en, 
18. a*w? +b? y?+abuy, av—by, ax+by' and a?v? +b°9? —abyy. 
19, 90? +49? —6ry, Ov? +6ny4+4y2, 29 +34, and 3x -2y, 
105. When two or more binomial factors have one term com- 


men to them all, their product can be readily written down. 


h. 


Formula (x +a)(x +b)=x*+(a4°b)x +ab. [Art. 50, Ex. 2.] 


The following may be deduced from the abeve formula — 


i 
ii. 


(# - a)(v— b) =~? - (a+b)v+ab. 
(*+a (w—b) =~? + (a= b)v—ab. 


iii, (w-a@)(#+b)=4?+4(b ~a)x—ab. 
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Ex. 1. Multiply v+7 by ++11. 
(V+ 7)(% +11) 
S¥*+(7411)v¥4+7x 11 
=¥?+18%+477, 


Ex. 2. Multiply «-—7 by +10. 
(v —7)(v¥+10)= 2 +(-7+10)« +(-7)(10) 
=v24+3y7-70 
II. Formula (x +a)(K + b)(+xe) 
=x*+(a+b+e)x? + (ab+ac+bex+abe, 
(Art. 50, Ex, 2.] 


Similarly (v+a)(v+b)(v+c)(7 +d) 
Svt+(a+b+c+a)x? + (ab +4¢+ad+be+bd+cd)v? 
+ (abc + abd + acd + bed)x + abcd. 
We observe the following laws in Formulz I and IIl-— 


1. The number of terms in the product is one more than the. 
number of binomial factors. 


2. The index of the highest power of « is the sameas the number 
of factors, and the indices of « decrease by unity in each succeeding 
term. 


3. The co-efficient of the highest power of w is unity, and the 
co-efficients of the succeeding powers of » are the sum, the sum of the 
products in pairs, in threes, &c., respectively, of the second terme. 
of the factors, and ths last term is the preduct of all the second: 
terms of the factors. 

Find the continued product of :-— 

Ex.,1  (v+1)/~+2)(v +3), 

(v+1)(w + 2, (v +3) 
SF + (E+ 24+3)u2 + (1:24 13+ 2°3)v+1.2,3, 
=v8+6v2?+1llv+6. 

Ex. 2. (¥-2)(v-3)(v— 4). 

(w= 2)(# — 3)(a— 4) 
SrF4+(-2-3-4)42 
+ (2) x (= 3) +(=3)x (4) +(-2)x(=4)} 
+(-2)x(-3)x(=4) 
=**-9v? +264 24 
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Ex. 3. (#+1)(*-2)(#—-4). 
(w+ 1)(#— 2)(* — 4) 
=ae+4+(l-2-4)a? 
+§1x(-2)41x(-4)+(-2)« -4\e+1x(-2) 
x(-4) 
=a5—5v2+2n-+8. 
Ex. 4. (a+b)(b+cl(c+a). iad 
(a +b)(b+c)(c +a) 


=\(a+b+¢c) -c\(at+b+c)-a\\(a+b+e)—5. 
=(a+b4+c) $(3-c-a—b)(at+b+c)? +}(~- ¢)(~ a) 

+(—c)(-b) +(- a)(-b) (a+b +04+(-O(-a)( -6) 
=(a+b +0)§-(a+b +0)94(ac + bet ab)a +b +e) — abe 
=(ab +ac +be)(a +b +c) - abc. 


EXERCISE 39. 


Write down the products of :— 


1. (#+7)(v¥ +5). 2. (w+2)(v—- 3). 

3. (#? —28)(v? — 5). 4. (w-—B39\(~+ 44). 

5. (2a —3)(2¥+4-5). 6. (ax +12)(ax — 18), 

7. (2a — bo)(Qa +29). 8. (24+39)(8a4+ 49). 

9. (w+ 2)(~+3)(¥+4 4). 10. (v4 2)iw —4)(a4 6), 
1]. (w+5)(#+6)(a — 7). 12. (2x — 1)(2a— 3)(2*44). 
13. (#—1)(#—- 3)(a—- 5). 14, (w-—1)(v-1)(2-1). 
16, (w+3)(a+4)(¥ +4). 16. (w+ab\(v+be\(v+ca) 


17, ee) 14%) ( 
(EOD 
we | 


‘20. (w+ 2)in + 3)?. 21. (w— 4)?(" 43). 

22, 214+2v)(l +-4)(3 + 2). 23. 3(3x —a)(w —a)\(2x - 2a), 
24. (a-—1)(2a —3)(3a —5). 25. (2a +41)(3~4-2)(4¥ 43). 
26. (a? —1)(a? — 2)\(a? —3). 


(w — L)(a +1) (#+4+3)(a - 3). 


(a + 1)(a + 2)(a + 8)(a — 1)(a — 2)(a — 8). 


x!.] 
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29. (w+a+b)(x+b+c)(n+c+a). 
30. 101.102.1083. 

31. 97.98.99. 

32. 95.93.97.99. 


105-A. Formula (a@+b+ce)(a’?+b* +c? —ab — ac - be) 
=a*+b*+c*-3abe. 
(Art. 49, Ex. 2.) 
Ex. 1. Multiply 17+ 92422 avy +az+y2 by x44 -2. 
‘Putting # for w, q for y and r for - z, we have 
(V+ 9 — 2) (Ww? +9? +22 -ay+az4 yz). 
=(P+9+1) (0? +9? +1? - pq - pr -qr) 
=p*+q°+1% — 3hqr 
suet ye +( —z)%—Bxy (-2) 
SUF +yF— 29430492 
Ex. 2. Multiply a?7+4b?+9c2 —2ab-3ac —6bc by a+2h+ 3c. 
Putting # for a, q for 2b and r for 3c, we have 
(4+2b+ 3c) (a? +4b? + 9c? — 2ab — Bac - 6hc) 
=(P+9 +7) (6? +9? +1? — pq - pr -qr) 
=p*+q*+r°— 3pgr 
= a4 +(2b)* + (3c) ®— 3a(2b) (3c) 
=a%+8b%+427c% —18abc. 


+ 


EXERCISE 40. 


Multiply :- 


I. vtpytpet— vty? — y2z2 — 2242 Dy #274 y2? +22, 

2. a?+b?+c?4+ab+ac—be by a-—b-c, 

3B. 4u? 499? +2? + 609 + 2a2 - 392 by 2u— 3y —2, 

4. 96° +25q° +16 + 159+ 12p- 20g by 3p — 5g —4. 

5, m?--n?+1+mn—-m+n by m—-n+1. 

6. a°b?+b?c*2+¢?2a? —abc (a+b+0c) by ab+bce+ca. 


got = ger l by w+ I, f 
x? # x 
2 m2? t m Lm 
aa aa poe see Sy ae 
* m** [2 l y an 
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19, Sige pe’ 2° 8 pe eee 


a? y? ier Ore ae PO fe 
’ y?z? z2ntt pay? gt y? I ye ee oxy 
42. (a-—b)?+(b-0)?+(c-a)* by a+b+¢, 
13. (a+b)?+(b+c)?+(c+a)?—(a+b) (b+0¢) 
—(b +0) (c+a)—(c+a) (a+b) by 2 (a+b+0¢). 
14, (2v— 9)? +(2y —2)? + (22 — a) — (2a 9) (29-2) 
— (20 — 2) (22 —a) —(22— 4) (2a +4) by 44+942. 
106. By actual multiplication we have 
Formula (a +b) (b+ ¢) (¢ +a) 


=a (b?+c7)+b(e*+a*)+o(a*? +b’) +2abe a i) 
=a (b+c)?+b(c+a)? +c(a+b)* —4abe one (li) 
=a(b —c)? + b(c — a)? + c(a— b)* + Babe yet (ili) 
=a°(b+c)+b’(c+a)+c*(a+b)+2abe as (iv) 
=ab(a +b) + be(b +c) + ca(c +a) + Zabe Se (w) 
=(a+b+c)(ab+ac + be) — abc bbe (wi) 


Ex. Multiply (a+2b+c) (b4+2c+a) (c+2a+b). 
Putting f for a+b, gq for b+c andr for c+a, we have 
(a+2b+ c) (b4+2c+ a) (¢+2a+b) 

=(6+9) (q+r) (r+?) 

=p (q?+r*)+q(r? +p?) +1(h* +9*) + 2pgr 

=(a+b)\(b +0)? +(c+a)?!+(b4+05(c+a)? +(a+d)?} 
+(c+a)\(a+b)?+(b+0)?! +2(a+b)(b + c\(c+a). 

This can be expanded by Formule. 
107. By actual multiplication we have 
Formula (a — b)(b — c)\c — a) 


=a(b* -c?)+ bie? -a’)+cja2 — b*) “38 (i) 
= -‘a’(b-c)+b*(e—a) +c¢*(a - b)! ssi (if) 
= - ab(a- b)+be(b -c) + calc -a); aed (ili) 


Ex. Multiply (v? -— y?)(y2 —22)ic?2 — 2), 
The given expression =(a — b)(b—c)(c— a), putting a for «*, bfor y? 
and c for z?, 
= \a(b* —c*) +b(c? —a*)+c(a? - b*)} 
=j#?(yt— 24) + y2(eh— wt) +28(a4 — y4)} 
= Kr yt— wiz 4 y2zt —y*xt4+aute? — y'z?’ 
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108. By actual multiplication we have 
Formula (a+b +c)(a’? +b? +6’) 


=a*+b*+c%+a7(b+0)+b2(¢+a)+c2(a+b). 


(4+6+¢)(a* +h? +¢2) 
=(4+b+c)\(a?+b24¢2~-ab-—ac- bc) + (a+5+ c)(ab + ac + de) 
=a*+b%+c*%-3abc+a? (6+¢)+b*(c+a)+c?(a+b)+3abc 
=a*+b%+c8 + 47(b +6) +-b7(c +a) +c?(a+b). 

Ex. Multiply («+ y+2) by (#2 +244). 

The product=w*+y%+4+29+442(y+2)+y?(¥42)+22(74y), 


1, 


3. 
4. 
5 
6 


t 


SUF + y2 +84 u2y + y2u 42x24 2y2 4 4u4 by, 
EXERCISE 41. 


Simplify by formulz :— 


(L+a+b) (a+)+ab). 2. (5 +24 +2) (; ae. ) 
s 4 i ae 


Qiu + y +:)) (a+ y)( (+2) +(H+2)\(Z+ 9) +(2+y)(w+y)}. 
2(x — 2) — y)(y -2)—(y —2\(2 2) - (z— a)(w— y)t. 
(# — 2y + 2)(y — 2a + 2)(% - 22+ 4). 
(a+ b)?(b— a) +(b+c)#(c — 6) +(c+a)?(a-c) 
+(b-a)(c-a)fa—c). 
(a+ 26+ 3c)?(a — 2b +c) +(b+2¢+4 3a)? (b —2c+a) 


+ (€ +2a+3b)?(¢ —2a+b)+(a -2b+c\b- 2c +a)(c — 2a +b). 


8. 
10. 
TE. 
12, 


13. 


14, 


15, 


(1+ a)(7+y)(v +a). 9 (2b+c)(b +c)(2c +d). 
2(2a — 3b)(3) — 4c)(2c — a). 

T(BY+ by)(GY + h2)(h2 +4), 

(2a+2b+c)(b +c)(2c+2a +b), 

- +49" + 9c?)(# —2y — 3c). 


*eMe+5)(5+5) 


Ne b)(b — ofa - 2b +c) +(b- cle - a)(b -— 2c+a) 
+ (€—a)(a = b)(c — 2a +b), 


CHAPTER XII. 


RESOLUTION INTO FACTORS. 


109. From Chapter VI it is seen, that a product is composed of 
factors, one of which is multiplicand and the other, the multiplier. A 
therefore, be called a compound of elements which are 
its component factors. When these factors have to be found out, we 
have to resolve or decompose the product. The precess by which this is 
effected, is called the Resolution of Expressions into their component 


product may, 


factors. 
Expressions in which each of the terms contains a common 


factor. 


Ex. 1. a?+ab+ac=a(a+b+0¢). 

Ex. 2. a(a—b)+(a-b)*=(a-b)(a+a-b)=(a- b\(2a — b). 
Ex. 3. 4%5 — 3444+ 79? =42(405 — Ba? +7). 

Ex. §. 100%y? — 6049 + 4ay%=2ay(50’ 9 — 3a 429?), 


EXERCISE 42. 


Resolve into factors :— 4 
1. b?+ba+bce. 2. wy+az+a*, 
3. a®*-ab—-ac, 4. abc—bcd+b*e, 
5. atbc+ab*c-abc?. 6. (a+b)? —2(a+b). 
7. w—-y—4(n-y)?. 8. (c-—a)®*4+(c-a)(a—b). 
9, xy —4v3y? — 3x2 y?. 10. anw+i-an. 
ll, 4a+ 4%. 12, 244”, 


13, 3441-67+2. 
14. a?(b-—c)+bce(b —c)? + (b-<o)*. 
15. (w—9)%=—2(y—4)* +4(y +4). 
73. Expressions of the form a° +b’ +2ab or a* +b*- 2ab. 
We know that 
(a+b)? =(a+b)(a+b)=a* +b? + 2ab. 
(a—b)?=(a—b)(a-b)=a* +b? —- 2ab (Arts. 96 and 97,)} 
Hence conversely 
a’+b?+2ab=(a+b)(a+b)=(a+b)’. 
a’+b? -2ab=(a-b)ia —b)=(a-b)’. 


- 
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Ez. 1. a? +6! +2a%b? =(a*)? +(b2)? + 2a2b? =(a24b2)2, 
Ex. 2. 16v?+25y*-40¥y=(4.)? + (59-2 (40)(5y) =(4a-5y)?, 
Ex. 3. Simplify (m+#)? -2(m+n)(m—n)+(m—n)?. 
Let m+n=a ; and m-—n=b ; then 
the expression =a? ~ 2ab +b? 
. =(a-—h)? 
= (m+n) —(m —n)\? =(2n)? =4n2, 
- Ex. 4. Find the value of 25v?+ 600y + 36y? 
F when #=3, and y= -2. 
25v? +369? + 6Uvy = (5x)? +(6y)? +2(5x)(6y). 
= (5v +64)? 
(15 — 12)? 
9. 


oui 


: EXERCISE 43. 
Resolve into factors :-— 


1, a?+4+4b?2+4ab, 2. 4v?+9y2 —12vy. 
3. Ym? + 16m? + 24mm. 4. 16p? -40fpq + 25q?. 
5. 25a°c?+1l0abcd+b?d?. 6, 72v?+84ay+98y?. 
7, Ovt+42v2+40r2, 8. 27a*~—6ab+1b?, 

} i 9. $v? —xy + %y7. 10. $a5b-4a%b+3abs, 


Ll. 162?-8(lm—-mnl)+n? -2mn+m?, 
12, a?n4+2anbn+b?n, 


} 13. wv?m —-2am4+n+ v2n, 
14, 22a 4 Qepy41422y, 
156. 342~2:18” + 47. 
| Simplify :— 
i 16. (a+b)2+2(a+b)(a —b)+(a—b)?. 


17. (a-—b+c)?+2(a-—b+c)(b4+c—a)+(b+c-a)?, 
18. (4a —36)?+2(4a—3b)(3a- 46)+(3a -—4a)?. 
19. (ab +ac —bc)*?+2(ab + ac — bc)(bo +ab — ac) + (bc +.ab = ac)?. 
20, (2a* —b* —¢*)*42(2a? — b? —c*#)(2b* — a® —c*) 4+ (2b%8- a? — 4), 
Find the values of :— 
7 21. 4a?+28a+49 when a= —4. 
22. _b’c? —12abe4+ 36a? when a=4, b=138, and c=2. 
23. 16p? -246¢+9q? when /=3 and q=4. 
a 24. 25(4+49)°+20(1+ y)2+42? when w= -2, y= -3, and z=12. 
9(a+b)? -30(a+b)c+25c? when a=4, b=8 and c=6. 


8: 
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110. Expressions of the form a’ —b® or those which oan be put 
into that form. 
We know that (a +b)(a —b) =a? —b?, [Art. 101.] 
Hence conversely a?—b? =(a +b)(a —b). 
Ex. 1. a* — b§ =(a4)*? =(at+b')(at — pA), 
Again a!—bt=(a*)?—)h2)e 
=(a*+b?*)(a? —b?) 
=(a? +b*)\(a+b)(a—-b) 
» a&—b%=(al+b4) (a? +b2)(a+b)(a— b), 
Ex. 2. vt+4=(e4440? 44)— 42, 
= (#7? +2)? + (24)? 
= (#? +2+424)(4? +2 —2n) 
=(¥? + 2a+2)(4? — 204-2) 
Nolte.—The given expression is made a perfect square by adding a 
perfect square to it. 
Ex. 3. a? -b? -2bc-c? 
=a* —(b*4+2bce+c?) 
=a*—(b+0c)? 
={a+(b+c)\ Sa -(b+0)} ’ 
=(a+b+cYa-b-c), 
Ex. 4. v4 — 1842924 94 
=n! — 2a? y2 +yh- 164? 92 
=(#* in y?)? — (404) 2 
=(¥? — 9? + 4ay)(a? — y3 — day), 
Ex. 5. 4a°b? -(a? 4b? —¢2)2 
=(2ab)*? —(a? +-b? ~¢2)2 
= }2ab+(a? +b? —¢?)'S2ab -(a? +2 —c*)} 
= }(a? +b? 4 2ab) —c?{Sc? (a2? 452 _ Qab) 
=| (a+b)? -c? {\c? ~(a— b)?{ 
= [(4+b) +c} §(a+b)—cl§c4(a—b)]{c~(a+b)? 
=(a+b+c\(a+b—c)(c+a—byc—a+b), 
Ex. 6. Find the value of (1 000)? — (999) 2. 
The expression = (1000 + 999)(1000 — 999) 
=1999x1 
= 1999, 


XU.) 


RESOLUTION INTO FACTORS. 


Ex. 7. Find the value of :-— 


P*+9* +2pq-1? when p=2, q=3 andr= -5. 


The expression=p+ q)* —1r? 


=(P+q+71)(P +49 -1) 
=(2+3—-5)(24+3+5) 


Resolve into factors :— 


31. 
32. 


=0x10 
=Q, 
EXEROISE 44. 
a® - 8), 2. w® —256. 
a‘*—8lb°*. 5, 49c? -64d?. 


a?—(b-c)?. 
(a+b)? -(c+d‘?. 


(Bu +49)? — 4922) 10. (2a+7b)? -(4a—5b)?, 
(4p6—5q)? -(36+7q)*. 12. (a+b-c)? -(a-b+0)*. 


(a — 2b +3c)? — (3a —2b+c)?. 
(24 + By hz)? — (4 —3y +22)”, 
(3p - 4q+r)? -(4r -3q+)?. 
wt +64. 

4a*+8l1. 

a*+4b',. 

wtp we? +, 

vs +ut+l, 

wt +a? y? + sibs 

vt +2e2 +9. 

vt — Te? +9, 

4a'+34a?4+9. 

vi +8? +144. 

On" — 33a? +16. 
9v'—w?+16, 

9a! —19a?v? +254", 

Ov! — 2564? +16. 
w?+4y? —92? — 444, 
16a2b? —(a? + 4b? ~c?)?, 
4(ab + ¢d)* — (a? +b? —c? - d*)?. 
a* —2ab—c? + 2be. 
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4a?v? -9b2, 
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34. at?—h? —c®?+ad: — 2(ad — be). 
35. @'—b¢+c4 -2a*c?+4ab?c. 
36. (a? — b?)?+4+(c? —d?)* -(a +b)?(c- dad)? —-(a- b)?(c +a). 


Find the value of :— 
37. a? +y?4+2xy—2? when *=3, y=2 and 2=65. 
38. a?+b?--2ab-c? when a='1, b=3 and c='2. 
39, (49346)* — (49336)2, 
40. 3434 x 3434 — 3432 x 3432. 


75. Expressions of the form a*+b*+3ab(a+b) or a°-b°-—3ab 


(a—b). 
We know that 


(a+b)°=(a+b)(at+b)(a+b) =a°+b*+3ab\a +b) 
(a - b)*=(a— b)(a — b)(a— b) =a* — b* - 8ab/(a — b) 
a (Aris, 102 and 103.} 
Hence conversely 
a' + bi + Babla +b) =(a + b)(a + biia+b)=(a+b)* 
a°+b°—3ab(a — b)=(a — b)(a - b)(a — b) = (a —b)®. 


Ex. 1. 8a%+36a’b+54ab? +2763 
= 8a*5+4+27b9 +36a%b+4+5i1abz 
= (2a) * + (3b) * + 3(2a)(3b)(2a + 3b) 
; = (2a + 3b)°%. 
Ex. 2. mw? = 39? ny? +399? x — 913 
=m? x? — 23 — 38m? ne? + 3m? wy 
=(mx)* — 1? — 3mnx(myn — 491) 
= (mix — 2), 
Ex. 3. Simplify :— 
(VW+I)P+ (A — 9)? + 3(v +9)! (x — y) + B(x + ya — gy? 
Putting a for a+ and 6 fora -y, we have 
the given expression 


=a*+b*+3a?b+3ab? 
=a*+b*+3ab(a+b) 
=(a+b)* 

= \(*+9) +(#— ¥);* 
=(2%)* 

= 8%", 
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EXERCISE 45. 
Reselve inte factors :-— 
Ll. 4°+9a@*+427a+ 27. 
2 27vh-278h+9x~1. 
3.- &°b* ~ 3a*b% + b %c2 (8a = cy, 
4. 8° + 4029+ 3pq? + 9°. 
5 7 b® — 4b4c9 4.266 _ co. 
6. §m* — Bn® —Amn(im — 59). 
7 L+w+3(V #7 + V4). 
8, 19 — 31? (m—n)+31(m?2 —2mn+*) 
— me +3m?n —-3mn? +8 
9. 84+ 34140432241 9n497n, 


Simplify :— 
10. (vw — 2) +94 —2)(4 +1)+27. 
Ll, wv643% 2 +34? yt+ y6 when *#=a+b, y=a-b, Vi 


12. (4-b)®+3 (a= c)(a- b)(b—c) +(b —c)9. 
13, (2a — 3b)? +3(a + b)(2a - 3b\(3a — 26) - (3a - 26)8. 
14. A+ b+ 6)? -+(¢— a— b)3-+ 66\c? — (a+ b)?}. 
15, A019 — 3,101? +3.101—1. 
111. Expression of the form a*+b* or a° — bs. 
We know that (a+b)(a?-ab+b?)=a9+b:, 
(a—b)(a*+ab+b2)=a3-ps. 
[Art 104,] 
Hence conversely 
a°+b°=(a+b)(a?-ab+b?). 
a°-b°=(a-b)(a?+ab+b?). 


Ex. 1. a® —b° =(a?)? — (58)? 
= (4° + b°)(a?—5*) 
= (4+ b)(a? - ab+b*)(a- b)(a 2+ ab+4b?), 


Ex. 2, 8+%°=29+443 
=(2+4%)(2? ~-2v4+w2) 
= (2+ #)(4 — 2v +4?) 


Ex. 3. 27-#3=3?~, 


= (3 — «)(37 + 34428) 
=(3- #)(9+ 30 +47), 
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Ex. §. a*+3a°?b+3ab*+2b° 
—a?+b*+3ab(a+b)+b* 

(a+b)*+b° 

(a+b+b)\(a+b)? — (a +b) +b?) 

=(a+%b)(a? +ab+b?). 


Ww 


EXERCISE 46. 


v3 — 8, 2. a*+27. 3. 216b%c% -—a*_ 

4 64a°-27b*d’. 5. atxt?y+2ixty. 

6. wvt—2aye +o. 7. wt —2Qv3y43ay?, \ be \\ 
8. (a2 — bc) +8b%c°. 9, wé+n3-2. . 

10. gya* —3]0°. ll. 27v-649, 

12. 8la* -375. 13, 24%481”. 
14, a*-3a?+3a+4+7. 15. (a+b)* -(b+0)%. 

16. (2a—3b)* +(2b - 3a)’. 17. 8(i— 1) - 27(n —)*. 

18. a%4+38a? +3a — 26. 19. 2a%°+3at+8a+l. 


20. (vw+y4z2)%-w%. 
42, Expression of the form x* + px+4. 


First Method— 


We know that (x+a)(x + b) = x* +(a+b)x+ab. [Art. 105 ] 
Hence conversely x? + (a + b)x +ab=(x+a\(x+b). 
And by changing the signs of a and b., 
We have (w- a)(w —b) ="? —(a+ b)w+-ab. 
(# + a)(w — b)= 0? +(a- b)x— ab. 
(w—a)(v+b) =a? - (a —b)w —ab. 
and also the respective converse results, 


Examining the above results we find that fo resolve an expression 


of the form x? +pv+q into factors we have to find by trial two quantt- 
ties like a and b such that a+b=p avid ab=q. 


Ex. 1. «?+7*+10. ¥ 
Here a+b=7 and ab=10, therefore/a=5 and b=2. 

24? + 7K 410 = 4? +(5 +2)a+5x% 2=("+5)(7 +2), 

Ex. 2. +? —12*%+435. 

Here a+b= —12 and ab =35, therefore a= -7 and b= =6., 


2? —1Qe 435542 —(647)4 +7 xX 5= (x — 7)(4 — 5) 
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> 
Ex. 3. «*+3«- 40. 
Here a+6=8 and ab= - 40, therefore a=8 and b= - 5. 
&* +38 —- 40=47+(8 —5)w- 8x 5=(v+8)(7 — 5), 
Ex. 4. «7-54-36. 
Here a+b= —5 and ab= — 36, therefore a= -9 and b-4. 
“iv? — Bu — 36=4? ~(9-4)u -9% 4=(4 — 9)(v +4), 
Ex. 5. +*+(c—a)v+(a —b\(b-c). 
Here the sum of —(a—)b) and-(b-—c)=(c-a) and their product= 
( @-—b)(b—-c). 
“N#+(C —-a)v+(a— b)(b —c) 
=w*® -(a—b+h—-c)v+(a— b)\(b-¢) 
={a-(a-b)} Sx-bb-o)} 
=(%-a+h)\(~—b+¢). 
Ex. 6. («?-.«)?-(«?-w)-6. Putting y for x*-w#, 
We have y?-y-6 
=y*—(3-2)y-3x2 
=(¥ — 3)(y +2) 
= (w? — w-— 3)(v? — w+ 2), 
Second Method,— 
The factors of the given expression can also be found by writing 
it as the difference of two squares. 


Ex. 7. «?+6x+8 
=*"?4+6v+9-948 [where 9=(8)*.] 
=(v+3)?-1 
=(1+3+1)(v¥+3—-1) 
= (xv +4)(v— 2). 

Ex. 8 x+«?-Mwx-60 
=u? —~1llvw+4121-121-60 [where 12'=(4})?. 
=(v-y)*- (9)? 
= (w hae 1 +49)(v- 1 as ) 

* =(v +4)(w— 15) 


EXERCISE 47. 


Resolve into factors :— 


l. v?+4-6. 2. ww? +250 +144. 3. w#*?—6a"+5 
4. w?=—8vy+12y*. 5. 14+157+14%?. 
6. +? + Gy 2b)0 + 2ab, 7. w®-(2a4b)e+(a?+ab). 
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8. #2? -2b42+b6? -a®. 
9. x? —2a?+b*)v+(a* - b*)%, 
10. #®-(a+b+cjn+ab+ac, 


ll, #8 + (fta)eth 12. w#*°+42av+a?*® —(b-c)®. 
a 


13. #«#+4c(a+b)a—ab(a—cib+c). 
14. v?+(a+b —c)x —ac — be, 
15. (#?45x)* —8(¥° +52) —- 84, 
16. (a? —3a)* -—3(a* -—3a)-4. 
17. (w? 42a)? —(w* + 20) -2 
18. m® +m - 307 19. w +87 -28. 
20. a& -—10a*+16. 21. a®—-Tlat—-8o. 
22, x? +(a+b)?a+ab(a+b)?. 
23. «#?+(a-—b)*x-ab(a-b)’. 
24. w?+(a+b)x+(a — 2b)(b — 2a), 
25. (¥— 9)? +3(y — 2)(# — 9) — (29 — 2)(22 — 9). 
113. Expressions of the form ax’? +bx +c. 
When a isa perfect square, the factors may: be found by the 
| methods of the previous Article. 


When a is not a perfect square, twe methods may be used. First 
Method. 


If we multiply and divide aw? +ba+c by a, 
we get = : (a*a?+ab+ac)= (aa)? + b(as) +ac] 


=* (y?+by + ac), where y=an 


Now the expression yt ap dle may be reacieee by the methods 
of the previous Article. : 


Ex. 1. 49?41474+12=(2%)?4+7(20)42 
. = (2a)? +(443)(2a)4+4x 3 
. = (24 + 4)(20 + 3) 


on thus : 4n? +140 412=442 +l4e4 2 - x. 
12 
= € 244 - eee ee 
(+3) ) 
=(2r4! ;) Se4c an 
(+5+5 (2°45 2 | 
| = (29+ 4)(20 43), 
P. 7 


+12 


— 
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Ex. 2. 2xv?+5v+2. Multiplying and dividing by 2, 
we have 2v?+514+2=4)2x2v242x5v+2x2). 
4S (2m)? + 5(2x) + 4! 
=4(y? +59 +4), where y=2x 
=4(y+4)(9 +1) 
= b(2~+4)(2"+1) 
= (w+ 2)(2% +1). 
Ex. 3 8v?-26v+15. Maulliplying and dividing by 8, 
we have 8v?—$4 +15 =}'8+8"?—8x 26x+8 +15: 
5 (2a)? + (2x) +4} 
= 4} (84)? - 26 x 8x +120’ 
Liy? —26y —" where y=8x 
Hy — 20)(9 - 
h(84 - ae - 
(2a = 5)(Av—- 3). 


Vu tl 


Second Method.— 
By actual multiplication we have— 
(pv + q\(re +5) = pre? bh + ps)v + _ 
(pu — q)(rw +s) = pre? — (qr — ps)x — 
(pv +Q)(ra—s)= pre? ood ps)* oa 
(pu — q\rx—s)= pre? —(qr+ps)¥+ qs. 

Examining the above results we find that an expression of the form 
ax? +bx+c can also be resolved by taking the product of the co-officient of 
the first term and the last term and splitting it up into two factors such 
that their algebraical sum may be equal to the co-efficient of the middle 
term. 

Ex 4 15¥?+38w - 24. 
Here 15.24 =3.5.3.2.2°2 = 18°20. 
And 38=18+20. 
1 15u? +380 + 24= 150? +187 +2004 24 
= 3a(da +6) +4(d0 + 6) 
= (dw + 6)(34¥ + 4). 
Ex. 5 12v?+7xy—-10y?. 
Here 12. (-—10v?)= -—3.2.2.2.5.9.y =(+ 159) x (= 8y.), 
And 7y =1lby -8y. 
2 12¥? +7uy —10y? = 128? 4+ 1bxy —8vy—-10y?, 
= Ba(te+5y) —2y(4v +54) 
=(4u+5y)(32 — 24). 
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EXERCISE 48. 


1, 49? 44919 +6y?, 2. 9w+1)* - 8(w4+1)-—6, 

S$. 2v?+a-], 4. 8a? -—6a-9, 

5. 20? +5ny— 12y?, 6, 2v?+a- 15. 

7. 6a* -a-165., 8. 6x? —-134+6. 

9. 8x? —- 22 - 8, 10. 6x*® - i9a*x4+10a". 
11. 20? + 22!1+600, 12, 12m? -—in —20n*, 
13. 10a?~4lab+21b?, 14. 18? —334 414. 

15. 242?x? -lday? —3y'. 16, 28m? +230 - 162, 

\7. 33a?4+6lab+10b2, 18, 350? - 2Qvy —48y2 
19. 42v?4+5ay—132y?. 20, 63v?+19y -104y?, 
21. 16822 —262/m 4 19512, 22. 255a* +542ab + 2882. 


23. 8p*?(2p+43)? — 6/262 + 3p) - 9, 

24. 2(ab+ca)? - Ll(abc+ ac*)+65c?, 

26. (vw —s)(w? - y?) + (a — 2)\(v — 9) —(y $2). 

114. Expressions which contain a Single Power only of some 
Letter or Quantity. 

Such expressions can be arranged intwo groups, one group con- 
taining all the terms in which this letter occurs, and the other group 
containing the remaining terms. 

Ex. 1. ab+cd+ac+bd. Arranging the expression in two 
groups, one containing the terms in which 6 occurs and the other 
containing the remaining terms, 

we have ab+cd+ac+ bd=(ab + bd) + (cd + ac) 

= b(a+d)+c¢(d +a) 
=(a+djb +c). 
Ex. 2. a?bx-a’c—b?cn+be?, 
Here w occurs in the first power only ; hence we have 
the expression =(a’ bw — b?cx) - (a?c bc*)=bw(a? — bc) - cla? — be) 
=(a*® — bc\(bx - c), 
Ex. 3, av+bw- ay -—by, 
The expression=.(a — b) — y(a +b)=(a+b)(w - 9). 


EXERCISE 49. 


Resolve into factors -— 
l. ac=dad+hbc = bd. 2.. aby? + (b- avy=y*. 
3, 2v?+4av+6ba+12ab, 4. 2a%*-a*’h+4aby—2b24. 
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(20° —3a*)y+(2a?—3y2)\y, 
. av? +(a+b)e? +(a+b)v+a. 
7 L-v-v+xy, 8. a*+at+n+l. 


. 4? -ab-act+he, LO, bp? +pq+pr+rq. 
ll. 4v-4y-—4y4 by, 12. a*+a+b+ab, 


115. Expressions which, when arranged in groups of two or- 
more terms, have a factor common to all the groups. 


Ex. 1. *°-w?y+yy?— y2=(.3 — 9§)— xy(a— y) 
= (¥ — y)(a? +ay+a? — wy) 
=(#- ya? +?) 
or thus : the expreesion=(«3- Vv? y) + (ay? — v9) 
=v? (v— y)+y%(a—-y) 
=(v— y)(u? +97), 
Ex. 2. ab(a? + y?)+ xy(a? +b?)=abu? + aby? +xya? +ayb? 
= (aba? + aya?) + (aby? + xyb2) 
= ax(b¥+ay)+by(ay + bx) 
= (b¥+ ay)(ax+ by). 


EXERCISE 50, 
Resolve into factors :-— 


1. (3¥°-4b?)a+(34? —447)b, 2. wep aty? — 222-24 
3. wy? —2242yr4e4y-2, 4, we? —IWey+y?—x+ y, 
5. a(a+c) —b(b+¢). 6. w'+24a%°q—was ~a!, 

7. #t-Qwiy42eys— yt, 8. be -ac—cv+ ale 

9. a? —b?-¢? -2be+a-b-c. 10. a%+a’*b+abs, 2 
Wl. a°-2a?b+ ab? - 263. 12. #y(1+22) +2. 24 Y2) 


13. a(b?+c? -a?)+b(c? +a? -5?*), 
lf. way +e+1)— viayt+y +). 
15. a(a+1)+2ab+ b(b +1). 

16. bia? +c? —b*)+c(a? +b? -c?), 


116. Expressions of the form a*+b* +¢°- 3abe, 
We know that . 
(a+b+e\(a?+b*+ec? -ab-ac- be)=a°+b°+ 0° - 3abe. 
Hence conversely - [ Art. 105A.] 
a +b*+0°- Babe=(a+b+ ca’ +b? +e? - ab - ac — bo). 
* 
a 


— a 7h 
Pe ay 7 " 
° i a aad ' 
—-“ 
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Or thus, 
a%*+b2+4c%—-3Babe 
=(a+)* — 8ab(a + b) +c - 3abc 
=(a+b)*+c%-8ab (a+b) - Babe 
=(at+b+o)}(a+b)° — Ca +b)+c*: -— 38abjat¢b+c) 
=(4+b+0)\(a+b)’ —cCia+b)4+e? - 3ab: 
=(a+b+c(a? +2ab+hb? -ac —bce+c* = Bab) 
F(@+6+0)(a? +b? 40% - ab —be-ca), 


417. Expressions of the form (a+b+c)*-a%-b*-¢% 
(@+b+c)*-a*-b*%-¢3 
=(4+b+0)* —a%—-(b3 +3) ) 
=(b +c)\(a+b te)? +a(at+b+c)+a* -(b?2-be +¢?)' 


(Cual 


=(b +¢)ja? +b? 406° 4+2ab 4+ 2he+ 2ac pa? +ah facta =—h? 
+be- c** 


=(b +0)(j8a?48ab +3bc +3ac) 
=3(b +0)fa(a +b) +c(a +b)} 
=3(b +-c)(a +b)(a +c) 
=3(a+b)(b+ec)e +a) 
Ex. 1. (¥+2y + 22)9 — (v4-y)9 -(y 42) 28, 
Putting a for ¥+y, b for y4+z2 and c for 2, we have 
the expression =(a+b+4c)3—@q3—~p2~¢3 
=3(a + b\(b+c)(c+a), 
=a + y+ ytelytete)\ctnty) 
= (34 + 2y +2)(9 4+ 22)(04 44-2), 
Ex.2. (a +b+0)?—(b+c-a)*~(c+a—b?)~(a-b—)2, 
Putting w for b4+c-a,yfor c+a=h and 2 for ath—c, 
the given expression 
S(V+Y+2)9 — y3 2 =— 23 
=3(u + 9)(y 2)(e42) 
=3(b+¢-a+c+a- Nicha- bt+ath—ciat+b-c+b4c~a) 
= 3(2c)(2a)(2b) 
= 2tabc. 


i 


EXERCISE 51. 
Resolve into factors :— 


i. b> 463 ~ a3 4 Babe. 2. c*4+36c437,— 
3. 28b3 ~ 9b264¢3, 4. 9a°+6ath—p2, 


we have 
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a*—)%~¢® —Babc. 6. w+ yS— 264 3yayaz2, 
a®* bh? c? 
ja i) +2 - 3. 8. [Amar g7tt* — Lismn, 
ee + yh +1 — 3ay, 10. a9+8b°+27c3_ 18abc.- 
(a+b)? +(b+0)* +(c—a)* - 3a+b)(b+c\(c+a), 
1 1 
= 12, 4? —- 2. 13. 6? ie 2 
bi v3 3. OS 27p3 
14. 8a -9a7+]. 15. 1+28a6 —27q12, 


16. (3+a+b+c)? —(L+a)* —(1+5)9-(1+¢)3, 
17. (3 - ¥—y— 2)? -(L= 4»)? — (1 - y)? (p92, 
18. (a? + 5° +0 ~ ab— ac— be) — (a? — bc) — (6? = ac)? — C2 — ab)? 
19. (w+ y +2)? — (a= y)9 — (2y — 2)* - (22 — 493, 
20. 8(a+b +c)? ~(a+b)*—(b+0)9- (c+a)3, 
118. To prove that a°+b*+¢° = Babe, if a+b+c=0. 
Since a+b+c=0, a+b=-—c 
+(a@+b)?=-¢3 
or a°+b*+3ab(a+b)= -—c3 
“a> +b* +3ab(—c)= —c?, since a+b=-c 


-.€@°+b9-3abe =~ 2 
a +b34¢3 =3abc. 
or thus 1° +59 +69 — 3abes(a+b4c)(a2 +6? +c? ~ ab -ac— hc) 
Since a+b+c =@ 
a*+b%+c*~-3abe =0 
a2 +563+¢3 =3abc. 


Hence, when the sum of three quantities ts zero, the sum or their 
pubes 1s equal to three times their product. 

Ex. Resolve into factors (a—b)?+(b—c)3 +(c—a)?, 

Putting «for a-b,yforb-—c and2z for C—a, we have the ex- 
ression=a1*+y%4+23- | 
. and #+9+2>(a-b)4()-c)+(c-a)=0 

BP bys +29 = Beye, ; 

1.., (@— b)? +(b~ 0)? +(c—a)9 

= 3(4 — B)(b — c)(c - a). 


EXERCISE 52. 
‘ind the factors of :-— 


1. (a? ~ b?)?4(h2 —¢?)9 4 (2 — q2)3, 
2. (b+c-2a)*-++(c+a—2h)2 +(a+bh —2¢)?, 


° 
<maeliae Pee a, ——* 


_— 
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as(b—c)§+b8(c-a)§+c%(a- b)%, 


(x — a)3(b—c)8 (a — P)9(c- a)? +(¥- 0)9(a — B)®. 


(w+ a)8 — (x — b)8 —(v+6)°. 
a? (2-5) +o°(: ~2)'+0r(F-2)’. 

c (Ob “a: 6 b a 
(w — 29)8 +(2y = 1)8 +(1 - 4)8. 
(ax — by)§ +(by — 62)§ +(c2z - ax)§, 
a3(bz—cy)* +b3(cw — az)® +c8(ay — bx)®. 
(a—2b+c)§+(b - 2c+a)% +(c- 2a+b)°. 
(a +2b = 8c)8 +(6 + 2c — Ba)§ +(c+2a — 3b)°. 
(s - a)’ +(s—b)§ —c*, where 2sea+hb+ec. 
(2a - b)§4+(2b—c)*+(2c-a)%, if a+b+c=0. 
(8a —s)®+(3b —s)§+(3c —s)8, if ssa+b+e. 


a®(b—0)8 +b9(c-— a)§ +c9(a— b)§, if a+b+c=0. 


Fy 


(CHAP, XII-] | 


— Ee 


———— 


CHAPTER XIII. 


SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE. 


119. Suppose we have an equation of the form ax+by=c 
where « and y are both unknown quantities, and a,b,c known 
quantities, it is clear that we shall obtain from it anor? ; 

a 

and since y is an unknown quantity, the value of # must still be 
unknown also. 

For every value we choose to give toy, we geta corresponding 
value of # Thus we get an infinite number of values of « and y 
which will satisfy the equation. In such a case the solution ts said te 
be indeterminate and the cquation an indeterminate equation, 


But if we have a second equation sx+qy=r where x and y have 
the same values as in the first equation, we may reduce this second 


equation to the form #='—2 ; >, g and y being known quantittes. 


Since the value of vis the same in both equations, we have 
c-—by_r-qy 
ae = 
from which therefore the value of y may be found in terms of a, b, 
€, f, gq and y which are known quantities, and w can be determined by 
substituting the value of y thus found in either of the equations 
ax+by=c and pxrt+qy=r. . 


, an equation containing only one unknown quantity y, 


As these equations are satisfied by the same values of the un- 
known quantities, they are called Simultaneous Equations. 

Hence it follows that if we havetwo unknown quantities, we 
must have two independent equations, . 

120. There are t/irce methods by which such equations can be 
solved. — 

Let the equations be 41+ 3y=31 and 3x+2y=22. 

First Method.— 

Equalize the co-efficients of one of the unknown quantities, 

| Seeseeveesserseee '+e.c00 (1) 

BW BY = TB iis ose vsevee sas scocsscecces -cvcvs verses steers eeaeereeccereusenecseesss see (QD) 
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The L. C. M. of the co-efficients of y is 6, and of those of w is 12, = 
so that it is easier to equalize the ce-efficients of y than those of »#. 


Multiplying (1) by 2, we have 80 +69 =62........0006 voscevesunbe: 5s0ne(0) 
Multiplying (2) by 8, we Rave 9V+ 69 =2 66.00... cy ve eeenenenens ooo (4) 


Subtracting (3) from (4), we have v=4. 
Substituting 4 for x in (1), 
we get 4x443y=31. 
8y=15. 
y= 5. 
The required solution is «= 4 and y=65, 
Note.—The method is the one generally employed. 
Second Method— 
Find x in terms of 9, or y in terms of v frem both equations, and 
equate the valucs so obtained. 
AV4B 9 Blise.., ceeevecenceee oe ttteeeterssesane cn: svesnnaee-+e( I) 
BU Dy = 22..e.coreveceseeians rev ove... rece sebses sen, .seeenerees( 2) 


From (1), 4#=31-3y. s = OT BY anes (B) 
From (2), 83v=22-2y. . EM nese (A) 


31—3y _22— 2y 
| eae aes 
2 93=9y=88 — 84. 
2. -y= 5. 
s y=6. 


Frem (3),a= —— =4, 


From (3) and (4) 


Third Mebjiod.— 
Find in terms of 9, or y in terms of vfrem ene ef the equa- 
tiens , and substitute the valuc 60 obtained in the other. 


4X +BY HBL ceecsenvecerers © @0@teeeee eee TWEeeee eee eee ee eee $5658 cosntesee oss (1) 
Ba + Ly =DW2sseverceccsscescvagencee se aeeasenesonsiane cesses ser ssesasenssansaeneneeee(2) 
From (1), 3y= 31 —4~. “ yn! 5 ae seeeeeeee veeeveeee(B) 


Substituting this value of y in (2), 


we get $04 Ah Ss) = 22. 
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« 9¥ +62 —- 8v=66 


see 
From (3), y= h~ Se 
3 
121. Examples worked out. 
Ex. 1. Solve the equations ow — 89=12......(1) 
lla+129=56..... (2) 
Multiplying (1) by 3, we have lix— 24y= 36...... (8). 
Multiplying (7) by 2, we have 224+ 249=1192...... (4) 
Adding (3) and (4), 374=148. 
“a= 4. 
Substituting 4 for v in (1), we get— 
20 — Sy =} 2, 
« — Sy= —-8, 
Jo} I. 
Ex. 2. Solve the equations— A& + DY=C..0..... ..(1) 
axu+b'y=c’.., coccccone(ap 
* Mutiplying (1) by 4’, ab’y +bb’¥=cb’.........(B) 
Multiplying (2) by b, a’bu + bby = c’b......0..(4)s 
Subtracting (4) from (3), w(ab’— a’b)=cb’=c'b. 
__ cb’=c'b 
é «hoa 


Instead of substitu‘ing this value of vin either of the equations, 
it 18 easier to get the value of y by the same method. 
Thus from (1), a’ax+a’by=a’c 
from (2), a’ax+ab’y=ac’. 
Subtracting, y (a'b-ab')=a’c- ac’. 
_ a't= ac’ 
- a'b=ab’ e 


: EXERCISE 53. 
Solve the following equations according te the fret method, 


~ y 


1. #+y¥=8, 2. 4%+39=19, 
v—a=2. = lil*e={%921. 
3. 1l7e-10y=31. 4. 7e+5y=17, 
l7a+9y=69. 8r— 3y=2. 
5. 10*+15y=25. 6. 5be—-2y=26. 
12*%— 39= 42. 39 +4=46. 
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2a43y=2 8. 
64- lby= —2. 
24+ 3y=2. 10, 
8y—a=56. 
4a+15y=18, 12, 
3a+5y=1. 
5 +138y=102. 14. 
v+yal4. 
Tx — 29 = 438, 16. 
1l4v+4=66. 


4n = 5y. 

134 =2y 4237. 
10a-—-7y=51. 
5ba4+y=12. 
100 -— 489 = 23. 
5a+2y=8, 
15%-— 99 =27. 
31+2y=13. 
84-5y=10, 
Tat+y=4l, 


[CHAP, 


Solve the following equations by either the second or the third 


method. 
be yt 


19. 


~ AF 


23. 


25. 


#=8y—- 7. 18. 
By =4x+7. 

va+y=9, 20. 
101 — 39 =388. 

Qa —-3y=7. 22, 
8x+2y=30. 

yale. 24, 
54+3y= -3. 

ba+10y=0, 26, 
Qa—3y=21. 


2a =5y—8. 
By=4n42, 
x—-y=T, 
2a4+3y=-1. 
4u+5y=6, 
3a — y= —5. 
10x = 15y+10. 
e=ll—y, 
2u=y. 

5y— 38y4+4=0. 


[In Examples 27-31 first from two equations by adding the two 
equations and by subtracting one from the other. ] 


27. 
29. 


31. 


32. 
of 7*- y. 

33. 
Ba+l1ly, 

34. 
4x-9y. 


Tx +3y=4. 28. 


3v4+7y=16. 


Qn 4+8y=6. 30, 


3a + 225, 
10% +4 1ly= 32. 
llv+1Cy=81. 


131+17y=50. 
lin+17y =70. 
5a+4+7y=45. 
7a +5y=39. 


If 4v4+3y=2 and 3v-—4=8, find the value of wand y and alse 


« 


If 7v-—b5y=l-and 34+4+y=13, find the valuc-of 20-9 and 


lf 2v=3y ‘and l4a-1l5y=¥% find the value of 10*4+2ly and 


ae 
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35. 4v+10y=3 and 20¥-20y=1, find the value of 41-65y and 
16 — 54. 


36 If the equation a v4 b=» is satisfied by ¥=4, y=1 and sz, 
y= 10, find the values of a and 6, 


37, If y=ma+e is satisfied by #=10, y=5 and ¥=1, y=2, find 
the values of @ and b. 


38. The expression av+b ane the values of —3, 10 respectively 
when wv takes the values % and—§ ; find a and b. 


39. The expression mv+c will vanish when #=%4 and will be 
equal to-—} when a=}. Find mand c, 


40. If the equation y=ax+b is satisfied by the values (2,— 3) and 
(— 3, 2) of wand y respectively, find a and b. 


Ex. 2 Solve the equations :— 


“42s Renddcas dtansiss udp Ve 


ae ee “5 .. See adden Waeudics dccanaaagenen 


Clearing of fractions and simplifying we get 
40+ 4y+3x—-—3y=172, or Tx + y= 132 —- (i), 
3V+3y9+2a—-—2y= 48, or 5a+y=48 — (ii), 

Subtracting (ii) from (i) we get 2v=84.+.7=42, 

Substituting 42 for x in (i) or (ii) we get y=—162 


Ex. 3. Solve the equations :-— 


TBE 49 = 1'B. ccccccrces dabeceses..csseccesseonth) 

BSB O29 = Ol crccscccacsnsesecdeas iss. sevecesvel 
Multiplying (i) by 3°4, we have 687+ 1'36y=4°08.........(3) 
Multiplying (2) by 2 we have 68a -- OL = OZ 10... 006(4) 

Subtracting, l-4y= 4°06 
yard 
Subdstituting 2°9 tor yin (1), we have 
2v+116=1°2 
2x = ‘04 
x ='02 


11 


162 


43, 


45, —- 


47. 


49, 


59. 
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3v—-y=18 42. 3t3=6. 

stg=9 20-7 =29, 

it+e=? 44, 417 

- "24520 46, ‘Jos 

Sa-y =15 -3=3 
o¥2420=18. 48. =? - 250 
52+ 8 “PFJ +450 
2x - poe ad. 50. 2a - a + 
3y=9- Dae D geile =i? 

. 3 3 2 


(#+5)(y+7)=(#+1)(y +9) 41122-44105 8941. 
‘Bat '125y=3r-y. 
3x — By = 2°25 - By. 
4n48y=2°4 
10°2%+ 069 ='03 
724+3°6y=54, 
23x+6-9y= 23, 
4(384—9)+3(v+9)=8 
4(54-— y)—1=0 
(«+ 1)(y — 3) — (#— 1)(94+8)410=0,. 
64—2y=7, 
If 4e+ y=63 and 8¥- y=21 prove that 5a = 4y, 
If 54 -3y=26, and 2v4+3y=44 prove that 4a=5y., 
Eliminate y between the two equations y=2a4+1, 39-424 


A|\so find the values of « and y when a=11. 
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60. Eliminate y between the equations y=o2¥-7, and 3%- 2y=a, 
Alee fimd the values af « and y whon a=9, 


61, If be=4yand #- yz, 
(t) Find an equation connecting y and z. 
(li) Find an equation connecting « and z. 


62. If #+y=1 and 2¥—- y=z, find an equation connecting, 
(i) » and z, (ii) * and 2z, 
66. If the three expressiens 4¥, 2a+y, and 34-y+15 are 
equal, find the values of « and y and also the value of each expression. 


64. Ifthe three expressions 3), 3v-6 and x+y+6 are equal, 
dad the values of each expression. 


CHAPTER XIV. 


PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS, 


421. The number of unknown quantities which enter a problem 
and the number ef independent cenditions connecting them witb 
known quantities must be the same, 

The unknown quantities are usually denoted by w and y. 


Ex. 1. Four-fifths of the sum of two numbers is 656, and if the 
greater is subtracied from three times the less, the remainder is equal 
to the greater number ; find the numbers, 


Let « be the greater number and y the less. 
From the first condition, 4 (w+ 9)=56 


or 44 +49 = 280......000.., ees(1) 
From the second, By-aw=w 
BY = 2Arecesesseens ; (2) 
Substituting 6 for 4" in (1) we have 
104 = 280 
y=28 


From (2) 2a=84 
wa 42, 
The two numbers are 42 and 28. 


Ex. 2. There is a fraction, such that if its mumerater be in- 


creased by 1, its value is { ; and 1f its denominater be increased by 2, 


its value is}. What is the traction ? 


Let the fraction be * 
> 


If we increase the numerator by 1, the fraction becomes* +}, 


¥ 
If we increase the denominator by 2, the fraction becomer—*_. 
y+2 
By the conditions of the preblem, 
et lle and * 24 
y+2 
x 4n+4 = 3Y.. Caeetertane ieee eee eee oe | 60060066566 erence (1) 


ES te eee 


| CHAP. XIV.] PROBLEMS LEADING TO SIMULTANEOUS. 165 


“44> 2y+4 
“ W+4+4= By 
~y=8 
From (2) a2=6 


The required fraction is §. 


Ex. 3. There is a number consisting of two digits ; the number 
is equal to seven times the sum of its digits; and if 27 be subtracted 
from the number, the digits interchange their places ; find the num- 
ber. 


Let w be the digit in the unit's place and 
y be - a ten’s ,, 
Then 10y+w#=the number, 
and 10¥+y=the number when the digits are interchanged 


By the conditions of the problem, l0y+~a ae 0 (t+ 9). cc cedeceaeetel 
and L0y+w—27=1lOX+Y......cceeee (2) 
From (1) 3y-—6*#=0 
- 2 3dy = 64 
a =2x 
Substituting 2 for y in (2) we get 20 ++ a#—27=10 ¥+24 
9% 27 
2 ae =§ 
e268 


Hence the required number is 63. 


Ex. 4. The dimensions of a rectangular court are such that if 
the length were increased by 3 feet and the breadth diminished by the 
same, its area would be diminished by 18 square feet; and if its length 
were increased by 1 foot and the breadth increased by the same, its 
area would be increased by 18 square feet. Find the dimensions. 


Let «=the length in feet 
and y=the breadth in feet 
Then vy=the area in sq. ft. 
By the question, (a + 3)(y— 3) = xy — 18. .cccccseseoceeeerserccesevetecessenee(L) 
and (4 + 1)(9 1) = y+ 18.06.20 oe 12. savcocesccccesse seees gears (2) 
From (1), 3 (y-*)-9=- 18, 
oye —-3 
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From (2) «+y+1=18 
a +y @1T. 
»#=10and y=7. 
« Length=10ft. and breadth = 7ft. 


EXEROISE 54. 
A. The sum of twe numbers is 25 and their difference is 7; find 
the numbers. 
v2. One-third of the sum ef twe numbers is 23, the sum of twice 
the greater number and three times the ether is 162. Find the 
numbers. 


8. The sum of twe numbers is equal to three times the smaler, 
increased by 10,and twice the greater is less than five times the 
smaller by 10. Find the numbers, 


#4. There are two numbers, the difference between twice the 
greater number and the less is 108; three-fourths of the smaller 
number exceeds half the greater number by 19. Find the numbers, 


“tb, Find twe numbers such that one-half ef the first and one-third 
ef the second is 14, and one-third of the firstand one-half of the 
second is il. 


6. One-tenth of the sum of two anglesis 30° and twice their 
difference is 20°. Find the angles. 


One-fifth of the sum of two numbers is less than twice their 
difference by 1, and one-fifth of the greater is equal to one-fourth of 
the less. Find the numbers. 


@&. Asaidte B, “Ifyou give me one-third of your money, I 
shall have Rs. 14.” B replied, “If you give me only one-fifth of 
your money, I shall have Rs. 14.” How much had each? 

~%. Eight years ago A was 6 times as old as B, and in 2 years he 
will be 3 times as old ; find their present ages. 

10. Twelve years ago A’s age was 14 times that of B,andin 8 
years eleven times A’s age will be fifteen times that of B. Find their 
ages. 

— 11. Ten years ago a father was twice as old as his son, and the 


father’s present age is less than tWice the son’s age by $0 years. 
Find their present ages. A . 


4 
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2. Find the fraction which becomes 4 when 8 is added to the 
numerator and “ when 8 is subtracted from the denominator. _ 


43. If the numerator ts increased by 2, a fraction becomes hana 
if the denominator is increased by 2, it becomes + Find the fraction. 


14. If the numerater of a fraction is diminished by 1 it becomes 
#, and if the denominater is increased by 2,it beeomes#%. Find the 
fraction. 


15. If 1 be subtracted from the nume rator and 1 be added to the 
denominator, a fraction becomes equal to 4; andif the numerator is 
increased by 1 and the denominator diminished by 1, it becomes unity. 
Find the fraction. 


16. A number censisting of two digits is equal to six times the 
sum of the digits, and four times the digit in thetens’ place is equal 
to five times the digit in the unit’s place, Find the number, 


17, A number consists of two digits ;if 27 be added to it, the 
number is reversed, and five times the sum of the digits exceeds the 
number by 8. Find the number. : 


18. A number ef two digits is reversed if 18 is subtracted from 
it ; and if 4 is subtracted frem it, six times the sum of the digits is ob- 
tained. Find the number. 

19, Two-thirds of a number of two digits is equal to four 
times the sum of the digits increased by 4, and twice the digit inthe 
ten’s place is three times the digitin the unit's place. Find the number. 


20. Anumber of two digits when divided by the sum of the 
digits gives 4, and the difference between the digits is @.| Find the 
number. 


21. Ifthe length of a rectangular plot of ground is increased by 
2 yds. and the breadth diminished by 1 yd, its area remains unaltered 
But if the length is diminished by 1 yd, and breadth increased by 1 yd. 
its area is increased by 1 sq. yd. Find the dimensions of the plot. 


22, If the length of a rectangular room is increased by 2 ft and 
the breadth diminished by 2 ft. the area would be increased by 
60 sq. ft; butif the length is diminished by 2 ft. and the breadth 
increased by 2 ft. the area would be increased Only by 48q. ft. Find 
the dimensions of the room. 
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23. Thelength and breadth ofa rectangular reom are in the 
ratio of 5: 3; and if the length be increased by 4 ftand the breadth 
by 2 ft. the area would be increased by 96 sq. ft, Find the dimensions 


ef the room. 

24. If the length and breadth of a retangular room be cach 
diminished by 3 ft. the area would be diminished by 72 «q itt; and 
four times the length is equal to five times the breadth, Find the 
area of the reom. 

25. A person buys 8 lbs. of tea and 5 lbs. of sugar for 19s 11d; 
and at another time he buys 5 lb, of teaand 8 Ibs. sugar for 13s, 8d, 
the prices being the same as befgre; find the price of each, 

26. e cost of 3 cows ie ae is Rs. 635, and the cost of 2 
cows an “> horses is Rs 840. Find the cost of each. 


27. A person wishing to relieve a certain number ef beggars 
finds that if he gives them 2s. each, he will require 8), mere; but if he 
gives them Is 6d each, he will have 4s 6d to spare, What money had 
he in his pocket and how many beggars did he relieve ? 


28. A certain sum of moncy is te be divided among a certain 
number of men; if there were three men less, each man would have 
£150 more; but if there were 6 men more, cach man would have £120 
less ; find the sum of money and the number of men. 

29. Two menAand B play at cards; if B wine Rs. 20, A has 
only five-sixths of what B then has; but if, instead, A wins Rs. 20, he 
has Rs. 5 less than four times the money B then has. Find how much 
money each starts with, 

30. TwomenA and Bplay at cards; if Bwins Rs. 5 he will 
have twice as much as A will then have ; but if, instead, A wins Rs, 5 
he will have as much meney as B had at first. Find wiih how much 
money each starts. 
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EXAMINATION PAPERS. 
SECOND SERIES ON CHAPTERS VI to XIV. 


1. 


1. Substitute a-3 for yin the expression 3y- 2y2+3y+1 and 
arrange the result in descending powers of a. 
2. Resolve :—(l) 6v?+5%-6 
(2) (Sa—b)?-(2a40)? 
&. Simplify :(a4 —b)* +(b —c)? +(c— a)? + 2(a— b) (b—c) + 2(b —c) (c— a) 
+ 3(¢- a)\(a— b), 


4. HS= “ {2a +(n—1)dj, find » when s=275, »=11, d=3. 


Qx-—5 


5 and find from it the 


nf pints the graph of the function 


value of the function when w=4. 


fy’ A man bought a house for a rupees and sold it for b rupees; 
find his gain per cent. 


1. Find the value of 2v?-3ay+2y? in terms of a when vxa+l1 
and y=a-1., 
2. Resolve into factors :—(1) #2? -37- 70. 
(2) a8 +442. 


| l 1 l 
3. Simplify: I+ - —-Pr-tx- - td 
a. Staplitys. («+ 3 st5)-(«- 50975) 


Hence find the value of 


Pre Se when vice a, y+ 1 26, e=lstm, y- 1 on, 
vy x 9 s y 


4. Aman buys (v+y) maunds of sugar at (a+b) rupees a maund 
and («-y) maunds at (a--b) rupees per maund; he sells the whele at 
¢ rupees per maund. What is his gain ? 

5. Solve: 4 (#—5)+4 (94+6)=5x-9. 

6. Plot the graph of 2ly=2v+3 and find the co-ordinates of the 
point of its intersection with the axis of +. 
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1. Reselve into factors the expression a§4+a‘+1, 


2. Find the co-efficients of # and #* in (a5 + 2a+ b)(bw* —#4+0). 


3. A father is three times as old as his son; in 5 years his age 
will be 24 times thatef his son. Find their ages. 


4. The volume of a right cone is given by the Formula V=j4ar*k 
where V is the volume, the radius and / the height. 


Find r when V=164 c. in, A=3°5 in and w=3}. 
6. Selve: 184+11y=68, 


Mlvw+13y=76. 
6. 


Find by drawing the graphs of w+y=6 and 3x#-y=38, the 
point of intersection of the straight lines represented by the equations. 


4. 
1,” What value of w will make the expression eae equal te 
40+ 1 
rae 
2. Solve: 


5(w—1)4+3(y—-1)=21. 


5(y+1)- 8(#41)=5, 
3, 


A number consists of two digits whose sum is 9 ; if 9 is added 
to the number, it is reversed. Find the number, 


4. Use the formula (a?-b?)=(a+b)(a—b) to find the difference 
between the squares of 694057 and 305943. 
5\What must be added to 

(49+ 9+ 1) to make it equal to 


a(vy+x+1). Express the result in factors, 
6. Express (#2? + 5x)? — 8(7? 4+54)- 84 as the product 4 factors. 
5. 
1. 


Draw the line traced out by a point which moves so that ite 
co-ordinates are connected by the equation y=3x-2 


- Find also the 
co-ordinates of the point of intersection of this line with the axis ef a. 
2. Factorise (1) 4a? —9b2412bc— 4c? 


(2) #5 +a3-—y?-] 
3. 


If the expressions 12%-6y, 2x+3y and 34+ 4y-—18 have equab 
values, find # and y, 
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4. If y=a—2,"find the value of the expression y* — 2y?43y45 in 
terms of a. 


5. Find the continued product of x® +V 3#+3, #2 -V B04 8, at - 
3a+9, 


6. The cost of 2 cows and 3 horses is Rs. 620, and the cost of 3 
sows and 2 horses is Rs, 605. Find the cost of a cow and a horse. 


6 

1, Use the identity (w— y)?=42~ 2xy+y? to find the square of 9995. 

2%. Ifasa*+a*, y=a'+a, z=a+1,findinterms of athe value. 
Of (i) wyz (ii) #2 — yz. 

5 w#_ 2a-1) 3Bv-4 w 

3. Solve (9) 5 ing oe eT Se +75: 

(2) 2 #+5y-—- 9=2y=3a— y+9. 

4. Find the continued product of a+b+<c, b+c-a, cta-b 
a+b—c. 

5. If the numerator of a fraction is increased by 2, the fraction 
becomes 4; if the denominator is increased by 2, it becomes}. Find 
the fraction. ; 

6. If b+c-3a=2x,c+a-3b=2y, and a+b-—3c=2a, express the 
value of (+ 2a)(#+2b)(#+ 2c) in terms of a. 


7 


1, Finda pair of numbers that satisfy? —y= 2 - 17 and *#-*9 


=> simultaneously. 


2. Factorise :—(1) 4abx? - 2(q2 +6?)ey+aby?, (2) aba? -— (a? —b?)a 
- ab, 

3. Verify the following statement for a=1, b=2,c=-1: a*(b—c) 
+ 6? (c—a)+c¢?(a— b)=(a— b)(b- c)(a - c). 


4. Ifinthe formula S=2ar(h+r), S= 5694, r=54, #25 find the 
value of h. 
56. A and B play at cards ; if B wins Rs. 5, he will have seven- 


eighths of what A will them have, but if A wins Rs. 5, he will have 
twice as much as B. Find with how much money they start. 
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6. The expression aw+ is equal to 16 when #=3 and is equal to 
-19 when w= —2; find a and b. 

7. Show that the sum of the squares of the greatest and the least 
ef any three consecutive numbers exceeds twice the square of the 
middle number by 2. J 


8 

1. Inacertain book the following equation is required to be 
solved: (2v-—1)(v+ )=2a(#+2);a number is omitted by oversight. 
The answer is given to be a=3. Find the number omitted, 

2. If 3v=4yand a+y=z ; find an equation connecting (i) # and z 
(11) y and 2. 

3. Eliminate y between the equations y=2*-7and 3 a-2y=a 
Also find the values of « and y when a=9. 

4. If the length of a rectangular hall is diminished by 5 ft and 
the breadth increased by 2 ft. its area would be diminished by 30 ft. 
but if only the breadth be increased by 6 ft. the area would be increa- 
sed by 300 sq ft. Find the dimensions of the hall. 

5. Factorise :—(l)a!=2w%y42aye—y', 

(2)a(a + 1)+ 2ab4+ b(b +1). 

6. Show that (a+b+c)® — a’ — b§ —c® =3(a+ b)(b+oj(c+a) Use this 

to find the value of (a+b+ )? -(b+¢-a)§ -(c+a-—b)§-(a+b-c,*. 


PART Ii. 


CHAPTER XV 


MULTIPLICATION DIVISION AND RESOLUTION INTO 
FACTORS.—(Continued.) 

122. To multiply any two expressions by the Method of Detach- 
ed Co-efficients. 

In multiplying together two algebraical expressions, a good deal 
oi labour may be saved by merely writing the co-efficients, and 
inulliplying them together in the ordinary way inserting the powers 
of v in the preduct. 

Ex.1. Multiply 2v°+? -34¥41 by v?- 202-143, 

Write only the co-efficients and multiply thus -— 

2+1-3+1 
1~2-1+3 
2+1-—3+41 
—4-24+6-2 
«9 — a Gy 
+ 64+3-— 9+3 
2-—3-7+12+4-104+3 
. The product is 20° — 3x5 — 77441203 + 40? - 10443, 

We can see whether the process of multiplication is correct by. 
giving particular values to w. 

Thus in the above examples if w=2 


the multiplier =2%—2.22 -24+3=1 

the multiplicand =2.2°+2? -3.2+1=15 

the preduct = 2.29 — 3.25 — 7.2'412,29+4 22 -10.943, 
= 243 -— 228=15. 


‘the process of multiplication is correct because 15x 1=15. 
Generally the process is verified by putting w=1, which is the 
eame thing as taking into consideration enly the co-efficients of the 
expressions, 
Thus (2+1-3+41) (lL-2-143)=2-3-74124+4-10+43 
Lx =a = 20= 1. 
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Nete. —We may use the same methed even in cases where al! the 
powers of # are not present or where the co-efficients are literal previ- 
ded we insert the missing powers ef w with zere co-efficients and em- 
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-elose within brackets the sum ef the co-efficients of similar powem. 


Ex. 2. Multiply 3#4—- 20° -aw+4 by 4”* -3. 


Write only the co-efficients, supplying @ for the co-etlicients ef the 


misaing terms and multiply. 


3-244-a+4 
es 
12-—8+0-4a+1€ 


-9+6-0+3a-le 


12-8-9$-2 (2a — 3)+16+43a-12 


.« The product is 


124-845 —9x'— 2(2a — 3)v* + 164? + 3aw - 12 


Verification : 


(3 -2-a+44)(4-3)=12 —8-9- 22a —3)416438a-12. 


(6-a)xl= 
5-a. 


EXERCISE 55. 


‘Multiply by the Method of Detached Co-eficients and verify the results, — 


w? — 24-38 by #-2. 

wv$ +342 —4y—5 by 2v+1. 

2 —me?+3- 54% by 1— 3x, 

643 —a# +1 by 643 4+a4-1., 
w*—Qe?2 41 by e44202+41, 

xe — Ix? y+ 2ey? — y® by e®? —wy+ y2, 

we +e? +e4+1 by #9 4+424441,. 

wo +a? y +ay? + 9% by v8 + 2ay+ y?, 
1+7*+1044 by 14+114#+30x%4, 

g4° +44? +3041 by 2a? —4a41, 
2a‘—4a’?+5a-6 by 8a%=-2. 
a°+2a* —fa+1 by a®-a-], 

(a? +a+1)(a? -a+1)\(a*~a?®+1)(a* - a! 41), 
(w® + 34? + 3a + 1)(03 — 3a? 4+ 34-1), 

(a* +a°+a*+a+1)(a4-a®+a*-a4l)x(a8—aSpas—argh, 
ta! — an? + dx? ~cxt+d)at+ax? — bx? +cx%-—d), 
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128. Te multiply any two expressions involving brackets with- 
‘out vemoving the same. 


Ex. 1, Multiply without removing the brackets :— 
#7(a—b)+%a+b)+1 by #(a+b)+(a— 6), 
**(a—b)+a(a+b)+1 
® (a+d)+(a-0) 
a 3(Q? ~ 57) +47(a +b)? + x(a+5) 
+H? (a — be 4 gga b*)+(a—b) 
#Fqz— b*)+24?(a2 +b*)+a(a2 — 52 +a+b)+(a-b) 
Ex. 2. Multiply without removing the brackets :-— 
(@? ~a+1)¥? +(a-1)a-2 by (4*+4+1)w+(a+41). 
(4? -a+l1)e?+/a- ljw-3 
(4@*+a+ la+(a+1) 
(a4+4+ a2 + 1)4*+(a3- ja? - 2(4?+a+1)~ 
+ (a? + l)a? + (a? -1)y- 2(a +1) 
(ata? +1)¥?+2a%x? — (g440q4 3)a— 2(a+1) 


EXERCISE 56. 


Multiply without removing the brackets:— 
1. a+b(u—-y) by b—a(w+y). 
2. #a+b)-y by wa —b)+ y, 
3. (m+n)a—y(a ~d) by (m -n)w+ y(a+ b). 
4. #?+(a+b)a+c by (a- b)a—c, 
9. (¥— 9)? — 2+ y)+1 by (w—y)-1, 
6. L?(m+n)+lim-n)+1 by lim —n) +1. 
7. a? -+(u— y)a+(w+y) by a(w+ty)— (at —*y+y"), 
8. (@?+ab+b?)w2?+(a+b)e+1 by (a—b)#—1, 
9. (#* -xy+y*)a* -(w-y)a~2 by (#+y)a+2. 
10. (a+b)e? - (b-+ clay + (c+a)y? by (a— b)a+(b~c)y, 
HL. #(p+q—-r)+a(q+r-p)+(r +p-49) by (P+9+7)4+(6~q-r), 
12. (#- 1)m?* + (# - 2)m + (a — 3) by (*+1)+(@+2)m + (243), 
13. mMa+b)+ y(b +¢)+2(¢+a) by x(a — b) + 9(b —C)+2(c =a). 
14, (a- L(m? +m + 1)6 + (m+ 1)(a? - a+1)q 
by (m—1)(a* +441) —(a+1)(m? —m +41), 
15. (f° +£9+4")m? — (p+-q)m+(p—q) 
by (6? —P9+9*)m* +(6-q)m- (+49) 
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42%. To divide one expression by another by the Method of 
Detached Co-efficients 


Ex 1. Divide :— 
3x8 — 10w5 +44 !+ 702 — 38¥*# 48042 by vw? -— 20-1. 
Write only the co-efficients and divide thus :— 
2 ; 1-2-1 
$-104+4+7 -84+843)-— 7-5 
3-6-3 
—4+7+7 
—44+8+4 
-1+4+3-3 
—143+1 
a Lae 
1-3-1 
= 24442 
73nae 

«the quotient is 3¢4-4v*-a?+4 +2 
Verification : 

(3-104447 -84342)4+(1—2-1)=8-4-14+1-2 

64-2, = ..-B, 

Note.—We may use the same method even in cases where all the 
powers of w are not present or where the co-efficients are literal provi- 
ded we insert the missing powers of « with zero co-efficients and 
enclose within brackets the sum of co-efficients of similar powers. 


Ex, a, Divide eee 
6x> — 8x! — low? 4+ 2(74+10)v? — 5m by 2ax* -—6, 


240-5 
6 Sal 42 (mt eee ag te 
6+0—15 
—8+4+ 042(m+10) 
-~8-— 0+20 
Qn +0 —-—5m 
2 +0—5m 


«~The quotient is 34% — 4a? 497 
Verification : 
{6 —~8—1542(m4+10)— bm) +2-b)=38-- 449m 
(3-3m)+-3=> —1+m., 
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EXERCISE 37, 


Divide by the Method of Detached Co-cfficients :~ 


~_ 
| ed 


- 
- 


15. 


~ 
Sl @BSreter owner 


Ba* — 7x* + lie? —7#+6 by w* - 2443. 

ba" ~ 184? —- 8a*+20%-5 by v2? +24* -—3. 

Tx +1904 — 6x" by «+3, 

lla! — 247 + 1l4z— 639 by w#* - 7. 

p* — 8p° + 17p*-—12p2 +10 by p? -5. 

B? we" + 0% +209 — at — #? —2Zx-1 Dy H444*° +441 

a**+a'°+a%*+a%+a*+a* +1 by a°-a5+a*-a* +a? ~a+1. 

a*+a°+a'+a?+1 by a4*-a*+a?-a+l, 

a*-b4+a*h+ab*by a*+h2, 

a*—$81 by a+3. 

44a* —44a*b+ hab? — »',b? by ha —- 4b. 

mn — 8m5n* +15m*n* — 21m 3n' +18m*ns —bmn® by m*n— 

n*m. 

acn*® — #(bc+ad)+bd by ca—d. 

2a+(3+2m)a'+3(2+m)ja*+4(2+m) a?+(44+5m)a+6 by 
a*+am+1, 

aba* + «°(b? — ac)+a*n*+a(ab—c*)+ca by bx? —cx+a. 


125. To divide one expression by another, either or both of them 
involving brackets, without removing the same. 


Ex. 1. Divide without removing the brackets :— 
—(a+b+c)e* +(ab+ac+bc)x— abc by ** -(b+c)a+be. 


—(a+b+0)x? +(ab+ac+be)x — abc a (6+0)" + be 


__ —(b+ +c)n? +bex 


— ax* +(ab+ac)x— abc 
— aa +a(b-+o)e— abc. 


Ex. 2. Divide without removing the brackets :— 
(a? +1)a* + av? (a — 1)+aae(a+3)+(a+1) by a(a+1)+1. 


(a? +1)x* +x? (2a - 1) +ax(a+3) +(a+1) x(a 
(49+ 1)a? +4°(a? — a+!) 


a(a+1)+1, 
w?(a? -a+1) 
+(a-1)+(a+1) 
“?(a? — = 1) +aa(a + 3) +(a+1) 
w? (a? — 1)+aa—1) 
a(a+1)?+(a+1) 
tt ad Al A 


12 
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EXERCISE 58. 


: Divide without removing the brackets :— 


oe we 


15. 


Ex. 


(w®+y% a> +a? y(v— 2) +2ay—1 by (w+ y)a-1. 
(m* —1)x8 — (mm? +2m+3)a* — (m+3)a—-2 by (m-1)a—- 2. 
(a+1)'+2(a+1)*- —2(a+1)?+2(a+1)-8 by (a+1)? +1. 
(+98 - 34+ 994")? +2G+1)® by (6+9)4+2G +71). 
13(m? - 1)- a eal +1)+1.m? +3m +4 2) -—3(m- 1) 
by J(m+1)-(m-1), © 
a®(v?4+5v+6)+a?(4a47)+ 4a(e+1)+(v+1)? 
by a(v+2)+(4+1). 
m3(a’ —1)—m?*(a8 +a? —2)4+m(4a? +3a4+2) — 3(a+1) 
by m(a*+a+1)-(a+1) 
(a? —a— 20)? — 29 7a+1) - (a? +a—6)y9* by (a—-5)w—- (a+3)y. 
(p? +3pq + 2q* )m? + (5g? — 2p? m+ (p? — 3pq+2q*) 
by (p+9)m+2q - p. 
(a - b)' —(a—b)® —7(a— b) —3 by (a—b)*?+(a—b) +3. 
(w— 1a + (v3 + 2v— 2)a® + (84? —a8)a— wt by a’x+2a—w?, 
(a? — y3)a? — (v3 —w? +9? - y9)a® — (da? + Buy +2y*)a 
—3 (w+ y) by (v— y)(a? - a)- 3. 
B(c — b)a® — (c? — b*)a +c? (c — 3b) +b (38c —b) 
by 3a? —(b+c)a+(b-¢)?*. 
wh(a — 1)? — vty? (a? + y* = 1)+ y*(y ~ 1)? 
by #?(v-1)+ay@+y9-1)+9*Q- 0D, 
b? —c?)a4+2c(b — a)v?+(c —a)(C+a—2b)x? + 2a(c — b)x 
+a*—b?* by (b-cja?4+(c-a)x+a-b. 
Divide :— 


os Read + gu +r(a? +(pta)a 


a? — ax? _ +94+4(p+4) 


(p+a)a* +qx 

___ bt+aa? + —-a(ptaya 
w\q+a(pta){+r 
«\qta(pta){ —a\qta(pta)} 


a\qt+a(p+a){+r 


The co-efficie nts of the various powers of win the quotient are 1, 
p+a,qt+a(p+a). These may be got without actual division by the 
following arrangement :;— 

Write down the co-efficients in the dividend thus :— 


1+p +9 +o 


+a 


+a(pta) + @ fa(p+a)+q} 


1+(p+a)+ja(pta)+ai+[r Sad i eek | 


- 
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The first term in the second line is got by multiplying 1 by o@ 
The product a is placed below and then added to it so as to give the 
term +4 in the third line. This term (p+a) is maultiplicd by a and 
written below q, and added to it so as to give the third term in the 
third line. Similarly a ja(p+a)+q} added to r gives the remainder. 

The first three terms in the third line give the quotient #4 +4(p+.4) 
+9+4(p/+a), and the last term the remainder a*+pa*+qa+r. 

This method is called synthetic division, and, when used with 
aumerical co-efficients, this process looks very short. 

Ex. 1. Divide = 

#*—S8x?+9"-6 by #-2, 
Detach the co-efficients thus :— 
a 
+2-12~— 6} 2 is the operator. 
1-6- 3-12) 


1 --8 +9 -6 
412 or 2 6% Zor 12 3x9—6 
l ae ee es 


wv? —6v—3 is the quotient and —12 is the remainder, 
This may be verified by actual division. 
Ex. 2. v4— 69480? +0041 by w+3. 
L-6+ 8+ Y¥+ 1 ae 
~ 3427 — 105+ 288 Here— 3 is the operator. 
>, fas #+3=%—-(-3) 
L-9+4+35- 96+4238y) 
~. v3 —9xv? +350 - 96 is the quotient ;+289 is the remainder, 
Ex. 3. Divide 
64? ++84-9 by 2 a—1. 
By actual division. 
yy} \O¥7+8x—9/ F444 
2a | eye = 34 ( 
llw-9 


« 38+4} is the quotient and—Z is the remainder. 
Q is the quotient and R the remainder. 

& 64° +8e%-9=O(2e-1)+R. 
Divide throughout by 2 


2 3x? 49-259 (x - D+. 
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_ Hence divide 3x? +4¥—- 3 by 
x—4 the quotient will be Q 


but the remainder will be only’. 


3+4- operator }. 


- 3+ 47 is the quotient. 
-‘is R.R= -gor thus; 
6a? +8x4-9=0 (2a-1)4+R. 
=20 w-3)+R. 
i.e. If we divide 6a? +8w-9 by w—4 
the quotient will be 2 Q and the remainder R. 
648-9 
ll 

04+3+ = Operator 3. 

6411-7; 
: 6x+llis2Q0 «LQ0=38a+ 4, and R= - §= —-3}. 
Thus when an expression in « is divided by aw+b, the remainder 


is the same as when it is divided by # +2but the quotient is - of the 


quotient got by dividing it by a+ °, or every term in the expression 


E aaa fF 

may be divided by a and the resulting expression divided by #+— 3 
a 

the quotient is the same as when the original expression is divided by 

ax+b but the remainder will have to be multiplied by a, to get the 


same remainder as when the original expression is divided by aa+ b. 


EXERCISE 59. 
Divide without actual division and find the quofient and the 
remainder :— 
(1) 85 +307 — 6443 by v+1la—1 
N+20-2, by #4+3, #-3 

(2) Tat - 64° 4+8a+4+3 by w-—2, #48, #-7, 
(3) 6a° —84?4+3a-1 by 3x42 

3a —2, 24438, 2w- 3, 2x41 

22-1, 37-1, 37+1 (Retain the dividend as it is). 
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(4) Work out all ithe questions in 3 by modifying the dividend 
suitably. 


Functional Notation. 


In the expression aw* +bw* +cv+d,4e is said to bea variable be- 
cause y may take any] value; whereas a, b,c and djare said te be 
constants because a, bac, and!d take only a particular set of values, 
¢.g., the value of 6#* — 8%? +9 -3 depends on the value we assign to x 
and not on the co-efficients of the several powers of x which retain a 
fixed value. The expression which contains the variable win its 
several powers with constant co-efficients is said to be a function of] 
usually represented by the symbol f (x), (Art. 85.) 

f (e)S6u* — 847 +94 - 3, 

when a=1, 64° ~ 84? +94 -3=6 -8+9 -3=4, 
v=2, the expression =6'8 — 8:-4+9-2-3=31, 
¥=3, the expression =6:27 -8:9+9'3-3=114. 

The value of the expression in wor the function of + when the 
variable » is given the value 1 is denoted for the sake of brevity f (1) ; 
similarly f (2) means the value of the expressioa or the function when 
the variable w is given the value 2 and sojon. Thus; 8 | 

f (%) = 645 — 84? + 94 - 3. 

f)=6'19-8:1* +91 -3=4. 

f (2) =6°29 = 8°27 49-2~3=81. 

f (3) =6:3° — 8°37 +9°3 -3=114, 
Similarly 

f (a)=6a ~ 8a* +9a -3. 

FT (y)=6y* — 8y2 +9y— 3. 

If there is another expression, viz., 7#?+9¥+1, or function of # 
and beth have to be represented in tne runctivnal notation, we use 

F(x) for one and (a) for the other. 

F(x) =6n* — 84? +94—-3 

O(a) =7x* + 9e+1. 

Examples. 

(1) If F(@#)=6a9+7%-1, 

find F(#+1)— F(#-1) 

Fiv + 1)=6(e4+1)?+7(241)-1 
P(x — 1)=6(#—1)?+7(n-1)-1 
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2 F(#4+1)—F(x-—1)=6 § (+1)? -(w—1)*} 
+7\(e+1)-(x-1){-141 
=6° 44472 
= 24414. 
(2) If P(x)=10e? + 11449, 
find ¢(2)+( — 2) 
$ (2)= 104411249 
o( —2)=104-11:249 
< B(2)4+G( —2)=2'104429=98 
(83) F(r)=6"? +5243 
f(*)=6x" — 6#+1 
Find F(«+2)— (x - 2) 
F (#4 2)=6( 442)? + 5(#42)438 
b(#— 2)=6(# ~2)* ~ 5(w— 2) +1 
2 F(#4+2) -—G(*- 2) 
=6$ (#42)? —(#— 2)?} 45) (w42)4(a—2)} 43-1 
= 6°8a+6-24+42 
= 58a4+2. 
(4) If F(a, yy=1l+e+y4ey, 
find F(1,2), F(1,0) 
F(1,2)=1414+2412=6 
F(1,0)=14+14+0410=2 
(5) If F(x, y, 2\=a?+9*%+25 — Baye, find F(1, 2, 3) 
F(1, 2, 3)=18+425 485 -3'1,2 3=36-18=18 
127. Remainder Theorem. Whem an algebraical expression in # 
#s divided by x—a, the remainder is obtained by substituting a for w« in 
the expression. 
Dividing pa? +qa+r;byla -a,"we have 
a —a)px? +qx4r(pa+ap+q 
pa® —apx 
— wap+g)+r 
#(ap+q)— a(ap+q) 
pa’+qa+r 
The remainder is'the same as the given expression with a written 
instead of x. 


If we divide a4+pa°+9a* 49445 by a—a, the remainder will be 
, itha*+qa*+rats. 
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Since 1+a=4#-(-a), 

when an expression in « is divided by *+a, the remainder is ob- 
tained by substituting — a for w in the expression, 

If f(x) is divided by w—- a, let Q be the quotient, and R the remain- 
der ; the degree of O 1s less than that of f(*) and R should be free 
from « (because the degree of remainder is always less than that of the 
divisor which is of the first degree.) 

Then f (4)=O (w-a)+R. 

This is true for all values of # and hence true when #= +a, 

-f (a)=Q(a-—a)+R(R is free from x) 
«f (a)=0+R=R, 
which proves the theorem. 

» if pw? +qu+r be divided by #+a, the remainder will be pa* 
—qat+r. 

If we divide pa5+qa4+rx3+sx2+te+u by x+a, the remainder 
will be-fa*+qa*-ra*+sa?—ta+u. 

If f (x) 1s divided by +-a the remalnder is f (a). 

The condition that f (x) 

is divisible by #—a is that f (a)=0 

128. In order that one expression may be exactly divisible by 
another, the remainder arising from the division must be equal to 
zero. 

Hence, the rule for finding the condition of perfect divisibility is 
“ divide as far as possible in the ordinary way, and then put the re- 
mainder =0, and deduce the necessary condition from this.” 

Ex. What value of « will make «3 -— 54? 444-16 exactly divisible 
by #?-3x-7? 

Dividing in the usual way we get for the quotient #-2 and for 
the remainder 5x — 30. 

For perfect divisibility, this remainder 5-30 must be equal to 0 
2 5a=30, or a=6. 

129. Find the condition when #*+ax?+bx+c is divisible by ** 
+px+q. Divide the first by the second in the usual way. 

3 , 
x? +pa+q a, " 
a? (a-p)(+a\(b—q)+e 
___—#*(a— §) + pala—- p\+q(a—$) 


~ #\(b=q)-pla- pl +c-qla—p) 
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Now this remainder should be equal to zero if #?+fa+q isa fac- 
tor of the other expression. 
2#{(b-9q)-p(a-p)=qla-p)-¢ 


Hence when w# has this value, the first expression is divisible by 
the second. 
But if b—-q—-p (a—$)=0, and also c—q (a—f)=0, the remainder is 
equal to zero irrespective of the value of a. 
So, for all values of a, «*+fa+q isa factor of #§+awa*+bxe+e, 
provided that b-q-f (a-—p)=0 and c—g (a—f)=0. 
180. An expression such as fa'+qu*+rn?+sa+t will be exactly 
divisible by x—aif the remainder arising from the division, viz., 
FS (a) or pat4+qa*+ra?+sa+t=0; and by #+a ifthe remainder, viz. 
f (-a) or pa’ — qa*+ra? -—sa4+f=0. 
In other words, an expression in a is exactly divisible by «—-a, if 
it vanishes when a is substituted for *«;and by «+a if it vanishes 
when — a is substituted for w. 
Ex. 1. «?-—a? vanishes when a is put for « and also when (-a) 
is put for w, 
Therefore #? — a? is divisible by «—a and w+a. 
Ex. 2. #*-a* vanishes when a is put for w. 
Therefore it is divisible by a—- a. 
When (-— a) is put for #, it docs not vanish. 
Therefore it is of divisible by «+a. 

Ex. 3. To prove that a — a” is divisible by a—a. 
Since a”— a” vanishes when a is put for w. 
am — a” is divisible by #—a., 

Ex. 4. To prove that #”4a” is divisible by v+a when » is an 
odd integer. 

an + an=(—a)™+a"=—ar+an=0. 
For (—a)"=—a” as is odd. 
Hence a”+4 a” vanishes when we write (—a) for a, 
“ it istdivisible by #+ a. 

Ex. 5. To prove thata”-—a”is divisible by *+a when» is an 

over integer. 
4am — an=(—a)/"—an=an—an=0,. 
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For (- a)#= +a” when un is even, 
Hence «”%—a* vanishes when we write (- a) for x. 
» it 1s divisible by #+a, 
Ex. 6. To prove that 4% — am ie not divisible by +a when n is 
edd. 


An — qgn=— qn -qr= —2ar, 


Hence the expression 4~-—a” does not vanish when we write 
(-— a) for x. 

~ it is not divisible by #+<a. 

In the same way it can be shown that #7 +.” is not divisible by 
4#+a or by #-a, when un is even, 


The results arrived at in Examples 3, 4,5 and 6 may be stated 
thus :— 
x”—a” is divisible by x—a, when n is odd or even. 
x*-—a*is divisible by x+a, when n is even. 
x%—a” is not divisible by x+a, whon n is odd. 
x%+a” is divisible by x+a, when n is odd. 
x” +a” is not divisible br x+a, or x-—a, when n ig even. 


134. I. By actual division, *- we x =#+a; 


n- 


Ss. at 
ae—a 
=a*+4a+a? ; 
u-@ 
at— aA 3 2 3 
=#5+wn2a+wna?+a5 3; &e, 
v-a 


We observe that the number of terms in the quotient is the same 
as the index of the power of wor ainthe dividend ; that the terms 
are all positive; and that while the indices of the powers of # decrease 
by unity, those of the powers of a increase by unity in each succeed- 
dng term. 


*. xn OB" <yn—t 4 rtp nat +...txtar—3 +xan—* +a, 
x-a 
Il. By actual division, 
.3 
¥ a* 48 ga+a' : 
u+a 
a> +as 


=—at a8a+n7a? _— va +a* > oc 
X+a 
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We observe that the terms in the quotient are alternately post- 


tive and negative; and that in other respects they ‘obey the 
same laws as those of I. 
2 ae = xn—1 — xn—*a,+ xn—Sa? +... +x%an—? — xan—? +an—). 

x+a 


III. By actual division, 


wt? —q? 
x+a : 
at—at 
=a*-a?at+na®—a®; 
a+a 
ge —qQé 
a = — wha+a3a? — y3q3 — g2a%44a4—a*: &e. 
a+a 
Here also we observe the same laws as in II, 
cee ne 


=x"—1 — x#—'a 4 xn—5q? — .,,—x’an—84 yan—? —gn—1_ 
x+a 

Ex. 1. If a*741+b?n+1 be divieible by a® +3, 

shew that m—1 is a multiple of 3. 


274-1 204-1 


atn+i+benyto(at) Bo +(b°) 3 
Since this is divisible by avebe, Bt! is an odd number. 


al ee =2+1 (general form of an odd number) where 


f has values, 0, 1, 2, 3, &c. 
“ 2n+1=6f4+3. 
& 2n-2=6f, 
*® n—-1=3p., 
Ex. 2. 67-47-18 divisible by 4® or 16, 
50—49-1 
= (5%—1) — 491=(5 — 1)(6n—1 4 §n—2 +...+5-1)-—47 
= 4(5n—1 4 §n—2 + 50-8 +... 4541-41) 
=4)(67—* ~ 1) + (502 — 1) 4 (67—9 — 1) 46-1) 4(1-1)}. 
[Splitting n into ones }. 
=4(5—1)}(57—* +... +1) 4+-(67—* +...41) 4 &o.... #11. 
=4* or 16}(67—? +. +1) + (52-9 4... 41) +h... 41, 


Since 4* or 16 is a factor of the given expression, it is divisible 
by 4* or 16. 
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Ex. 132, If two algebraical expressions are identically equal for 
all values of the letters +, y, etc., involved in them, the coefficients of 
the like powers of # and y, etc., in each expression are equal, 

If pa+py=ax-+ by (i,e., true for all value of w and y) 

then p=a and q=b. 

Since pa+qySax+ by it must be true when a=o. 

qy=by «q=band «p=a 

If A+ Ba+Cr? + De3 + etc.Ha+ba+cx?+de*+etc,, then Az=a, 
B=b. C=c, D=d, ete. 

vince it is true for all values of #, it must be true when #=0, 

»2A=a 

» Bu+Cx? +Da* +etc.=ba+cx? +dx5+etc. 

Dividing beth sides by 4, we get 

B+Ca+ Dax? +etc.2b+ca+dx? +etc. Again by putting +=o,it may 
be shown that B=); similarly C=c, and so on. 

This is known as the Principle of Indeterminate Co-efficients. 


Applications. 


Ex. 1. If 4 (a? —2a)=A(x?+1)+ Bx (x -1)4C, find A, B, and C. 

The right-hand expression, when arranged in descending powers . 
of w="*(4+B)- Bx+A+C. 

24x? —8a=47(4+B)- Bx+A+c, 

This being an identity, equating the co-efficients of like powers. 
of « on both sides, we get 


Zite 3 Ww) 
-B=-8 (ii) 
A+C= 0 (ili) 


From (ii) B=8, Substituting the value of Bin (1) we get A= - 4 

Putting A= -4 in (iii) we get C=4. 

A= -4, B=8, and C=4. 

Ex. 2. Express 84° +6? —-3#+1 as a function of *+1. 

i.e, A+B(e+1)+C(x+1)?+D(v+1)%. It is evident that (#+1)* and- 
higher powers cannot occur because the given expression is of the- 
third degree. ‘ 

a 8a? +62? — 844+ 1=A+ Bie +1)+Cix+1)?+D(e+)* when A, B,C, 
D are to be determined. Divide beth sides by ++1. 
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88% +69? -884+1_ A Ba cin 41)4Di941)?. 
#+1 v+1 
Pores 3+1 7 
—8+2+41/-1 operator 
lassie 1+2 


84? -2e-1 + = A+B +O +1) 4+4D(a41)2. 
The integral expressions must be equal to one another and tho 
fractions must be equal on both sides. 

oo ae dl 
“wtl x+1 
«84? — 24-1=B+C(«+1)+D(#+1)? 
Again divide both sides by #+1. 
_8a?-2v-1_ B 
a.) oes | 


8-2-1 
[2 -8+ 0 | —1 is the operator. 
8-1049 


«A=2, i.e., the first remainder. 


+C+D(a+1). 


B 
bop ote gr 8 2 iB 
‘ 0+ = Pre | 


“fractions, and integers on both sidés must be equal 

i ee 
4#+1, a+1 

*. 8¥+10=C+D\{4+1) 

Again divide both sides by #+1 

.8*-10_ C 


=. +9 
v+1 ati 


8-10 
[e- 8 a: 1 is the operator 
-18 


+¢+D(«+1) 


“«.B=9 the remainder in the 2nd division, 


need dss 
#+1~ «+1, 
“C= -18 (the remainder in the 3rd divisten) and D=8, 
athe given expression 
=24+9(" +1) — 18(4+4+1)* +8(4 4113 
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Thus A, B, C, D, etc., are the successive remainders got by divid-- 
ing the given expression by ++1 and the successive quotients by #+1. 
Or shortly thus :-— 
8+6-3+1 
-8+2+1 
a+li-o- 1+ | 2 units 
-8+10 
vo | +9(#+1) 


“+1 


"ey - 18 w+) 
89 + 6a? — Bu 4+1S8(74+1) 2 — 18(a +1)? +94 +1) +2. 
Ex 3. Express 2~°+3*? -w+4 as a function of «- 1. 
The following method also may be adopted :— 
Let 2u9+ 5a? -—#+4=f (x) 

and let 1-l=y 

Then *+=y+1 
& CAN +N) =2Ay +1) +387 +1)? -(9 +1) +4 

=2y? +9y? +1ly +8 

fx) Qe -— 1) 9 +5 (w— 1)? +11(a—-1)4+8 


EXERCISE 60. 


(Lt) If f(n) =n? +8n-3 

find f (1), f (2), £(3), f (-1), f (-2) 

f (-3),+(- 4) f(B) F (9), fF (- 7) 
(2) Jif iy)=y’? -3y9+2 

find f (1), f(0), (y+), f(x - 1), 

Fixt+h), f(y - Bs fF (9+2)+f(9 - 2). 
(3) If f (n)a=n8-+3n? +3n+1 

db (n)=n? — 38n? +3n-1 

find f (1)-+@(- 1), f (2) - p - 2) 

f(3)-G(h), f+ O(- 9), 

f (n+h)+hin—h), f (# =) - A(n+ha 
(4) If f (92) =(12 + 1) (0+ 2)(8 +3) (2 + 4) 

find f (5), f(-1), f(- 4) F (2) 

f (0) ; show that f (#)- f (- 7) 

= 20n* +64 
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5) yaf (n)=n?+3n-5 
find f(y) in terms of n 
fiat) “ 
fy-1? a» 
(6) f (m)=(m+1)m(m - 1) 
find f (m+1), f (m1), f (m+2) and 
f (m — 2) 
(7) fn) = Me +N2n+1) 
6 


find f(10), £(6), f(2n), f(2+1), 
f(2n -1). 
(8) f(n)=n2+3n, O(n)=3n? +1 
show that }f()+(n){ { f (n) —D(n)?. 
=(n? — 1)8 N 


(9) In the above question find 


L/G)* 0(3)} {1G)- 0G) 
(10) If z=f(9¥)=(y+1)(y+2) find f (2) in term of y. 


(11) If y=fiw)a rd show that f (y)=x. 


EXERCISE 61. 


Find the remainder in each of the following without actual 
‘division ;— 
1. ax* +x? +cw when divided by w -1, 
ax*+bx? + ca4+d by x+4. 
px> +qn'+ra+4 by «+a and by a—a, 
ant +bu3+cx? +du+e by a—2 and by #42, 
ma° +na*+pa*+qa?+ra+s by a=band by a+, 
. By —2y'+3y3+44y2 —6y+43 by ¥+1 and y-1, 
What value of # will tiake each of the following expressions 
divisible by the divisor opposite to 1t »— 
7, e&§ ~Iv8 +H =-3 by #2 - 2441, 
8. a8 -54° 444434 by #* — 34 <7, 
9, #8 - 245 — 5 — 2048 ~ 3342 + 207415 by v?- 2a+3, 
10. #°-3%%a+ 5wa? —9a* by w= 4a and by #—2a 
li. Find c so that #? +7~+c may be divisible by a+4, 


Se OU me w be 
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Shew that each of the following Is divisible by the diviser oppo- 


site to it without remainder :— 


12, a?(b—c)+6?(c-—a)+c?(a—b) by a—b, b-c and ca. 

13. a7(b+c)+b?(c+a)+c?(a+b)+2abc by a+), b+c and c+a. 
14. a(b? —c*)b)4+b(c? — a2)+c(a? ~ b?) by a—b. 

16. (a+)+c)?—a*-—b%—-c* by a+b, b4+c andc+a, 

16. #3 -34+2 by 4-1 17. #3 4+34+4+4 by ++1. 
18. #°#-y?" by x+y and a-y. 

19. an(b—c)+ba(c- a)+cn(a—b) by a-b, b-—c and ca, 

20. (w+y+2)°—-w8 -y5-—2° byat+y, y+2 and 2+. 


Write down the quotients of :— 


21. «#°—y? by “amy, 22. wid +yt® by wry? 
23. witty ttbyv? +y?. 24, 42° = y2 bye? +y?. 
25. Shew that (w*+y°)%+ \3a9(%+y)(” is divisible 
by (+y)? if be an odd integer. 
26. Shew that (w+4)9” —(7++22)” is divisible 
by (#+2) (¥+3) (¥+7). 
27. (a? +ab+b2)%+(a?—ab+b?\ by 2(a?+b*) if m is odd. 
28. a?n+1+b?n+" be exactly divisible by a74+45?}, 
shew that #-10 is a multiple of 21 


When # is any positive integer :-— 


29. Prove that 4%-3n—-1 is divisible by 9. 
30. Shew that 5(5#-1)-—4n is divisible by 16. 
31, Shew that 117-10” -—1 ends in two cyphers, 


When » is an even integer, shew that— 


32. 4%+465n—-1 is divisible by 25. 
33. 7#+8n -1 is divisible by 64, 
34, 9%+10#-—1 ends in two cyphers, 
35. Find a and b in order that #* -av?+b%—6 may be divisible 
by #7 +2#+3, 
36. lf x? -8#+3 is a factor.of +'+ax? +ba-—9, find a and J, 
37. Find pand q in order that «+1 may be divisible 
by 4° +p*-+q. 
38. Find what numerical osineh must be given to @ and 5b so that 


the expression #! +24°+av? -—bx#+8 may be divisible by #7+3*—-4, 


39. If A (w+1)?+B(~—1)\(v+1)+C(a— 1)*=54? [find A, Band C. 
40. Lf 4a? +6e+5=e (w+1)(~+2)+0(~+1)+¢, find a, b and c¢, 
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41. Express 84*+9a?-34a+4 as afunction of #—1 and also asa 
function of 2a—1, 


42. Express #* in the form A (#-1)8+B(#—1)*+C(#-1)+D. 

43. Express 2¥°+3a?+5a-6 in the form A+A,(#+1)+ 
A,(#+1) (¥#+32)+Ag (x+1) (#+2) (+3), 

44. Express (v*°+3«+4)* as a function of 2 if z=*#+2. 


133. Homogeneity and Symmetry. 
Definition: An expression is said to be homogeneous when the degree 
of every term in it is the same, 


Ax+By is the form of a homogeneous expression of the 
first degree in # and y; 


Ax? +Buxy+Cy?*, of the second degree in # and y ; 

and Aw’+Bxr?y+Cwy? +Dy§, of the third degree in # and y. 

For three quantities a, y, z, the corresponding expressions are : 

Ax+By+Cz. 

Ax? +By?+Cz?+Dyz+Eaz+Fay ; 

and Aa*+By%+Cz*+may? +m, #°y9+ny2? +n, 9°2+ pen? +p, 2244 

rayz. 

Law of Homogeneity. The product of two homogeneous eupriltiens, 
of the mth and nth degrees respectively, ts a homogeneous expression of 
the (m+n)th degree. 

Corollary. The facters of a homogeneous expressions are also 
homogeneous, 

Thus (~+9+2)(a? + y? +422 -—ay— ye= 2a) =a? + 98 425 — Byyz. 

(a+b+c)(a+b—-¢) =a’+b? —c?+2ab, 

a’b+b?a+b2c4+bce? 4+c?a+ca® + 2abc=(a+b)(b+c)(c+a). 

This law is of great use in testing the accuracy of algebraical 
werk in Multiplication, Division and Facterization, 

Definition : As expression is said to be symmetrical with respect to 
certain letters when the interchange of any two of these letters through- 
out the expressions would have the value of the expression unaltered, 

Symmetrical expressions involving two quantities # and y of the 
1st, 2nd, and 3rd degrees are :— 

An+Ay ; Ax? +Buy+ Ay? ; Ax®+Bay?+Ba?y+Ay®, 

The corresponding expressions involving a, 7, 2 are :—~ 

Ax+Ay+Az; 

Ax? +Bry+Ay?+Baz+A2?+Byz ; 

Ax* + Ay? 4Az*+Biry? +479 + 92° +y%e +20? +2° x) 4+Crye 
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Note.—The terms that have the same co-efficient are those that 
are derivable from each other by interchanges of the letters. 

Rule of Symmetry. —The algebraical sum, product or quotient of 
two symmetrical expressions is a symmetrical expression. 

134. To resolve a homogeneous expression of the second degree. 

Ex. 1. 15p?+14pq - 89? 414qr+4rp-3r2, 

First Method.— 
Put the letters involved in the expression SuccesSively equal to 0, 
and combine the factors of the resulting expressions. 
i. Suppose g=0; 
then the expression = 15)? +4 py -- 3r?= (36 —1)(5p+3r), 
ji. Suppose *=0; 
then the expression = 156? + l4pg — 8q° =(36+44q) (5— 2g). 
Examining these two results, we find 
that-+4q and-+ go with+3/ while+3y and-— 29 go with+5p. 
Hence the expression =(3f+447- r)+(5p — 2q+3r). 
Second Method.— 

Atrange the expression as a quadratic in any one letter and re- 
solve it into factors. : 

The expression, 

= 15p? + p(l4q + 41) - (8g? = 14qr4+3r?) 

= 15p*? +p (l4q+4r)-(4q-r) (2q- 37). 

= Lop’ + 5p (4q- 1) — 3p(2q - 3r) - (4-1) (2q- 37) 
= 5P(3p+ 49 - 1) — (2q — 3r)(3f + 4q - 1) 

= (3p + 4q - 1r)(5p — 2q +37) 

The method of verification used in Multiplication and Division 
may also be advantageously used to test the correctness of the pro- 
cess of Factorization. : 

Verification : 

16+14-8+144+4-3=(3+4-1) (5-2+3) 

36= 6x6 


Ex. 2. 7a? -ab-—5ac —6b? ~8bc— 2¢?, 
First Method. — 
i. Suppose a=0: 
then the expression= — 6b? — 8hc- 2c? =2(3b+c¢)(b+c). 
di. Suppose b=0: | 
then the expression = 7a? — 5ac—2c* = ~ (7a+2c)(a—c). 


13 
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Making the twe results uniform we have 
(i) (6b+42c) (-—b—c), 
(ii) (7a+2c)\(a —Cc). 
Examining these two we find 
that+ 7a, and+6b go with+2c while-% and+a go with-c. 
Hence the expression =(7a+6b+2c)(a—b—c), 
Second Method,— 

The expression 

= Ta? — a(b+ 5c) — (6b? + 8hc + 2c?) i 

=Ta? —a(b + 5c) — 2(3b+c)(b+c) 

=Ta? = 7a(b+c)+2a(3b +c) —2(3b+c)(b+c) 

=Ta(a— b —c)+2(8b+c)(a-—b—c) 

=(a— b —c)(7a+6b+42c). 

Verification : 

7-1-6 8-82 9=(7467-2(1=7T oD 
-15= 15x -1 

Note.—If the expression involves four letters, suppose two of then 
at a time to be zero ; if it involves five letters, suppose three of them af 
a time to be zero ; and 80 on. 

185. To resolve anexpression of the type av?+fay+by?+ga+ 
fyt+e. 

Ex. 20?-.«y -y?+40+5y-6. 

If the factors are of the form (aa+by+c) (a'a+b1y+4c1), then the 
terms of the second degree will be obtained from the first twe terms 
of each factor. They must therefore be so chosen that their product 
will give the terms of the second degree. 

2a? — ay = y?=S(v— y)(20+ 9) 
2 2n? = xy — 9% 440459 — 6=(a4—y+h)(2a4 41). 
By applying the Principle of Indeterminate co-efficients, we have 
142k=4 (i) 
k—1=5 (ti) 
ki= — 6{iii) 
By adding |i) and (ii) we get 3k=9 
Ak=3 
Putting k=3 in (ii) we get 7= -2 These values satisfy the third 
equation ki= — 6 
. The factors are (#— y+ 3)(20+4 y— 2). 


— 
‘ie 


> 
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The factors can be got by the following msthod also :-— 
24? —wy—y*+4u+5y—-6 

= 2? +4(4— y) -(y? - 5y +6) 

= 2a? + x(t — y) - (y— 3)(y —2) 

= 2x? + ¥}(y ~ 2) — 2(y - 3)! — (y— 3)(y—- 2.) 

= 20? + u(y — 2) — 2a(y — 3) — (y — 3)(y — 2) 

= (2u+ y — 2) — (y — 3)(2v + y - 2) 

= (¥- y¥+3)(20+ ¥ — 2) 


EXERCISE 62. 


Resolve into factors :— 
L. 6x? +Qlvy+18y? + 2822 +4524 2602/7 
2. 6a?+13ab —5ac— 5b? + 13bc- 6c?. 
3. 2x? + Tuy + 7vz+6y? + Ll yz+32?. 
4. 10a? —8ab—- llac—24b2 — 53bc - 35c¢2. 
6. a? -—2b?+4+¢24ab+4+2ac+be. 
6. a?+b? +c? +2ab+42ac+ 2be. 
7. Qu? +2y? — 224 bay + x2 yz, 
8. 2a?4+2b2+c?+5ab+ 3ae+3kc. 
9. 2a?-—b?+2c%+ah+5ac-— be. 
10. i + 42? — Guy — 8xz+8)2+43y?, 
ll. 2a?-94a4+10*#- 18a? + 45a — 28, 
12. pet ob 4u+4y? —-7y—15. 
13. 6a?+1lab- 13a—1067+34b- 28, 
14. 3a? —3vy+250-6y? +40y— 50. 
15. 24?+4+2b?-9+5ab-3a+3b, 
16. 14x? +334y+ 460+ 18y? + 42y +412, 
17. 34? — 29? - 629 — Bay — 342-8 yz. 
18, #y+2x?-3y?+4yz+a2-2?, 
19. 2x? — 9vz— Sey + 42? — 8yz2—12y2, 
- 20. a* +52 +c? +d? + 2ab+ 2ac— 2ad + 2bc — 2bd- Acd. 
136. Toresolyean expression into factors by means of the 
Remainder Theorem. 
It has already been deduced from the Remainder Theorem that 
an expression in w# is exactly divisible by *- a, if 1t vanishes when+a 
- jg substituted for w ; and by a+, if it vatishes when — a is substituted 


_fer #. 
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Hence w+a will be a factor of an expression in w according as it 
vanishes when+<a is substituted for a. 

Take w-1 as a trial factor of the expression 

put+que+ra?+sa+t, 
Then «- 1 will be oue of its factors 
if substituting 1 for #, p+q+r+s+t=0......(L) 
Similarly «+1 will be a factor of pxt+qa*%+ra?* +sa+t 
if substituting -1 for «, p-q+r—s+t=0 
i.e., if p+r+t=q+s..(2) 

Examining these two results we have the following rule :— 

Rule—i. ‘‘Jf the algebraic sum of the co-efficients ofan expression 
in x be equal to 0, then it has a factor x-—-1.” 

ii ‘‘ Jf the sum of the co-efficients of all theodd terms of an 
expression in x=the snm of the co-efficients of all the even terms, it has a 
factor x+1.”’ 

Ex. 1. 40°43? -7. 
Here the sum of the co-cincients=44+3-7=0 ; 
therefore it will have w - | as a factor, 
Now 4934+ 84? —7=44° —443a? -3 

=4(a —1)43(a2 - 1) 

=("—1) }4(a? +44 1)4+3(a41){. 
Ex. 2, 34°+560?+60+4. 
Here 3+6 which 1s the sum of the odd co-efficients 

=5+4 which is the sum of the even ones ; 
.w+lis a factor of the expression, 
Now 345+ 5a? + 64+ 4==34?(a#-+-1) 4+ 2a(v + 1) + 4("41) 
=(a+1)(Bw? + 244-4). 
Note.—(1) If any powers of # are missing, they must be considered 
as present with zero co-efficiente. 
(2) An expression in # will have #*—1 fora factor, if the 


sum of theedd co-efficients and the sum of the even ones be each equal 
te to 0, 


Similarly factors other than #11 can be found. 
Ex. 3. 64°+11]4?-194+46. 

The trial factors are v+1, #42, #43, 

where 1, 2, 3 are the factors of 6. 


a? 
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Substitute - 3 for w. 
6(—27)+11 .9.-19(-3)+6= -162+4162=0, 
*« %&+3 1s a factor. 
the expression = (wv + 3)(64%2 — 7¥-+ 2) 
=(¥+3) (24 — 1)(34— 2), 
Where an expression involves brackets it can be factorised ina 
simpler manner. 
Ex. 3. (w+1)(w+3)\a+5)(w+7)415. 
Multiply *+1l and «+7 together as well as #+3 and «+5 to- 


gether, so as to get two facters which have as many terms common as 
possible. 


Then the expression 

= (v2 + 8+ 7)(a? + 8e+15)+15., 

=a(a+8)+15 (putting a for #? +8z2+7,) 
=a?+8a+15. 
=(a+3)(a+5) 

= (a? +8v+ 10)(v? + 84412) 

= (wv? + Sw + 10)(w+ 2)(¥+ 6). 


EXERCISE 63. 


Resolve into factors :— 


l. 3a%-2a—-1., 2. 23 -5x2+74 -4, 

3. 2e®* +a? —We=1. 4, 3a* —7H9+94? ~124 +7, 
5B. wv? — 347 +3y- 1. 6, 3a%-5a?+3a-1, 

7. 3xet—2eF+3y2 — 8, 8. 4a%*~—6a?+5a-3., 

9 lLlhat +77? - 5-1, 10. 7¥' +443 — Qu? ~y -—2, 

ll, w= 4? +H=1. 12. aw? + bw? +cw- (a+b+0). 
13. wt—w3+74+4+5, 14, #3 +3? + by 4 3. 
16. w°+1ba?+74v+120. 16. Qe3-+ 7a? +54 — 4, 
17. 6%°-1lw? -4v44, 18. 1804 — 94° — 324%? 4+9n4+14. 


19 6v4+11¥9 -13%? -—1]4#+4+7, 
20. 62! —9xe?-— 12v? +94+6. 
21. 644-7? — 34? — 34+18. 
22 4u4+4n4°9 = 254? — 374-15. 
23. w4+5x°+2v? — 204-24. 
Q4. wt—wv3 — 1542490454. 
25. a(x — 3)(*-1)(¥+2)- 16. 
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26. (w+2)(w+4)(x+8)4+12, 

27. (w—2)(2« —5)(3a — 8)(6% - 19) -3. 

28. (# —4)(a+5)(x — 7)(#+ 2) — 324 

29. (w+2)2(a+1)(~+3) —12. 

Sa means a+b+c if there are three quantities a, b, cand a+b+ 


c+d if there are four quantities a, b,c anda, Similarly 2a" means, 
a 
a?+b?+c® ; Sa*b means a?b+ab?+b°c+be*#+c*a+ca’, 
SYabc abc . 
abcd means abc+bcd+cda+dab. Snotation is used to denote 
abc 


the sum of all terms similar to the one placed after the symbol 3 
similarly wa=abc, if there are three quantities and ra =abcd, if there 
are four ; r (a+b) means (a+b) (b+c) (c+a). 

Symmetrical! Expressions. 

Ex. 1 a(?? —c?)+d(c? —a*)+c(a? — b?), 

Substitute 6 fora, then 

the expression 

= b(b* — c?)+h(c? —b?2)4+c(b? — b?) 

= b(b? —c?) —b(b? —c?) +-c(b? — b2) 

=0. 

«.a—b is a factor of the expression, 

From cyclic symmetry b—c and c—a must also be factors. 

Hence there are inall three algebraical factors and no more, ae 
the expression is of the third degree. 

But there may be some numerical factor. Let it be &, 

Then a(b? —c?)+b(c? —a?)+c(a? — h?)=k(a — b)(b — c)(c - a) 

To find the value of k give any values to a, b and c. 

Let a=1, b= 2, and c=3. 

Then 1 (4-9) +2(9 — 1)4-3(1 - 4) =h( — 1)(-1)(2) 

2=29k. 
SRE 

«the expression =(a — b)(b— c)(c - a). 

The value of k may also be found by comparing the co-efficients 
of similar terms on both sider, 

e.g., in the expression on the one side there is the term—a*h 

and on the other there is the term k(a)(b)(— a) i.¢.,—ka®b 

As these two must be equal , k=1, ~ the 
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Note. The expression can be factorised also by either of the 
following methods :— 
(lt) By arranging it according to powers of some contained letter 
©r quantity. 
Arranging it in descending powers of a, we get. 
> 4(b? —c*?)=a2\c —b) - a(c? — b?) + be(c —b) 
=(¢ — b)}a? —a(c+b)+ bc} 
=(c— 6) (a-—b) (a-c) 
=(a—b) (b-c) (c-a) 
(2) By splitting up one of the terms. 
> 4(b? —c?)=a(b? -c?) +5 - (b? -c?)- (a? - b?)+c(a? —b?) 
= a(b? —c?2)— b(b? —c?) — b(a* —b2) + cla? — 2) 
= (b? —c?)(a — b) — (a? —b2)(b - c) 
=(a—)\(b-c)(b+c-a-b) 
=(a- b)(b — b\(c - a) 
Ex. 2. a(b* -—c?)+b(c3 - a9) +c(a?— 3), 
Substitute c for b, then 
the expression =a(c* —c*)+c(c®- a3)+4c(a? ~¢3)=:0, 
“b—c is a factor. 
Similarly or from symmetry c—aand a—)/ must also be factors, 
Now as the product of these three factors will be only of the 
third degree and as the given expression is of the fourth degree there 
must be one more algebraical factor of the first degree and symmetri- 
cal with respect to a, b and c, 
Let this factor along with the numerica! factor which may in all 
cases be present, be k(a+b+c). 
Then a(b*—c*) +b(c? — a°) +-c(a® — b3)=hk(a— b)\(b-c)(c-a\(atb+c). 
Let a=1, b=2, c=0. 
Then 1°8+2( -—1)+0=k (-—1)(2)( -— 1)'3) 
: 6=6k. 
skal 
er comparing like terms 
— ac* =ka(-c)(c\(c)=kac?, 
shz} 
« the expression = (a—b)(b—c)(c - a)(a+b+0o). 
Ex.3 Resolve :—(a+b+c)?-a?—b3—c’3, 
We find that a+bis a factor of the expression for it is equal to 
( —9+b+c)?+6*-b% —c% i.e, O0if we put-—+ for b, similarly b+c and 
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¢+a are factors because it is symmetrical with respect to a, )andc « 
itcan have no fourth algebraical factor because the expression is of 
the third degree but it may have a numerical factor, let it be k. 


. Then (a+b+c)*-a’—b*-—c®*Sk(a+b)(+c)(c+b). Put a=1, b=1, 
c=] in this identity. 


2 88-19-18-]8=h (2)(2)(2) 
ie.. 24=8k ~k=8. 
Thus (a+b +c)§ — a8 — b§ —c8 =3/a+b)(b+0c)(c+a) 

a formula which you already know 


Ex. 4. Resolve a®°+b%+c%- 8abc. w—h. c. we find by putting -—b 
for a that the expression= —)°+034¢84302c which is not zero. 


We similarly conclude that b+c, c+a are not factors. Similarly 
we know that a-—b, b-c, c-a are also not factors, Therefore it 
must have a trinomial factor of the first degree symmetrical with 
respect to a, bandc, This evidently is a+b+c. Now for a put 
—(b+c), then the resulting expression 

— (b+0)34+b84c8 43 (b+ c)he. 

= —(&+¢) c)*=0. 

Thus by the remainder theorem we see a+b+c is a factor, the 


other factor should be a homogeneous expression of the second de- 
gree, at the same time symmetrical with respect to a,b and c. 


A> +b3 +8 — 3abc=(a+b+c) {k(a? + b2 +¢*)+(ab+ac+be)} 


Where k and / are numerical! quantities to be determined. Give. 
two sets of values to a, b and c, viz., 1, 0, 0, 1, 1, 0, respectively. 

Then 15 +0°+403~3 1.0.0 

=(1+0+0){ (kl? +0? +07) 47(1.041.0 +0)} 

t.e.1=1 hk, 1 ic. 1=k. 

Again 19+1%+0%-~31.1.9 

=(14+1+0) {R(L? +1*+0%)4-1(1,041.041.1)} 

1,€.2=2 (2k+1) 

#,.¢. 1=2k+1 and k has already been found to bet 

+1=2+/ or 1-2=/ or - 1=/] 
Thus a*+b*4+c¢%=8 abc 
=(4+6+0)(a* +b? +0 ~ ab— ac be) 


- 
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EXERCISE 64. 


Resolve in factors :— 


27. 
28. 
29. 
30. 


4° (b-+¢) +b? (c+a)+c*(a+b)+2abc. 
a(b+c)? + b(b+ a)? +c(a+b)? —4abc. 
ab(a— b) + be(b ~ c) +Ca(c— a). 

a(b* ~c?)+b(c? ~a2)4¢(a2 - b?). 
a*(b—c)+b3(c— a) +c%(a~—b), 

a(b* — c4) + b(c4 — a4) 4. c(a4— b4), 

ab(a? — b?) + be(b® — c2) + ca(c? — a2), 

a*(b® — ¢#)4+53(c2 — q2) 4 c#(a? — b2). 
a4(b—c) +b4(c —a) +c*(a—b), 

(@—6)*° +(b—c)5+(c—a)8, 

a?b? (a? — b?) +.b2¢2(b2 — C*)+0?a*(c? ~ a2), 
a(b? — 6°) +.(c* — a4) +-c(a® — 53), 

a2(b4 —c4) +b? (c4 — gt) 4c2(q4— 4), 
(@+6)2(0— a) — (b-+6)?(c— b) +(c-+b)*(q —c). 
b?(1 —b2)+b%c2(b? —¢2) 4.¢2(¢9~ 1). 


aja b A, 2) +i(5- 
3G a) +a; - HG ah 


a°(b—c)+b°(c—a)+c*(a—b). 

a(b —c)® +b(c- a)®4+c(a—b)8, 

a*(b? ~¢%) 4 b4(c2 — a?) -+c#(a? — b2). 

a*(b? +c?) +b4(c? +a?) 4+c4(a? +52) 4 902h2¢2. 
wE(YE 22)? +9? (2? +2)? +22 (4? 42)? — dye y? gs 


@.9 €\fe.c Bb 
=~ —- Pf - +64 -)-1, 
5+: +2)( a*5+5) 


(#54 5) (2+e" +3)- 1, 
e a as 


4c?(a+b—c)+4b2(c+a~ b)+4a?)(b+c¢~a) 
—4(a+b-c)(b4+c- a)(Cc+a—b) 

s*—(s—a)*-(s—b)s~ (s—c)*, if 2=a+b+e, 

a4*+b4+4¢!~ 2a2h2 ~9q2¢2 — 2b2c?, 

(VHIFZ)P + (K+ Y—2)9> + (a pe—y)? 4 (yp 2— x)?, 

> (4+ b)(a*- b»), 

(4@+b+c)5—@5~h5 ~¢5, 
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(bc ~ a)? +(ca— b?)? + (ab —¢2)2 given that there are two 
quadratic factors. 
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CHAPTER XVI. 
“= HIGHEST COMMON FACTOR. 


137. Definitions, A Common Factor of two or more algebraical 
expressions is an expression which will exactly divide each of them. 

Thus p is a common factor of af and bp. 

The Highest Common Factor of two or more, algebraical expres- 
sions is the expression of highest dimensions which will exactly divide 
each of them. 

Thus abc is the higest common factor ot ab?c and abe, 

The abbreviation H. C.F, is often used instead of Highest Com- 
mon Factor. 

It should be noted that the H. C, F, of two algebraical expressions 
is not necessarily the G. C. M. of the values of the expressions. 

Thus, if a=6 and b=4 

a®b=6?, 4=(6°4'2) 3. 
ab? = 6°42 = (6°42) 2. 

The G. C. M of the numerical values of a?) and b? is therefore 
64:2, while the H. C, F. of a2b and ab? is ab or 6°4. 

138. H.C, F. of Monomial Expressions. 

Rule.—'‘Find the H, C, F. of the numerical co-efficients, and prefix 
it as a co-efficient to the algebraical H.C. F which is obtained by 

‘taking each letter which is common to all the expressions to the 
lowest power in which it occurs, 

Ex. Find the H.C. F. of 5x %yz5, 15v%y?z and 20x2y222, 

The H. C. F. of 6, 15 and 20 is 5; 

the letters common to the expressions are a, y and 2; 

the lowest powers in which they occur are #*, y and z; 

therefore the H.C. F. is Ba? yz, 


EXERCISE 65. 
Find the H.C. F. of -— 
1 24?b% and #32, 2. 16a5b and 20¥228, 
3. 9ab?c® and 24a%b4, 4. 186°¢* and 46 p> g3, 
5. 2x8 y?, 3x2y* and daty4z, 
6. 17a°b*c%, Bla‘b%c4 and 68a%b3c, 
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7. 36a’ b3c4~5, 54a5c3x4 and 81 a4b3c5, 
8, ayxh +24 yt +20 and 3547) +49 ya +r. 


9 14a” peta woa™ +1 P+9-1 ong yyyg™t? pr 
10. 30x27 +25+3¢ 3h+d7+r 7,b+2¢+8a y37+2" +P 


andl 21040 + 24 +36 yt FA +4. 

139. H.C. F. of Compound or Multinomial Expressions which 
can be readily resolved into factors. 

Rule.—‘‘ Find the H. C. F. of the numerical factors and annex to it 
all the factors which are common to all the expressions, taking each 
factor to the lowest power in which it occurs in any of the expresstons.’’ 

Ex. 1. Find the H.C. F. of :— 

a? —~b?, a? ~— 2ab+b2 and a?— b3. 

Here a? — b?=(a+b)(a— b). 

a? —2ab+b?=(a -b)(a—b), 

at— hs =(a— b\(2?+ab+b?2). 

We see at once that a—b is the only common factor ; 

“« the H.C. F. is a—b, 

Ex. 2. Find the H C. F. of :— 

#2? +443, x? -2e-3 and #2? +240+4+1, 

Here #? +4%+3=(x+1)(#+3), 

wv? —2y—3=(4+1)(¥—- 3) 

And w? +?#+1=/*#+1)?, 

«the H. C, F, is +1, because it is the only common factor. 

Note —It is enough if one of the given expressions can be readily 


resolved into factors ;for we may factorise the others by taking 
these as trial factors. 


Ex. 3. Find the H.C. F. of :— 

w9+8, 2u9+3x2? +446, and 345 +5x? +4, 

Here «*+ 8=(w-+-2)(#? — 27 +4). 

Now x? -2¥+4 cannot be the H.C. F.asit cannot bea factor 
of 24°+ 3x? +4+46 ; for the last term 6 of the latter expression is not 
divisible by the last term 4 of the former. Hence take «+2 as the i 
trial factor. j 

hus 24° + 34? +4+6=(v+2)(2v? — a+ 3) 

Se B8u5+ 54? +4 =(¥+2)(3a? — +2), 

«the H. C. F. is #+2, because it is the only common factor. 
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EXERCISE 66. 
Find the H. C. F. of :— 
1, a$+b*, a?—ab+b? and a++a*b? +bé4. 
9. a*+1, a?+4a+3 and a°+6a+5. 
3. w2?—1, #2? 438*42 and v°+3a? +3a+1. 
4. w?+74#-18, a8 -8 and a°—4. 
5. a? -—(b+c)a+be, x? -(a+b)x+ab and v?-2ba+b?. 
6. «w?-—Tay+6y? and a%—ay’. 
7. w*+4and «2429742, 
8. w#%—a4, 2v? -—4a42 and #°+4+a4° —2y. 
9. 4¥°+4+12v24+9% and 40° — 2v— 12. 
10. 21w*—264?+4+8w and 61% -—#-2. 
ll. a?+3a-l0and a®-.a?-lia+24, 
12, a®?+ab+ac+be, a?+2ac+c? and a*+c®, 
13, #343425 —B8ay2 and w*? 4+2ay+4+49? -—2°%. 
14. 3v°-—19¥+16 and 3a2°-19%? +16, 
15, x«(6%? —8y?) — y(3w? —4y’) and 2a9(2y—4\)4+4n% —2ys, 
16. 64#3-—7w2+1 and 344-843 —1207+1. 
17. w#°4+3v2-94+5 and «° —-197+4+30, 
18. w®-—6#2?4+12v-8 and 3x3 —3¥? — 114410. 
19, w*—494+-74+5 and a4 - wv? 42442, 
20. 44° — 8aw? —-20a’?a#4+24a3 and 6454+ 24an* +64’ — 3648, 
140. H.C, F. of two Compound Expressions whose factors can- 
not be readily found. 
Rale. —'‘‘(a) Arrange the ewpressions according to descending or 
ascending powers of some common letter, 

(b) Take as divisor that one whose degree in the commos 
letter is not higher than the degree of the other, and 
the remaining one as the dividend. 

(c) Perform the division till you get aremainder of lower 
degree than the divisor. 

(d) Consider thisremainder as a new divisor, and the last 
divisor as a new dividend, 

(e) Then constder the new remainder arising from this 
division as another sew divisor, and the last divisor 
as another new dividend. 

(f) Continue this process till there is no remainder. 

(g) The last divisor is the H.C. F. required.’ 
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141. The truth of the rule depends upon the following princi- 

ples :-— 

(1) If p divides A, then it will divide mA. 

For since p divides A, we may suppose A=wp, 
Then mA=map. 
Thus p divides mA. 

(2) If p divides A and B, then it will divide mA+nB. 
For since # divides A and B, we may suppose 
A=wxp, and B=yp ; 
then mA4+nB=map+nyp=(ma+ny)p 
Thus # divides mA +nB, 


142. Proof of the rule given in Art. 140. 

Let A and B be twoexpressions arranged according to descend- 
ing powers of some common letter, and let the index of the highest 
power of that letter in A be not less than the index of the highest 
power of that letter in B. 


Divide A by B; let pbe the quotient and C B)A(p 

the remainder. $B 
Divide B by C ; let q be the quotient and D C)B(q 

the remainder. qc 
D)Cw 

Divide C by D, and suppose that there is no rD 

remainder and let r denote the quotient. O 


Thus we have the following results :— 
A=fB+C, B=qC+D and C=rD. 
First, we shall sh. w that D is a commen factor of A and B. 
Since C=1rD, D divides C. 


« D divides qC and also qC+D. (Art. 141.) 
That is, D divides B ; for B=4C+D. 
Again, since D divides B and C, it divides 6 B+C, (Art. 141.) 


That is, D divides A ; for A=fB+C. 

Therefore D divides A and B ; that is, D is acommon factor of A 
and B. 
Secondly, we shall show that D is the H. C, F. of A and B. 

For, every expression which divides A and B divides 

A—fB, or C. (Art. 141 
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Thus every expression which is a commen factor of A and Bisa 
commen factor of B and C. 

Again, every expression which divides B and C divides 

B—4aC or D. (Art. 141.) 

Thus every expression which divides B and C divides C and D. 

Therefore every expression which is a common factor of A and B 
is a factor of D. 

But no expression higher than D can divide D exactly. 

Therefore D is the H. C, F. of A and B. 
Note.— Every common factor of A and B is a factor of their H. C. F. 

143, The process of finding the H. ©. F. is often simplified by the 
following artifices :— 

(1) We may remove any factor of either of the expretsicns which 
is not a factor of the other. 

(2) We may multiply ecither of the expressions by any quantity 
which does not introduce a common factor, 

(3) Simple factors of the expressions may be removed; the H.C. 
F, of the expressions is the product of the H. C. F. of these factors and 
the H.C. F. of the quotients. 

(4) We may treat the divisor and the dividend, at any stage of the 
process, in the same way as the original expressions. 

Ex. 1. Find the H. C, F. of :— 

9a1+9a°+9a? —- 27a and 6a5 + 18a4+30a*+4 18a? 

These expressions are equal to 

9a(a*+a’*+a-— 3) and 6a’(a*+3a’ +5a+3) respectively 

By the third rule of this Article, we may remove the factors 9a 
and 6a? whose H. C. F. is 3a ; we must now findthe H.C. F. ef a®+ 
a’? +a—3 and a*+3a’+5a+3, and multiply it by 3a. 
a*+a’+a-—3)a*+3a* +5a43(1 


a*+ a*+ a-38 
2\2a?+4a +6 Divide by 2 which is not 
) ae aoe a factor of the avtiar,) 


a’+2a+3)a*+a* +a-3(a-1 
a® +2a?+8a 
- a*?’-2a-3 
- a*-2a-3 
- a?+2a+3 is the H.C. F. of 
a*+a*+a-—3and a*+3a*+5a+4+3. 
Hence the H. C, F. of the given expressions = 3a(a* + 2a+43). 


_ 
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Ex. 2. Find the H. C. F. of:— 
22 -—15#+14 and a4 lbw? + 284-12. 
To avoid fractions inthe quotient we multiply the latter by 2, 
since 2 is not a factor of the other expression. 
w — 154% + 281-12 
2 
Qu? — 15x + 14)2¥4 — 304? + 56w - 24(x 
2x'— lbw? +142 
- 3) ~ l5a2+42v-24 (Divide by—3 which is nota 
bw? —14v+8 factor of the divisor). 
Multiply each term of 2v*- 1l51+14 by 5 which ts not a factor of 
5a* — 1l4xn+8. 
5x? —14e48)10a*- 75% +70 (20 
104? — 280? + 16, 164 
7\284?-91 u+70 
gu? — 13a +10. 
Multiply 5%? - 1l4v+8 by 4 to avoid fractions in the quotient. 
4? —134#+10)20%? — 56x 4+32(5 
204? —650 +50 
~~ 9 | 9v-18 (Divide by 9).. 
w— 2)tu? — 134+ 10(4a -5 
— 8 
~~ = ba +10 
—- 5v¥+10 
Therefore the H. C. F. is #-2. 
Ex. 3, Find the H.C. F. of — 
dart — 9u? +64—-1 and 603-74’? +1. 
In this case, it is advantageous to arrange the expressions accord- 
ing to sactading powers of #. 
1—7a?+64*)-1+6a -—9w? +40" a 


(Divide by 7), 


—1+7*? —6x° 
2a\6a—16¥*+ 6x? + 4+ (Divide by 2). 
3 — 8% + 3a?+ 2x° 
3 —2lv*+18%? 
-8x| -— Sv +24”? -— 16%? (Divide by—8x). 


1—B3v+2x?) 1 — Te? + 64%°(14 3% 
1 = 3H + 2x? 

Ba — 9x? +6x° 

3a - 94? +629 


3 Therefore the H. C. F. is 1-3x+42x* 
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Ex. 4. Find the H.C. F. of :— 
4u'49v842n? —2a—4 and 3w3+5a* -v+2. 


The process of successive division can be conveniently arranged 
thus :— 


3a |3a°+ 54? —v+2 altel 2a 4 


7 (Oe? 427x924 6a? — 64 —12| 4¥ 
12v4420a%-4a?+ 8a | 
Tw +1002 ~ l4a - 12 
3 


| 


21x° +3002 —420 — 36 | 
Qla%43542 — 7x4+14) 


-5 | — bx? -Bba—60| 

3a + 21a? +304 w?+ TH#+10) yy, 
—16}| —l6v9— Bla+S | 
| _ - 16x? - 112% - 160 | 
81 | 8lv+162 es, | 
———aea 2 wv? + 24 . 

5a+10 6 
5a +10 | 


othe H. C. F. is #42. 


Ex. 5. Find the H.C.F. of 10a3+9a? -19a+6 and 6a'+a* -6a? 
+26a-12. 


5a |10a*+9a? —19a4+6 6a4*+a* —6a? + 26a -12 
10a*4+15a? -10a Pole ‘5 
—6a? —-9a+6 30a4+5a% — 30a? +130a —60 | 8a 


-—6a*-9a+6 30a4+27a* —67a* +18a 
. — 22a* 4+ 27a? +112a —60 
5 


— 110a*4-135a?+560a —300 |—11 

- 110a*-— 99a?+209a—- 66 

“LT | 284a* + 35la —234 
2a*+ s83a-—- 2 


«. The H. C. F. 1s 2a? +3a — 2. 


Note.—The process can still further be simplified by the Method of 
Detached Co-efficients. 


144. H.C. F. of more than two expressions. 


If we have three expressions 4, B, C, first find the H. C. F, of twe 
of them, A and B; let D be the H. C. F.; 


then the H. C. F. of D and C is the H. C. F. of A, Band C, 
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; In the same way, we may find the H,C. F. ef four algebraicab 
expressions. 


Ex. 


Find the H, C, F. of :— 


a’? -3a+2, a?—4a+3 and a*-6a*+I1la—-6, 
The H. C. F. of the first two is a—1, which is found to be a factor 
ef the last; hence a—1 is the H. C. F. of the three expressions. 


EXERCISE 67. 


Find the H. C. F, of:— 


22. 


24, 


a? +a4?+a—-3 and #9430? +64+3. 
wy’ — 309 4292+4-1land «9-4? -20+2. 
245 —1l#? —9 and 44° +11la4+81. 
3a? — 134? +234 —21 and 64° +4? —444+421. 
6a4+a2 —x and 48-64? —44+3. 
345 — 10"? +154+8 and «5 — 2x4 — 6x2 + 4x? +130 +6. 
Liat +240%+4126 and «24+ 247+55. 
1 —4a3+34* and La — 2? — 549 +4e4. 
wt —px® +(q-1)a?+px—-q and x — pur +(p—l)x*+q% —p. 
25a'+5e2—x—-1 and 20#4+4? -1. 
#®—7x%-+6 and 643-747 +1. 
bat —49 = 4? — 5442 and bat — x3 — 7x2? +5a-2, 
ax® +4%?(b-a)—4(a?7+b+ab)+a(a +b) 
and bv*—~?(a +b—ab)—aa(a+b- 1)+a’*. 
1+a?+a* and 1+2a+a’-a’. 
343 — Te? —18a—8 and 2x° — 3a? — 174-12. 
4x5 — 8x20? +28H2a? — 24va*+24a° 
and 644+24#%%a— 12x? a? —24va* + 96a. 
ut —2ala— b)a?+(a? +b*)(a— b)w -—a?b? 
and x! —(a—b)a*+(a—b)b?#- b*. 
30? + (4a —2))e—2ab+a? and #9 + (2a — b)a? — (2ab —a)w— a?b. 
a®+3a?b+3ab?+0°%, a? +a?b+4+ab? +b? and a*+a*b—ab? - b* 
aw? —9v? +264— 24, x —10¥v? +314 —-30, 
and #*— llw?+38%-— 40. 
vw? +34 —70, #? —39¥+70 and a3 — 48a +7. 
1—502+4a4, 142% - 30° - 6x4 and 1+2a— 40° — 844, 
4? — Qu? — 134-10, x° — 40? —1lla+30 and «* — 6a” —#7+3U. 
8x? — [8x2 —5lav—20, 6x9 — 354° +487 -16 
and 34° — 174? +224a—-8. 


14 
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145. To find the H.C. F. of two expressions by! destroying the 
highest and lowest terms alternately. 
Ex. 1. Find the H.C. F. of :— 
at +2a%+2a+1 and a*-—g*-7a+2, 
Let A=a*t+2a*+2a+1 
and B=a*-a*? —7a+3. 
The H.C. F. of A and B is a factor of 
A -Bxa=(a4+2a* + 2a+1)—a(a* -a* —7a+43) 
=3a*+7a*-—a-1=C sway. 
The H.C. F, of A and B is a factor of 
. ce. nn 
=!0(a?4+2a-1) .., is VS ae a 
Again the H. C, F. of A and B - a ache of 
B+3C =(a* -a*? -7a43)+3(3a°+7a?—a-= 1) 
= 10a°+20a? -loda 
=10a(a*+2a—-1) ..,... . hl 
We have shown that the H. C. F. of 4 iad B is a idobbe of 10(a* + 
2a@—1) and of 10a(a?+2a-1), 
Neither 10 nor aisacemmen factor of aandb and a? +2a-1 
eannot be further rerelved, 
“.a@*+2a-—1 is their H.C. F. 


Ex. 2. Find the H. C, F. of :— 
20 —llw?-9 and 4a5 41144481, 

If D be their H. C. F,, then D is a factor of 
(445+ Llv4 +81) — 2/246 — 1142-9), 
i.¢., of 11(a4+ 2a? +49), 


t., Of fwt4+2e84.9 . 2. Sata sins +» 2 SUS See 
Again, D;is a factor of 9(2 i Vinee — 9)+(4a5 +1la4+481) 
, of 11a? (2x94? — 9), 
oh of (2a°+a2-9) . . . , Serevent 


“D is a factor of (i) and (ii), 
“itis a factor of their sum, 7.¢., of w*(? +2x +8), 
1.€.,g0f v7? +2043, 
Since «* +20 +3 cannot be further resolved, D=«* +2048. 
146. Miscellaneous examples. 
Ex. 2, What value of a will make 
2(a* +a)a’?+(lla—2)¥4+4 and 
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2(a* + a*\w* +(lla* —2a)x? +(a* +5a)¥+5a-—1 have a common 

factor? 

Divide the one expression by the other as in finding their H.C.F. 
2(a*+a)e? + ) 2(a*? + a4)e* +(Lla*—2a)x? + (a? +5a)¥+6a—1 
Tien teks 2(a5 +a*)v*+(lla?—2a)v? +444 { as 

(a? +a)¥+5a—1 
(a? + a)¥ + 5a -1)2(a* +a)e? +(lla—2)a+4[2% 
2(a* + aja? + 1l0ax — 24 

= ewe axn+4 


as+4)(a*+a)a+5a—-l1fa+l 
(a? +a)a+4a+4 
a-5 
In order that the expressions may have acommen facter the re- 
mainder a-—5 must be equal te0, «.a=5. 


Ex. 3. If «+ be acommon factor of 
ax? +ba+cand cv?+ba+a, find the value of pand the relation hbet- 
ween, a, b and c. 
Dividing ax? + bx+c by «+f, the remainder is ap? — bp+e. 

Since ++? is a factor of a#?+bx+c, 

this remainder ap*-bdp+c=0 . . «© 2 - 6 wo 6 eee ne 
Again, dividing cv? +b%+a by ++, 

the remainder is cp? — bp+a, 

For the same reason, cf*-bf/+acO0. . ........ fil 
From (i) and (ii), we have p7(a —c)+c-a=0 

a-c 
ap oo a +1. 
2#+1 is a factor of each of the given expressions. 


meeeroen0, 4f @EgR.. wk § - +: oie iedinenre (AAD 

Ex. 3. Find the condition that av? + ba +c and dx? +6x%+f should 
have a common factor of the form #+. 

The commen factor of ax? +bxe+c and dx?+en+f isa factor of 
d(ax* +bu+c)-—a(dx? +cx+f), i.e, of a(bd-ae)+cd-af. . . . . fi) 

Again, the common facter of ax?+bse+c and dx?+en+f isa 
factor of f (ax? +bx+c) —c(dx? +ex+ f), 

i.e., of #*(af - cd) + #(bf — ec), 
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Rejecting the factor * which is not a common facter of the givon 
expressions, we have the common factor of the _— expressions, as @ 
factor of # (af—cd)+bf-ec. . .. . ‘ :' oo i i 

It is clear that if the given expressions sa a apie of the form 
#+ , it must be a factor of 

a(bd — ae)+cd-—af and «(af —cd)+bf -ec, 


€., of (bd -ae) (* ba a) and (af —cd) ( a 3) 
Therefore «+p= ( ote" af a+ (Gok 


_cd— af _ bf — ec 
“bd-as af—cd, 
cendition required. 


er (cd-—bf)*=(bf-—ec\(ae—bd) which is the 


EXERCISE 68. 


1, If *+a be the A. C.F. of a*+pw+q and w*+f'*+q’, preve 
that (p- q’)ja=q -q’. 

2. If #?+px4+q and x*+f'"+q' have a commen factor ef the 
ferm «+a, shew that it is alse a factor of px? +(¢g—p')a —q’. 

3, If x+abeacommon factor of *°+pa+q and #*+re+5, find 
the value of a in terms of #, g, 7 and s. 

4. Ifw+a be the H.C. F. of **+pf+q and «*+qw#+, then 
either a+1=0 or p=q. 

6. If #8§-— px? +qu—r and wx’ - ~’'a°+q'*-7 have a common factor 
of the form 4#-a, then asic. 

6. If the expressions ax* -— (3a+))cx? + (a*+bc*)a +d and 
bx? +(a —b)ca*+a(c?-a’)jw—d have a common factor of the ferm 
px? +qa+r, prove that this factor is an exact square. 

7. Find the relation between a, b and cin erder that 

ax®4+bx+cand cv*+b*?+a may haveacommen factor ef the 
form #?+%#+1. 

8. Ifx+p bethe H. C.F. of #?4+av+ab and «*°+cx+bc, shew 
that =. 

9. If-w+pbethe H.C. F. of #*4+ax+b and a°+2ba%43a, shew 


that pa mend 
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10. If#+a bethe H.C. F. of #*+ms+1 and «*+n*#+2, shew 
that pare. 
n-m 


ll. If av*+ba+c and ax*+(a+b)a+a have a common factor of 
the form #+/, shew that each of the expressions (a4—=c)(b+c) and 
(a — b)(c — a) is an exact square. 

12, lf «+p be a common factor of +47+b*#+c¢ and #«*+a¥+d shew 
that it is a factor of bw* +(c-a)a—d. 

13. If #*-3%+a4 and «?+2%+6a have a common factor find it. 

14. What value of m will make 

#*—(m—6)#? -2mx+24 and «*-(m+3)a? -(2m—45)4—~3, have a 
common factor ? 

15. For what value ofa will 

#*— ax? +19%—-a-—4 and #3 —-(a+1)%?+234-a-7 have a common 
factor ? 

16. If #*+pe+q and #*+/'x+q’ have a common factor, then 
(q’ -9)*+(P — 6)? (b9’ — #’9) =9. 


° 


CHAPTER XVII. 


Lowest Common Multiple. 


447. A Common Multiple of two or more algebraical expressions 
is an expression which is divisible by each of them without remainder, 


The Lowest Common Multiple of two or more algebraical expres- 
sions is the expression of lowest dimensions which is exactly 


divisible by each of them. 


The term Least Common Multiple is not appropriate in Algebra ; 
for when numerical values are assigned to the letters ef the expres- 
sions, the numerical value of their L. C. M. is not necesearily the 
L.C. M, ef the values of the expressions, Therefore, the term Lowest 
Common Multiple should be preferred. 


148. L.C.M. of Simple Expressions and of such Compound Ex- 
pressions as can be easily resolved into factors. 


Rule :—‘‘ Fisid the L.C.M. of the numerical factors and after it 
write down all the factors that occur in the different expressions, raising 
cach factor te the highest power in which it occurs in any of the ex- 
pressioms.’’ 


Ex. 1. Find the L. C. M. ef 18a*b’c, 6a°b*d and 7asd®, 
The L.C. M. of 18, 6 and 7 is 126, 
The different factors that occur are a, b, c, and d ; 
the highest powers in which they eccur are a',b*, c and d®. 
* 126a‘b*cd® is the L. C. M. 


Ex, 2. Find the L. C. M, of :— 

7(#? — y*)*, Ba —¥y)? and 21(a* — y?), 

The L, C. M. of 7, 6 and 21 is 105 ; 

and (#* — y*)*=(%+y)*("—¥9)® ; 

and *#*°—y* =(#— 9)(**+ay+ 9°). 

The different factors are *+ 9, «-y and x +ay+y". 

Their highest powers are (1 +)? (*—y)?,x*+ay+y*, 
* the L, C. M.=105(@+ y)*(w— y)*(x* +a94 92). 
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EXERCISE 69. 
Find the L. C. M, of :— 
1, 3a?a, 6x? y22* and 27 x4y4c4, 
8a°%b*%c, 12ab3%c?2and 20a7bc?. 
w*b—«#b and w9b2+4+47b8, 
w?+4a+3 and #?-2a-15, 
L? — (2m — 3n)l —6mn and 1? —- 4ml+4m? 
3a? +7 xy — 6y? and 2n3 +74? y+ 3ay?. 
ee—(L+m+n)e? +(lm+mn+nl)x —lmn. 
(La + my)? —(l— m)(% + 2)(lv — my) +(l — m)?a2 
and (la — my)? — (L+ m)(a#+ 2)(lv — my) +(l+m)?xz. 
9. v?-a?, w*-a% and #4- a4, 
10, v?+6a+4, w7+2e"-8 and #2+77+12. 
11, #°+(a+b)u+ab, #?+(b+cha+be and #2 +(c+a)x+ca. 
12, #?+(b-c)jaw~ bc, w?+(c—a)v—caand x*+(a—b)x—ab. 
13. 2e?-w-—1, 2n?+3¥+1 and 4404-54241. 
14. 2a?+ay—y?, 34? +2vy— y? and 4u?+3ay —y?. 
15. 34? —54+2, 5a? —9v+4 and 443 — 442 — +1. 
16. 64? —#+41, 3¥?+7x+2 and 2? +34 - 2. 
17, 9v4 —284%2+43, 27H — 124241, 274'+642-1 and wt- 64249 
18, (a?—b?)%, (a3—b*)? and (a4 — b4)(a —b)8, 
19. a*(b—c)+b?(c-—a)+c?(a— b) and (a—b)*+(b—c)*+(c-a)’. 
20. a®—b%, at+a?b?+b* and (a+b+c)(ab+ac+ be) —abc. 
149. L.C M. of two Compound Expressions. 
Let A and B be the two given expressions, and D their H.C. F.; 
then A=fD and B=qD, where fandq have ne commen factor, 
since D is the highest common factor of A and B. 
The L. C. M. of #D and qD is clearly fqD ; 


a 


A AxB 
but ~qD=p x qD=fB D* 5 
B AxB 
p= =qA=— A= j 
or pq qx pD=q Dp” D 


Hence we have the following rule :— 

Rule.—" Divide cither of the expressions by their H.C. F., and 
multiply the quotient by the other.’’ 

or ‘‘ Divide the product of the expresstons Ly their H.C. F., and the 
quotient is their L. C. M.”’ 
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If A and B are any two expressions, the relation between them, 
their H.C.F. and their L. C, M. are given by the follewing formulz:— 


_ AxB hie i 
L. 0. M ho ne ho OE (1) 
AxB : Ee tap 

H. CG. F. Bee G. M . . . . . . . . . ( 
AxB =H. 6. Uae. 3:0... cee Le eee (ili) 
A Se a R. B, ..: «ttt Bed aera 4 ae (iv) 
B =ES A: ~ Seen) < ‘ywieee (w) 


Ex. 1, Find the L. C, M. of :— 
a’ —3924+34-—l and «*- v*-a+1. 
First expression=(#—1)°. 
Second expression =a'?(a# — 1) —(w —1) 
=(«—1)(#? = 1) 
=(# — 1)?(#+1) 
Therefore their H.C.F, is (w-—1)?. 
Hence the L. C, M, == ea eta (a 1)*(¥+1), 
Ex. 2. Find the L. C. M, of:— 
#24342 —-44-—12 and #*+4+2a?-—a- 2, 
First expression=4?(#+ 3) —4(a#+4+3)=("? —4)(~+4 3) 
= (a+ 2)(a — 2)(# 43). 
Second expression = #?(a' + 2) — (v4 2)=(a#? —1)(a+42) 
=(a#+1)(* —1)(#+4+2). 
Their H. C. F. is #42, 
Hence the L. C. mM, = #2 = Sle 3)(x? = Wie +2) 
v+2 
= (a? — 4)(+38)(a? — 1). 
150, Every Common Multiple of two Algebraical expressions is 
a Multiple of their Lowest Common Multiple. 
Let A and B be the two expressions, and M their L. C, M., and let 
N denote any ether common multiple. 
Suppose, if possible, that when N is divided by M there is a re- 
mainder R, q being the quotient. 
Then R=N -qM. 
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Since A and B are factors of M and N, they are also factors of N 
~@M,i¢,08R.... ots te 2 GRR 4,) 
Thus Ris a multiple of 4 vibe B; 
but R is of Jower dimensions than M, which, by supposition is 
their L. C. M. 
This is absurd ; hence there can be no remainder R ; 
that is, N is a multiple of M. 
151. L. C. M. of three or more Compound Expressions. 
Let 4, & C, D......::. be the expressions, 
Find the L. C. M. of two of them say A and B. 
If M be this L. C. M., then the L. C, M. of Mand C is the L.C. M. 
of A, B, and C. 
If N be this L. C. M., then the L. C. M. of N and D is the L. C, M. 
of A, B, Cand D; and so on, 
We can easily deduce from the foregoing Articles that 
(1) The L. C. M. of two expressions is the H.C. F. of all their 
commom multiples. 
(2) The H.C. F of two expressions is the L.C. M. of all their 
commom factors. 
152. Miscellaneous Examples. 
Ex. 1. If «+ be the H. C. F. of 
w*+ax+b and w#?+cv-d, shew that their L.C.M. is equal te 
@*+(a+c—p)x? +(ac—p*)x+H(a— plc). ; 
Dividing #?+ax+b by #+4, 
the quotient is v+a—p and the remainder is $2 - ap+b. 
Since #+ is a factor of #?+aa+5, 
the remainder p? —- ap+6 must be equal to 0, 
»b=ap—p*=f(a-p) ... oy thy ee a 
Again, dividing v?+cv+d by abe 
the quotient is v+c— and the remainder is p? —cp+d. 
For the same reason, f? —ch+d=0. 
“.d=ch- p? =$(c-p) 
We have #? +ax+b=(«+p)(v+a- pf) 
and we +ou+d=(xn+h)(u+c—). 
«The L. C. M. of the two expressions 
__ (#? +ax+ b)(w? +cx+d) 
yeh) Bee 
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m(*#+a—p)(x? +cx+d) 
=(e+a— p(x? +cv+cp—p*)vd=p(c—p) 
= x8 +(a+c—p)x*? + (ac—p*)x+ pla — p)(c—p). 
Ex. 2. The H.C. F. of two expression is a—4 ; 
and their L. C. M. is #* -90°+26«-24. Find ths expressions. 
The L, C. M.=4#8 - 94? + 26% — 24=(w — 2)(w— 8)(a — 4), 
The H.C. F.=«#-4, 
The product of the expressions 
=H.C. F.xL, C. M. 
= (a — 4)(% — 2)(v — 8)(a — 4). 
It is plain that each expression must contain #—4 asa factor, and 
that the other factors of the expressions must have no common factor. 
“the expressions are («— 4)(a -— 2) and (#— 4)(*- 8): 
or #-—4 and (w— 4)(a#— 2)(a— 3). 


EXERCISE 70. 


Find the L. C. M., of :— : 
1, 6a*—1lla?+5a-3 and 9a*-9a?+5a-2. 
4° — 9a? +264 — 24 and «3 — 13¥?2+ 3la—30. 
2"? + (2a — 3b)w? — (2b? + 3ab)v43b* and 2x? — (3b - 2c)v — 3be. 
4yt4+ 4034742411944 and 6u' +7434 492? +6442, 
4a'+8a* + 21a?4+18a+427 aud 3a ‘+ 6a%417a?+4+16a424, 
64? —1lv+3, 402-44" -—3 and 6124254 -9. 
6a* -19a+13, 12a?-—lla+2 and &a?410a-8, 
a*—3a+20, a? -5a412 and 3a%—6a?+416. 
a5—244-4-1 and wo Ped 4 gt), 
ab+ 2a? - 3b? ~ 4bc— ac—c? 
and 9ac+2a? — bab-+4c* 4+ 8bc—12b2, 
11. If the H.C. F. and L.C.M. of Aand Bbe a” and y respec- 


CHMHANBMReR ww 


— 
= 


tively, and if #4+y=ma+ AN . 
m 
,3 
shew that w?+y%=m%at4)_, 
m?*? 


12, The L. C. M. of two quantities is w+—5atw*+4a! and their 
H.C, P. is #?~a? ; 


one of the quantities is #°-2ax?-atx42a? ; find the other. 
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13. If «+d be the H.C. F. of #*+aa+5 
and #*+a*#+61, prove that their L. C. M: is equal to 
#*+(a+a*—d)a* -(aa'—d*)x+(a—-d)(at -d)jd. 
14. If # be the H.C. F, of a and bd, aud y be their L. C. M. shew 
that a°+6? +#*+y? is the sum of two squares, 
15, If#+pbethe H.C. F. of #?+ax+b and x2+ca+0b, their 
L.C.M. will be #°++2(2a-p)+ — +e 
16. If #*+na+land #%+nx#*+1 havea common factor, deter- 
mine; and then shew that the L.C. M. of these quantities is 
wt —3¢9 +24? +441. 
17. If the H.C. F. of two expressions be w-5 and their L. C. M. 
be #? — 134? +52%— 60, find the expressions, 
18, lf the H. C. F. of two expressions be «+4 and their L.C. M‘ 
be #* -4%? —17#+60, find the exprsssions. 
19. If #+1 be the H. C. F. of two expressions and #3+6x?+1ls 
+6 be their L, C. M., find the expressions. 
20. If *+d be the H.C. F. of #*+ax+ad and x? +cx+dc, their 
L. C. M. will be #° + #?(a@+c)+acw. 
21. If #?+ax"+b and #*+x1+q have a common factor of the first 
degree, then their L. C. M. is equal to 
0 eat fap- (5-4 x +69. a 
22. If H,,H,,Hs, be the H.C. F.of A and B, Band C,Cand A 
respectively, then the L.C. M. of A, Band C 
ABC 
= AH, x H.C. F. of A, B and C. 
23. If the H. C, F. of aw? +2ba+c and bv?+2ax+c is of the form 
#+, shew that their L. C. M. is (w - 2)(av+ 1)(bx+1). 
24. If #?+nea+1 and #3+nx#?+1 havea common factor of the 
first degree show that their L. C. M. is #!-—349+42e?+ 4-1. 
25, If p+q+r=0, the three expressions px? +qe+r, qu*+ra+h, 
and rv*+pa+q have a common binomial factor «- 1, and their L.C.M. 
is (—1)(px¥+p+q)(qat+q+r)(ra+r+h)). 


. 


CHAPTER XVIII. 
FRACTIONS. 
158. The fraction ; denotes that the unit is divided into b equal 


parts, and that a parts of these are taken ; 
the fraction <= denotes that the unit is divided into (a+) equal 
a+ 
parts, and that (a—.~) of these are taken. 


In the fraction > a is called the numerator and b the denomina- 


tor. 
Every integer may be considered as a fraction with unity for ite 


denominator ; thus p= f 


154. The yalue ; a fraction is not altered if the numerator 
and the denominator be divided or multiplied by the same quantity. 


= 

a am _anm un 

Th SF as SS sees SELES 
= b bm bn b 5b 
m wn 


It follows from this that we may change the signs of both nume- 
rator and denominator of a fraction without changing its value. 
Thus 22% (-") cl 
BS éx(-1) < = 
a-«% _(a-x)(-1) _ -a+4 _w-a, 
2Qa—x ~(Sa—a)—1)_ —2a+x «#-2a 
155. To reduce a fraction to its simplest Form—A fraction is 
said to be in its simplest form, when its numerator and denominater 
have no common factor, 
And if two or more expressions are divided by their H.C. F, the 
quotients cannot therefore have any more common factor. 
Hence we have the following rule :-- 
Rule,—“ Divide both the numerator and the denominator by their 
H.C. F.; the quotients are respectively the numerator and the denomina- 
tor of the reduced fraction. 


- -_ 
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2ab(a* — b?2) 
Bs. 1. Reduce —“ ~” / tes ‘ 
6(a*b4 ab?) © its lowest terms 
The H. C. F. of the numerator and the denominator is equal to 
2ab (a+5). 


Hence220(4? -—b*)_ 2abia+b)(a-—b) _a-b, 


(6a*b+ab*) Gabja+b) 3 
Ex. 2. Reduce! #4. +244? + 126 to its lowest terms. 
a4+24a+65 
The H. C. F.of the numerator and denominator is a?4+4a+65. 
Dividing both by it, the quotients are 
lla? — 204+ 25 and a? -4a+11. 


. is 
Hence the fraction in its lowest terms =< 2” ~ 204+ 26. 


a*?—4a+1]1 
EXERCISE 71. 
Reduce to its lowest terms :— 
, oo g, ldary%e!, 
35ab2c 25ay? 28 
3 ‘Law y 229, 4, aadyrz? , 
"164? y424 " ab® x2 y9z2 
a the Pett 
w? — ax 9a-a? 
7 4a?—-9b?, 8 3ab—12a?, 
* 4a? +46ab " “69? 16a? 
epee Sh 10, Uitety? ty! 
: a*+b? ’ xo — ¥6 
p>? hy +3 64° —74— 20 
i, eee Dei eg 2.02 Foe 
. vw? —7v +12. : 4v%-—27a+5 
1g SOEs: 14, * Se? +1la-6, 
w?—44—-5 wv? —3xv+4+2 
15 a*—3a°b+3ab’ —b®, 16 Bae -5x8+4 | 
: a*?—2ab+b? ' Qae—w2—-a4+2 
17 243 — 16424230 —-6, 18 vt —yeyt wy? -y?, 
* Ya? —1lw?+17"-6 VEE Qyey? + yt 
wi — 3a —-2 «£7 —394+70, 
bee ee” FG ee 
iy 2u%°+3a2-1 vw? — 34 +70 


21 w°—19%?+4119~— 245, 29 2 + 8a? y + 16xy? + 16y?, 
, 3a? — Bla+119 8a? +4ry — 249? 
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2a*b?4+2b2c2+2c?#a*-at—bi—c}, 


38. a* +b? + 3ab —c? 
24 a*+b%+c%=3abe 
* (@- BP +(b- 0° +(C- a) 
a5, (2=bP+(D= Cd? Hema)? 
a*(b -—c)+b*(c-—a)+c#?(a—b), 
26. a*?+ab+ac+be 4 
a*(b+¢)+b?(c+aj+c*(a+b) +2abc 
g7, (20+)? ~(a~b)*— (a +26)" 
J (2a+b)(a + 2b) 
28 _ (@+0+0)*-a*—b*—c® 
' (a+b+¢c\(ab+ac-+ bc) - abc 
29. (ab —1)? +(a +6 — 2)(a+b—2ab) . 
(ab +1)? -(2+0)? 
30. ab+2a? —3b?44b¢4+ac—c? 


2a? - 9ac— bab+4c* —8bc— 126? 
156. To reduce fractions having different denominators to 
‘equivalent fractions having the same denominator, ’ 


Rule.—‘ Take as the common denominator the L.C, M, of all the 
_ denominators ; divide this L.C, M, by each denominator in turn, asd 
multiply the quotients by the corresponding mumerators the preducts so 
obtained are the numerators of the equivalent fractions.” 


Note.—Compare the corresponding rule in Arithmetic. 


1 3 5 
, 1 sedis. :-—. nadia i 
Ex Ss inp Gy? to equivalent fractions having a 
cemmon denominator. 


The L, C, M. of the denominators is 12y. 


Dividing this by each denominator in turn, the quotients are 6y* 
3y and 2x ; ; 


Multiplying these by the corresponding numeraters, we get 6y? 
9y and 104, 


Therefore the fractions are ©)” P ned 104 , 
12ay?’ 12a? 12ay® 
Ex. 2. Reduce —* Sa 


4b? 
b?- a?’ (a+b) } (a2)? to €quivalent frac- 
gions having a common deneminator, 


¢< 
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The first fraction may be written - 


a . by changing the signs 


ef both the numerator and the eee 

The L. C. M. of the denominators is (a+b)*(a-b)* : dividing this 
by, the corresponding denominators, 

we get a*-b?*, (a—b)? arid (a+b)?. 

Therefore the required fractions are :— 

~2(a?—b*) 3a(a—b)? = 4b?(a+b)? 

(a+b)*(a—b)? (a+b)*(a— 6)? (a+6)*(a—b)?, 

157. Addition and Subtraction of Fractions. 


Rule.—" Transform the fractions into equivalent ones having a com_ 
mon denominator ; then ada or subtract the numerators, as the case may 
be, retaining the common dénominator,”’ 


Ex. 1. Find the sum of : and >. 


The ae or is ab. 
Rai b b a b+a 
ox 7 a al — — oth u =e aes ee 
a oe b it tags ab ab ab 


a?® 
Bx. 2. Find the sum of and Pos 
The common denominator is a? -—b?. 

a a*® _a(a+b) a* ¢ ~tete = 24° +b. 


gab aiabi a*— a?—b2* gi -b? —b? a? —b? 


#+a K?—qa’? , x*?+a?, 
#-a x*+a* x?—-a? 
Here the L. C. M. of the denominators 
=(#? +a?)(¥?-a*)=a4-@; 
therefore the expression 
< L(etal(a? +4?)(e+a) -(#? - a*)(a* — 0) + (99 +4") (9? +a"). 
at—a4 
= (wt + at +242 a? +2ax* +2a%x) -—(at+at — 28a’) 
+(*#*+a*+24%a*)| +(24—- a4), 
_ wo + 2an9 + 2a9e+ 642 a? +a* 
a+ —at 
a+c re b+c 
\(a—b)(w-a) (b-a)(#—-5b) 


Ex. 3. Simplify —— 


Ex. 4. Simplify 


224 ALGEBRA. [CHaP. 


b+e _.. b+¢ 
Hore + Gr aw—8)  (a— d\e—) 
sthe L. C. M. of the denominators is (a — 6)(« — a)(@— ); 
‘ _ (4+0)(* — b)—(b+0)(%— a) 
«the expression= la - Bile cee 
_ ax—ab+cx-— bc — (bx —-ab+c¢x— ac) 
Pi (a — b)(# — a)(w— b) 
_ ax— bx - bc+ac 
~ (a — b)(w—a)(a—) 
_ w#(a—b)+c(a—b) 
~ (a— b)(x—a)(v— 6) 
— _(a- We+e) 
(a — b)(w— a)(# — b) 
= w+ 
~ (#= ala - 8) 


EXERGISE 72. 


Reduce to equivalent fractions having a common deneminater:— 


ee a — 

cs". Fe bc’ ca ab 
8 Bt oes he 4 an ping ’ . 
"atl? 2a+2’ a®—-1 " w®— 38842 4?-5246 #9 —de43 
g, St Tees eg eet ne Oe 1 
‘ yey y-2 2-4 " at?+ab+b?’ a®-ab+b* @®—bé 
7. 4 ior . 


we? +aytaztye y?+aypaz+y2’ 22 +09 +424 92 
Simplify :— 


i el 1 _ woe 1 
* (a-b)(a-c)” (a-b)\(b-c) (b-c\(c-a 
1+ l-# 

l+a+e? > l-#+x? 

2a+3b , 2a—3h 2 &£ 3 
10, a 11, * ees ssusctiills 

9a 3b‘ 2a43b 24+1 int 3 | 3042 

a?+b? a-b eo a2-w, 2a . a®*+a*x 
foe 13. } ae ige rs oe 
: a?—-b* a+b * Salt ataate: 
4 ‘coo - 18,, 2% ad ' 


x #41 w42 Valuiwe ise 
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a Re ee 
a2+e a-w a*+n? 2a+1) 10(#-1) 6(2%+3) 
2 3 24-3 a* ab a 
18, -+— - 7 eel a es 
2 l-2e 4x? -1 (a — b)* G@=b?ta-5 
‘ 1 2 1 
8 ot, a Se Se 
(a-2a-3)* (a~1(3—a)* @-lya-2) 
i se 8, 4 8th 8 ews 
a*+a> a+x b yey ety my? 
: 1 1 3a a wz? a 
23, —— + —-___—_.,. 24, —-+—-+——_. 
date da-y 4u? — y? ics al 1+? 
pa eae 
Ya—2) %9a+1) 3(a+1)’ 
oe." ee 
“ wt—2 w2-1 w?4+1 4?+4+2 
27 al ___2(#+2) a+5 
(w+2)(v+5) (w+5)@—1) (w—- 1)\(#—2) 
28 a’? — be +a c*—ab 
(a+bj(a+c) (b+e\(b+a)  (c+a)(c+b) 
-b b-c ,c-a 
+s: 
. a+b b+c c+a 
1 1 1 
 —.— Rg 
' ye a3e42 * w*—5e46) x? —Bx 416 
geet” herrea sats") 
‘Toate? lo-wta?) lta?tat 
39 (a—b)? (b= ehF > 5 (c-—a)? 
* (b-cc-a) (c—a)\(a—b) (a-byh-c) 
gg, 2+3¢, 24-34, a" 
' “Q=a' (w-a)®  (w-a) 
34 3+2a 2-3a_16a-a* 
“Q9-a 2+a = 
35, 1 1 2a° 


1+a+a? <a*' 3 -a-a’ +a3_ l-a’? —a*+a° 
158. Multiplication and Division of Fractions. 


I. To Multiply two or more fractions :— 

Rule —": Multiply the numerators of the fractions together fora new 
numerator and the denominators together for a new denominator and 
reduce the resulting fraction to its lowest terms.” 


15 
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a®—b? a+b 
4 (a—b)®: 
—b9 atb _(a*—b*\(a+b) _ bi 
4 (a—b)?® 4 (a—b)? ~ 4(a —b) 
: 3—b8 (a+b)? 
Multiply #7 ?_ 
Ex. 2. u ply ot (a— b?- 
‘aS —b%) a+b? 
duct = 
The produc ia ast bye 


Il. To divido one fraction by anoshec :— 


(a+b)(a+b)_ (a+b) 
4(a— b): 


_‘a—b)la*+ab+b*\\a+b)* 


= (a +b)(a® —ab +b*)(a—b)® 


(4° +ab+b*)\a +b) 
~ (a? +ab+b*)a—b) 


tt a a 
a®—2a*b+2ab? — 


he 


[CHAP, 


Rule.— Jnvert the Divisor and proceed as in ‘Multiplication.”; ' 


Ex. 1. Divide® 


The quotient = 


Ex. 2.3 a Divide“ = 


2—h? 
a+2b 
a?—b? 

a+2b 


a-b 


‘3ay6b- 
8a+6b_ (a+b(a- b)3(a + 20) 
— (a+2b)(a—b) - 

=B(a+b. 


a-b 


sh b a?—ab+b? 


= 


3 
The quotient=* We 


a-b 
a—b 


a*— 68 “ataab+b* 
(a+ b)(a? —ab+b?\(a—b) 


Fa] 


a+b 


~ a? -ab+b* 


vod 
oe 
aS. a >= 
ra —é 
pe b 
ad? =a~- 
an 5 a 
c 


159. Mixed and complex fractions. 


(a — ba? +ab+b*)\(a® —ab +b?) 


The expression 724+ l= a" a mixed fraction. 
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To simplify this;fraction, we have 


eS ale tala 
_ (#?+1)(w+1)-2 
ay 
_ 48 +r9*+441-2 
> a+l1 
_ #9 +e47 44-1 
= “+1 
Agia = is a complex fraction. 
a+ © 
“é 
To simplify this fraction we have 
* Fae a am a *~ a _ a(df+e) 
b+ © 4,6 g,&  bdftbetef  bdfrbe+cf 
a+? df+e | Af+e df+e 
f I 
_ adf+ae 
~ bd f +be+ cf 


160. To find the H.C. F. andjthe L. C. M. of two or more frac- 


vions — 
Rule.—‘‘The H.C. F, of two or more fractions "in their lowest 


terms.” 
_the H.C. F. of numerators _ 
the L. C. M. of denominators 
and the L. C. M. of two or more fractions in their lowest terms 
=the L. C. M. of mumerators 44 in Arithmetic, 
the H. C. F. of denominators 


as in Arithmetic. 


Me. Find the 8. CF. and L.c.M.af @, °, “. 
be’ ca ab 


Here the fractions are in their lowest terms. 
_the H.C. F. of a*, b? andc?_ 1 
“> aplifle 3Be ~ the L. C. M. of bc, ca and ab abc 


the L, C. M. of a?, b® and c? _a*b*c* _ jaya, 


“heir 1. C. M-= ihe H.C. F. of be, ca, and ab 1 
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EXEROISE 73. 


Simplify — . 


1 -b!, a-b (2 =or. 0° +0° 
* (a+b)? ° ab+b® ‘ qa?*-2ab+b** a=-b 
3 eet) oe 


2—6” 


a 
4. ( 1-2— x ( a+ 
aes b2 ax 
5. rr y sow fata y a+— ) 
6 a(a — x) x Pola 
"  a?4+2an+ 4" -2av+n? 


b b 
Or (ea asia 
Gaeta b a-b 33) 
8, a ceca 
( tins >t (: -a-—“). 
9. (3+ ghee a (=? -<? 


y +y w-y aryl 


10 (22) + pee (= 4-9* _ w= ye 
5 we —y? x? i we — y? wn? py? 


sh 1 (5+ cela a = Tridel 1+ eet. 


TS eae) (2h) -1 +(1-4, 
mm! l a+b 4 a+b 
o> .- 

+2 


a+ 
y 
2ab at— 
‘aan (= 7 ~ Bab), 


i 
aon ci 


A 


_ (a? +6* —c*?+d*)* 
4(ab+cd)* ; of 1 (a +b)? —(c—d)* : 


17. {ore - 0° ee fe 8° Ose 
at®—x? at*—yw?)5 + ate} 


wm (are EY Gi-1 ahaa + 


aE iat a hae Lng 9” 


21. 


22. 


23. 


24, 
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a<W$-b a*— bh? 

ee > 

1 ee 7 a6 
atc } a?+b? 


Ler ore a a+b- 
+c-a~ os 


a+ 

Se a+b+c c+ta-b 

(4+6)* +(a—b)? 
b-a 


1 


een” eres a" 


(a+b)? -(a—b)? 


a a a+b a-b 
a—b a+b a-b' a+b a? 
D Ba+b a—b*a*?+b* 


— 


ee a+b a-b a+b 
2(a — b) 
2c? 
2(a — 6) + 
C+ c?b 
b* ~a? 
1 
| 
a+” #+8 
l+9 5% 
m=-n 
+ n+n 
m — In m—2n 
rh n—2m 


Find the H. C. and L. C, M. of .— 


27. 


(w-+-2)°, (w+1)? 


a?-—b? a%—b = 
a+b a-—-b 
w7+8 wxt-4 


a*— b4 
a?+b? 
uw? +2x8 
x? — 4x =12: 
a* ~2a+1 a*-a 
~ ae+l1 a® +2a? +a" 
b%(c — a) 
ac(b +0)(¢ +a) 


a*—1 ; 
(a* +1)’ 
a*(b—c) 


c8(a - b) 
bela + b)(b +c) 


‘abla +b)(c+a) 
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161. The following results are'important,t!and the student is 
required to work out and verify each, 


1 1 1 
te ee pe 
(a-b)(a—c)* -e)b—a)  (@-ajie—b) 
“mer {0 35 
fa-bja-¢)' b-e)b-al o-a)lo-b) ’ 
a? b® 6? 

_ > 5a aimee = SF 
: (a—by(a—e)* (b-e)(b—a) ' (0-aje-b) 
4. = pene: Pate. due _ ab ={ 

(a-—b)(a-c) (b-—c)ib—a) (c-a)ic—b) 
5. er e* 5. f Pues) 95S ALES. =at+b+c 
(a—b)(a—c) (b-—ec)ib-a) (c—a)(e—b) 
cee Fee ss ON 
(a—b)(a—c\* b-c)b—a)  (e-aje-—b) 
=a’+b?+o*%+ab+ac+be. 


Ex. 1. Simplify — 
b+c a c+a a+b 
(a—b)(a—c) (b-c(b-a) (c-a)(c—b) 
The expression 
_atb+ce-a, a+b4+c-b . at+b4+c-c 
~ (a-bya-c) (b-c(b—a) (c—ajc—b) 


a b c 
{ emmaca ba—c)* (b= cb—a)  (c-ayend) ; 
=(a+6+c)(0)— (0). 
eeersercccceees 0 100 cecweccsseneece (using 1 and 2), 
Ex. 2. Simplify :— 
pene Sa eee OS SE 1 
(w-a)(a—b)(a—c) (x—b)(b-—c)\(b—a) (x—c)(c—a)(c—b). 
The expression 
. ea i b)\(a—c) , (x—a)(x—c) 
(w—a)(% —b)(w—c) ((a—b)(a—c) (b= c)(b=a) 
(# — a)(% —b) 
(¢— a)(c—b) 
é 1 1 ; 
Godan \extiece* two similar two termes i 
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2 if b+c 
( 


—— t 
#} Bax + two similar terms } 


| oi bia = Gach twe similar teams } | 


= Graa=nGCe [¥? 10} ~e1ger {1)). sevacceesene (using},1, 4 and Ex. 1), 
a 
™ (a — a)(a— b)(a —c). 
Ex. 3. Simplify 
‘(a+1)? (b+1)* | (c+1)? 
(a— d\{a— c) (b-c)\(b-a) (c—a)(c+b) 


“The saerersion = 3 ah +two similar terms / 
== ( (a- b)(a-c) J 
a {eS imilar terms’ 
+ frac + two similar terms’ 
+3 1 __* "_ 4 two similar terms | 
(a— b)(a— c) i 
+ le E + two similar terms } 
a—b)(a—c) 
=(a+b+c)+3x1+3x0+4+0 
=a+b+c+3...... (using 1, 2, 3, 5). 


EXERCISE 74. 


Simplify :— 
(a+1)? (b+1)? | (c+1)? 
‘ «> fe c) (b-c)\(b—a) (c—a)(c-b) 
- be b? —ac c? ~ab 
meets b= cba) (c-b)c-by 
a?+1 b2?+1 c?+1 


(a—b)(a—c) (b-c\(b-a) (c—a)(c—b) 
na* +mbc nb? + mca ‘ne? +mab 
(a-b)(a—c) (b-c\(b-a) (c—a)(c—b) 


b* +c? cf+a* , a*+b? 
(a-b\(a—c) (b=c)(b—a) (c—ayc—b) 
6. a(b+c) bec+a) c(a+b) 


(a—bya-—c) (b-c\(b-—a) (c—a)\(c—b) 
7 (@#2)(a+3) , (6+2)(6+3) , (C+2)(c+3) 
'  (a=b)a—c) © (b=c\(b=-a)  (c-a)(c—b) 
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a?+a+l (6°? +441) , c?+c+1 


(a—b)(a—c) (b—c)(b-a) (c-a\(c- by 


b+c __¢+a a+b 
a? —a(b+c)+bc b*-—b(c+a)+ca Cc? -—ca+b)+ab 
a®+a’ b? +428 c? +H4F 


" (a-by(a-c) (b-c\(b-a) (c—a)(c—b) 


be4o%— 2a" | c?+at— 2b? , a? + bt ~2c8 


(a—by(a—c)  (b-c)(b-a) aie 
a*-(b-—c)? , b®-(c—a)? —(a—b)? 


" (a—b)(a-c) (b—c)(b—a) aoe 


(a+b)(a+c) , (b+c)\(b+a) , (¢ +a)(c+b) 
(a—b)(a—c) (b-—c\(b-—a) (c—a)(c-—b) 


(a@—m)\a+n) , (b- m)\(b+m) (C— m)(c+) 


(a—b\a—c) (b-c\(b—a)  (C—a) (c—b) 


, CFO le? +a?) | (C~ alu? +b*)  (a+b)(4? +08) 


(¢-—a)(a—b) (a — b)(b—c) (6 —c)(c—a) 
(b+c)? |) (C+a)? _ (a+b)? 


" (a=b)(a—¢) ee (c—a)(c—b) 


(a- -h)\(a— k) (b— h)(b—k) re (c—h)(c 


eld |e od 


" (a-b)(a-c)bc  (b—c)(b—a)ca (c—a)(c— bab’ 


* (a=1)(a-b)(a- 
a 
" (a=a)(a- b)(a —c) 


"(a= ala -b)(b—c) 


a*+1 be +1 ce +1 


" (a=b)(a-c)  (b-c)(b—a) imene— 2) 


a*+l1 b'+1 c++] 


' (a-b\(a—c) (b-o(b-a) (c—a)(c—b) 


1 1 


1 
Ma Ba= 9" = = aN a) Teale =) 


1 1 


" a(a—b) fast b(b —c)(b— a) "een a)(c — 6) 


H 1 


> H ————— a 


1 
" (a+x)(a—b)(a—c) “6 +4)(b-c)(b-—a)  (c+)(c=a)(c— 5) 


a 
(a= Da-bja=0)* b= 1b— aha) * Cate ayes) 


i ) + the other two similar terms. 


+ the other two similar terms. 


2 
- + the other two similar terms. 
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8 
. 1 th : 
(@=1)a-Bja=<) + the other twe similar terms 
a 
28. _ et + the other two similar terms. 
4 (a —b)(a -¢)(4—a) 
r 29. tod + the other two similar terms. 
(a@— «)(a — b)(a —c) 
_ eae? the other two similar terms 
* (a+2)(a -—b)(a-6) + ; 
162. Miscellaneous Examples, 
The methods employed inthe following examples will help the 
student in simplifying many difficult expressions. 


a-b b~c c-a 
* Simplity ea ale=5)* (w= Byam iw - o)(#— a)’ 
a- 7 —(#-a)+(¥ -b)_ 1 1 
G@aaneed)  (s-Biasa) «= ab aca! 
b—-c _—(w—b)+("-c)_ 1 1 
quand acdiaoad? ech eck 
c-a —(#—c)+(#—a)_ ie. Be 
(w—c)(w—a) (w= c)(@ Be #-a w—C0 
« the whole expression 
1 1 al 1 1 1 


— ———_ = ———— 


t—-b #-a 4-C w—b £-a #—-C 


Note.—Each fraction is resolved into two partial fractions, 


a b eg 


— ++ 
9. Simplify +6 ¢+a_a+6 
“} 1 a 
b+¢ c+a a+b 
b 
The numerator=_% +1 aa: he 
u P25 tlt 5 ttt seat 


(Splitting 3 into 3 ones,) 
atthe, atb+ce, atb+c 
b+c¢ c+a a+b 
=(a+b+0(- + +25) 
b+c c+a a+b 


1 1 
Ge — = pee, 
st Nctaetaoss 
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~at+b+c} 


«the expresssion = —— - 

1 pe fuk 

b+c ¢c+a a+b 

a? 4+(b-c)? , b?—(c—a)* ,_ c?-(a—b)* 

(c+a)?—b? (a+b)?—c* (b+c)*¥—a®’ 
The expression 

_(a+b—-c(a—b+c) , (b+a-—c)(b—atec) , (c+a-b)(c—a+b) 

~ (a+c+b(a+c—b) (a+b+c\(a+b—c) (b+c+a\(b+c-a) 

—_ttb- c, b—-a+c ,c+a-b 

~a+b+c atb+c at+b+c 

_ at+b—c+b-—a+c4+e6+a-b 

- atb+c 


3. Simplify 


—ttb+e 
a+b+c 
=a. 


4. Simplify :— 
+n) (ZAM) 4 oo Mbemet) 


2b 
tera) (Stetahy, 


2ac 
The expression | 


A= 2 bre 5 8.Ae 
= (satus) (a? +b? -c +(s5+5,)+0 +c?—a*) + 


+(5+ sa)? +at—b*) 
=F (at +be— ch tet + - b?) +s ae +b*-¢?+b%+4c?-a?*) 


+ (0? +c?—a?+c?# +a*—b?) 


=54(20") + 552") e = (2*)=a+b+0. 


a*(cy— bz)§ + b*(az—cx)* +¢8%(bx— ay) 
e Crew bea® (cy — bz) +-acy?(az— eta ba+ay)- 
The numerator= (acy — abz)* + (abz — bex)® + (bew —acy)*. 
Since (acy — abz) + (abz — bcx) + (bcx-— avy) =0 
(acy + abz)* + (abe — bex)*+(bcx — acy)* 
= 3(acy — abz)(abz — bcx)(bex — acy) 
= 8abc(cy — bz)(az—cr)(bx = ay). 
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The denominator : 
=a"*b2c%x8 _ +a*b2c2x 242 a2 — Cx atbhtc2z2 6a — ay 
“7 (0 + an 2ab 
~_ ay 2 Pe z *) 
=a*b%¢2 ste =) + 5G- *) += ( 9) 


=arbeer(*_*)/ \G-2DG-32 


C¥P*(q-r)+9°(r+p) +1? (p- 9)=(b-49) (q-1) (b-1)] =(bx~ ay) 
(cy — bz) (c#— as) 
«the given expression= 3abc(cy — bz)(az — cx)(ba - ay) 


~ (bx — ay) (cy — ba) (cH — az) 
= - 3abc. 
6 Simplify :— 
a. ees Oe 
(a+1)(@-2) (a+2)(a+3) (a+3)(a+4) 
Taking the first two, we have 


SORE epee ees 
(@+1)(@+2) (@+2)(a+3) (a+1)(a+2)(a+3) 
i 2(a +2) 
(4@+1)(a+2)(a +3) 
= 
(a+ 1)(a+3) 
2 1 
ET EEE", a 
a+ Ia+3) (ar syara) “° "Ve 
2 Pegs 1 —  2a+8+a+l1 
(a@+1)(a+3) (a+3)(a+4) (a+l)\(a+3)(a+4) 
= 3(a +3) 
(a+ 1)(a+3)(a+4) 
3 
~(a+lya+4) 
| Taking this and the fourth term, viz., lie 
(4+ 4)(a+5) 
we can shew that the sum= = 
(a+1)(a+6) 
: Similarly the sum of five tn 
| (a+l)\(a+6) 
m7 


and (thé sun?.of #:tecms= ——-- 
(a+ 1l)(a+n+1) 
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EXERCISE 75. 
Simplify . - 
a—b Sa b—c + c-a 
pene +3) (b+2)(c+2) (c+2)(a+2) 
4. BPs +5 Ree. +2 
ater (624+ 1)(c? +1) (c®#+1)(a? +1) 
guiiziae-8 cao! 2A a 
(w= 1)(w- 2)" (w—2)e—3) " (@—8)@—T) 
4 a? — be b? —ca 4 t* ad 
(atb)(ate (b+o(b+a) (CHa)ic+b) 
5 2A=6 Ses b-a = a-b 
(a-b)(b-—c) (b-c\(c—a) (c—a)(a—b)’ 
6 eae =D. »._4ees Mt heh 
(2-a)(2—b) "(2-a)2-  @-b2-9 
a? b2 c? 
7. wa 5-3 see 
LLL 
A C 
t-a #-b #=-C 
+9 ye e4+Kn 1 # | 
—= +- Se 3 —S eee 
8 #-y JY af 9. 2-6 eee Be 
x y "ie c a b : 
ae osemaiii ae * | 
w—yY y-2 2-4 a=-C Hea cabs 
a+b+c a+b "hee 
10, @+tb+c+d a+b+ce a+b — 
c b 
a+b+cad atbace aad 
b c d a 
11, b-a cub dae or haa 
a a C or en, 
bon ab duc ond 
a, as as an -n 
qo, *+4, *+4? w+a, "stan 
i re 1 1 ] 
w+a, ‘eb a "" ¢--an 
18 #4 — ("7 — 1)? — (4? — = a? (a—1)?—1 


(#741)? —a? ee #* — (x41)? 
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i ene) ae 


(w+b)*—a*®  (w—a)?- (a+b)? — #?. 
15, (#+29)?— 9? iam 435 (2a+39)* — y* 


(wty)*—4y?  (w— 2y)*— y? Saal 
16. oe ee at) + = (6? +a® - 52) 


17. ity -c?) +° +0 p94 08 a*) coe 
18, ree (a* +b!- c!) = x (b! ‘ele ai) +— +e eres *). 
ees 

19. (4° viii aies es sal 

"  a?(b—c)+b4(¢-—a)+c7(a—b) ° 
20 a*(b —c)* + b%(c — a)? +c %(a — 6)* 

'  a%(b—c)+b%c-—a)+<c%(a—b) © 
a @tensey  . Evan wy. _ 

* (a+b-2c\(c+a—2b) (a+b-— 2c)(b+c- 2a) 

(a+b— 2c)?’ 


+ c+a—2b)(b+c= 2a); 


ol} Doo(t-s)eo() 


. (=) +0(2-2) +¢(2-1) 


a*(b? —c?)+b3(c? — a?) +c%(a? — b?) 


23. : 
abla — ot be(b — ¢)+ca(c — a) 
l 1 1 
| ee oe % aa 
(e+ U(2a+ 1) (2x b i)Gxt+))’ Bet ler 1) 
1 
+ ep)" 41) 


25 ae — Ee 0 et 
' (a= 2b)(2a—3b) (2a—3b6)(3a—4b)  (3a—- 4b)(4a— 5b) 
1 
* (4a —5b)(5a — 6b)" 
What is the sum of # terms of the above ? 


A 


CHAPTER XIX, 


IDENTITIES. 


163, When two quantities are equal to each other for all values 
of the letters involved in them, they form an identity ; the sign=is 
placed between them. 

For example, a*® - b*=(a+b)(a—b), 

(v¥+9)S =a + p> +3ay(a+ 9), 

and a°+b*%+c*-8abe = (a+b+c) (a®+b2?+6€2-ab-ae—bc) are 
perfect identities. 

But a%+b% +c =8abe when a+b+4+c=0 isa conditional identity ; 
for it is true only when the condition a+b+4+c=0 is given. 

To prove that an identity is true, 


(a) Take the left side expression and show by successive transfor- 
mations that it is equal to the other; or 


(b) Take the right side expression and show by successive trans- 
formations that it is equal to the other ; or 

(¢) Take the difference between the two expressions and show 
by grouping up terms that it is equal to 0; or 

(d) Reduce the left side expression to some form and shew that 
the right side expression can also be reduced to the same form. 


The following are the axioms on which the operations with identi- 
ties are based 


1. If equals be added to or subtracted from equals the sums or 
the remainders are equal. 

Thus if a=b, c=d, then a+c=b+d and a=c=b~-d- 

2. If equal quantities be multiplied or divided by the same or 
equal quantities, the products or the quotients are equal. 

Thus, if a=b,c=d, then ac=bd and! =° 


3. Any quantity may be transposed from one side of the identity 
to the other by changing its sign. 


Thus if a+b=c then a=c-b for a+b=-bmaec¢ =) {10m (1), 
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i, If two quantities"jare equal, inet AS 0 their powers are 
alse equal. 


Thus, if a=b. thenyva= band a?=b?. 
164. Examples worked out. 
Ex. 1. If a+6+c=0, shew that— 

(i) (ab+ac+bc)?=a2b?2+4+b%¢24c8g?, 

(ii) ; a? -— be=b? -ca=c?-ab 
=a*+ab+b*=b*+be+c*=c? +¢a+a*= -(ab+act+be)= 
a*+b* +c*. 

2 


(iii) a'+b4+4+c4 =2ab+ac+be)?. 
(i)D(4b + ac+ bc)? =a?b* +a7c? + b*c? + 2ab(ac+be) + 2ac x be 
seedy formula, 

=a°b?+a*c?+b2c? +2abcia+b+c) 
=a*h? +a?c? +b%c? +2abcxO 
=a’?b?+a7027+b7c?, 

(li) Since a+b+c=0, a+b=-c. 

2» (a+b\(a—b) = -—c(a—b). 


: a? —b® =-ac+t+be. 
. a?—be =b? —ac. 
* Again, sincea+b+c=0,b+c= -a., 
2» (b+c)(b—c) =-a(b—c). 
« b67-—¢? = -ab+ac. 
. b?-ac =c? -ab. 


But it has been shewn that a? - bc=b? -ac. 
o£ a@?—bc=b? —ca=c? —ab. 
a’ -bexaxa—be 
=(ax -—(b+c)-be 
va=—-(b+c) 
= =—(ab+ac + be) 
Momlarly 6? -ac=bx bbe 
= bx -(a+c)=ac 
= —(ab+ac+ be) 
Similarly c* -ab= — (ab+ac+ bce) 
at*+ab+b%*=axa+ab+bxb 
= -a(b+c)+ab—-b(a+c) 
= -ab-a0+ ab-ab—be 
= — (ab +ac+ bc) 
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Similarly b?+bc+c*, c?+ca+a* 
may be each shown te be equal to= (ab +ac + bc) 
or thus a? +ab +b? =(a+b)*-ab 

But a+b=-c 

& a'+ab+b*=(-c)?-ab=c*-ab 
But c? - ab= —(ab+ac + bc) 
2a*+ab+b?=b*+bc+c* =c?+ac+a?® 
= -(ab+ac+bc) 
Again a+b6+c=0 
*(a+6+c)*=0 
2a?+b?+c7= ~ 2ab +a¢ + be) 


tet 5 —(ab+ac-+be) 


2a*§ —beo=b? -acac* —ab=a?+ab+b? 
=b?+b¢+c*=c#+ac+a*? = —(ab+ac+be) 


_ 4° +6? +c? 
oe 
(ili) Since a+6b+c=0, 
(a+b+c)? =0 
% a? +b? +c? = — 2(ab +-ac + bc) 
% (a* +52 +¢8)2 = 4(ab +-ac + bc)* 


*& a'+b4+4¢442(a2b? 4+b2c? +422) 
= 4(ab +-ac + bc)? 
& at +b4+4¢'+42(ab+ac+bc)* =4(ab + ac +bc)*®...by (i) 
*% a+b44c4 = 2(ab +ac+be)*: 
Ex. 2. If 3s=a+b+c, shew that 
(s — a)* +(s — b)? +-(s = c)® =3(s— a)(s — b)(s ~c), 
Let s-~a=#, s—b=y and s-c=z; then 
#+Y+2=8—a+s—b+s—c=3s—(a+b+c) 
=a+b+c-(a+b4+q= 
If #+y+2=0, then #* + y%42%°=B.ays, 
é (s=a)® +(s—b)*4(s— 0)? =Sen den bye~o) 
Ex.8. Prove that 
Ss? —(s—a)® —(s— b)* —(s—c)*=8abe, if 2s=a+b-+e. 
s=8s— 2s=38s—(a+b+c)=s—a+s—b+s-c. 
— (S= a)’ —(s— b)* —(s—c)* 
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=8~4+5—b-+5—c)*—(s— a)®—(s— btm Gg — 092, 
=3\s—a+s—b) jsmb+sec} {s-c+s—a}. 
Cv (e+y+2)?— 42 ya_ zs = 8(e+ y)y+2)(2+2)] 
= 3(2s—a ~ 0\(2s — b ~¢)(2s-c= a) 
8A +b +e~ a ba+b+c—m bm cla+b+cacug) 
= 3abc, 
Note. The above identity may also be Proved by the methed of 
factorisation (Art, 111), 
We leave it as an exercise for the student. 
Ex. 4. If ab+ac+bc=1, shew that 
(l+a?)\(1+57) +¢*)=(a+b)2(b +)(¢+ a)? =(a+6+c¢-— abc)?, 
Since ab+ac+bc=1. 
S144 =a? +ab+actbe=alat+b)+ca+b)=(a+b\a-+c), 
Similarly 1+6?=(b+c)(b+a) ; 
and 1+c? =(¢+a)(c+b) 
* (1+4*)(1+ 5?)(1 + c2) 
= (4+ b)(b+)(b+c)(b + a)(c+a)(c-+b) 
= (4+ b)?(b+c)?(c4+ a)? 
= |(4+6+0)(ab+ ac + be) - abc}? 
3(4+b+c- abc)?, 
Ex. 5. If a+b? ¢3=3abc, shew that 
(i) a+6+c=0 or (ii) a=b=c. 
Since 4° +694 ¢%=3a4b¢ “4° +6%4¢%~ 3abc=0 


(4+0+c)(a? +b? +6? — ab— ae— bc) =0 

If xx y=0, then either x=0ory 0 
either a+b+¢ =0,  .seeeecce(i) 
Or @? +6? +¢?—~ ab-—ac~ be =0 


2a? +2b? + 2c? — 2ab — 2ac — 2he = 
}(a— 6)? +(b- 0)? + (ca) a 
Each of (a—6)®, (6—«)?, (c—a)? is positive, 


The sum of 3 positive quantities cannot be equal to zero unless 
each is equal to zero. 
& (@-b)*=0te. = aawb=0 4é. « a=b 
(6-c)?=O0 i.e. = b-¢c=0 ig + b 
(-ay*=0ie « coa=0 ibe 2.6 
ODA atacaiedcescescds ccacevess WOR Sees esctecccecsves (il) 
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Ex. 6 (a) li wt, 


shew that Pree a2 sa? +1 + &e, 
ue? at ne is 


7 1 th 
wtp Laoatt Ly2-2=( 0+ =) -2=—1-2 =-l. 
x x x 


1 Wee gee a Var ee a 

ei wee +2-2=(*°+5) -2=(-1)*?-2=-1. 
“4 a a? 

1 


xe sae 242-22 (s44 5, *_ga(-1)?-2=-1. 
x? xs x* 
Similarly it may be shewn that wip 1 = -1, &¢. 
pe ; 


(b) If e+y=a, and «y=b 
find the value of w?+¥4?,a%+ 9%, #'+y" and «°+¥4°. 
x? +9? =(vt+y)? — 2ay 


HAP — YD rscvecsccceeccccscnereeseceoesaesoens cosenees ceeeeeeee sen neeses (1) 
x34 y3=(v4+y)?—Bay)at+y) 

=a*-8b(a)=a*- Gish. scccccouevov+ovcopesvesapenpynsunnpresneouegboU ep 
w+ yt =(e* 4+ ?)? a Qu 2y? 

= (B?— Db)? — 2b? ..eesrcevnvvedsnneveransrsavecccsensensennnerece serene (3) 


“5 +y> = (48 + y*)(a? +97) = (a ®y? +47 4%) 
=(a® - 3ah)(a® — 2b) — 47 y?(#+9) 


= (a® = 3ab)(a? — 2b) — BA w-neeeneeneeerenes sb shubsquuessbs ace bavcse (4) 
Ex. 7. Express (a? 4+ b®)(c? -d*) as the sum ot two perfect squares. 
(a? +b?)\(c? +d’) 


=a*c?+a*d?+b*c? +b’a? 
aa®’c?+b2d?+a*d*+b*c* + 2abcd — 2abcd, 
=(a2c? +b2d? 4+ 2abcd) +(a*d? +b*°c* — 2abed) 
= (ac — bd)* + (ad= be)* 
=(ac— bd)? +(ad+ be)* 
Ex. 8. Shew that («+ 1)(v+2)(~+3)(#+4)+1 is a perfect square. 
(w+ 1)(#+2)(~7+3)(a+4)+1 
= $(w + 1)(@ + 4){$(w4+2)(~43){ +1 
(mw? + 6x + 4)(a? +5x%+6)+1 
ZWY(VHZ) + Lircscesecoreeseeereee[ putting y for +? +5*+44) 
=y?+2y41 
=(y+1)° 
= (x? +5” +5)?. 
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Ex. 9. Express (2a +3) +4c)(4a+3b+2c) as the difference of two 


perfect squares, 
First Method :-— 


We know that (x +y)(x -y)=x?-y?, 

Let &+9=2a+3b+ 4c : and U— y= 4a+3b+4+2. 

Then = 3) (+9) +(x—y)} =B(atb +40), 

And y =4)(¥+9-)(w—y)( sca. . 

* (2a +36 + 4c)(4a + 3b +2c)= | 8(a-+b+4c)|? —(c—a)2, . 


Second Method:-— 


We know that wy (*5*) a (,*) 
Let #=2a+3b+4c ; and y=4a+3b+42c. 


Then ae 3(a+ b+c); and*— 2 =Cc-a, 


* (24+ 3b-+ 40)(4a + 36 + 2c) = \3la+b+0)}* — (c— aye, 
Ex. 10. lix=a?- bc, y=b? = acand z=? — ab, 
shew that (a+b +c) (V+ y¥+2)\Sav+by+ez 


(a+b+e) (V+9+2)=(a+b+e) (4? ~ be +b? — ac +c? — ab) 


=(a+b+e) (4° +b? +¢? — ab—ac— be) 
=a3+bh%4¢9~ Babe 
=(a°— abc) +(b® = abc) +(c3 — abc) 
=a(a? — be) +b(b? ~ ac) + ¢(c? ~ ab) 
=ax+by+ez. 
Ex. 11. Shew that 
| B+I? + 2° — Bayz =4( Sx) F(a y)2 
ao + 9? +29 — Buys = (ety +z) 
(w? +9? +2° — wy x? 4 ya) 
= (t@+9+2)[2u? $2y? + 22° — Lay — 2x? — 2y2 | 
<3 (+9 +2) {(w—y)? + (y= 2)? +(2— 2)? 
=4 Sax y)? | 
Ex. 12. Shew that a, 
(® +29 +32)°+(y+22+32)* +(24+2443y)8 
~— 3 (@+2y +32) (y+22+4 32) (2-P24+3y) 
=18 (#° +y9 4239 Bry?) 
Let #+2y+32=a, y+2z24+37= b, 2+ 3a + By=c 


° 
- 


244 ALGEBRA. | CHAP. 


‘Then the left hand side expression. 
=a*+b?+c*—3abc 
=4>a, >(a-5)’ [See Ex. 11 
= 4(x-+2y + 32+) +224+8a +2 + 2% +39) 

(x 29+ 32—y — 22— 3x)? + Similar terms, | 
=}x (60+ 6y + 62){(y+2— 20)? + Similar terme. | 
=4(6a + 69° +62) (6y + 62? + 64° — Gry — 6x2 — 692) 

=} 6 (w+ +2) 6 (x? +9? +2? - xy — Ai 92) 
=18 (a®+y* +2°— Bayz). 


EXERCISE 76. 


\.. sw that— 
5 (a—b)* — (b—c)(c— a) =(b -c*) - (c— a)(a— ) 
=(c- a)? -—(a— b)(b-¢) 
(a) (a - b)a+b—c)+(b—c(b+c- a)c— a\(c+a—b)=0. 
(b) Yay —2\(en+ay-29)=0 
(c) (a+b+c)? + Ya(b+c-a)=4 ab. 
(d) (a+b+c)? + Y(atb-c\(b+c-a) 
=4 ab. 
(e) (at+b4cn+y+2)+(a+b-o)(x+y9—2) 
+(b+c-a)(y+2—4%)+(c+a—b\z+%— 9). 
=4(ax+ by +cz)}. 
(f) (2e+y)(2¥+2)(22+4) + 
(y + 22)(2 + 2a)(w+29)=6 (w+ 9 +2) 
(ay + az+ 92). 
2. (a—b)'+(b-—ch+(c-a’. 
=2\(a— b)(b— 0) +(b— o(c— a) +(c— a)(a—b)}?. 
(a) S(a-b)(b+o(c+a)=-(a- b)(b=—c)(c— a). 
(b) S(«-yg)(2? +x) =—- 2(a— y)(y — 2)(2— *). 
(oc) Sa(y—2)(2e+y+2)= — (x—y(¥- 2)(2— 4). 
(d) S(a- b)(x - a)(x—b)= —(a— b)(b— ec a). 
abc 


(O Zpgy OM PTU GE “r= ~(t-9) (9-1) (r-?P). 
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(a* — b*)*+(b4 ~c?)*+(c? —a?)§ 
(a —b)*+(b ~c)3 +(c-a)8 
(@) 3S abe (4 +4) (@ — 6)? = 2(a — b) (b ~c) (C- a) Sa, 


(6) Sage (4- >) (b- 6)? =(a— 6) (b-c) (C-4) (a+b-+6—3h) 


(c) (y- 26-9) y-2q-7) (y —2r—-).-(y~P— 2g) (¥—9 — 37) 
(y- 7 —2p).=2(6 —q) ea. 
4. (3a—2b—c)*+(3b—- 2c —a)* +(3c — 2a — b)* =3(3a — 2b —c) 
(3b— 2c— a) (3c —2a— 5). 
(a? —b9)?+ (b?—c)?+(c?-—a3)* 
(a? +ab+b*)(b? +bc+c%)(a? +ca+c?) 
=3(a—b)\(b—c) (c—a). 


3. =(a+b) (6+¢) (c+4). 


If a+b4+c=O, shew that— 

6. a*+ab+b*=b?+hce+c% =c? +ca+a?*. 

7. (2a—b)?+(2b—c)*+(2c —a)* =3(2a— 5) (2b -—c)'(2¢— a). 
8. a(b+c)? i ee 
9. 


a*+b*+c? ) pet EPS 
yeeeee oH bs ti :) 
1 ; 
10. (G+; aatgita. 
il Re ie lar se x 
; 5 3 ~ ee 
12. a?+b? +c? ah +b? +c _oy a*+b3+4¢8 
2 5 3 
4454464 
2 = +c%, 


If 2s=a+b+¢, shew that— 
13. s?+(s—a)*? +(s+b)? +(s—c)? =(a* +b* +07). 
14. 4a7b* —(a? +b? —c?)?=16s(s— a) (s — 5) (s—c). 
15. a(s— ORE = ¢)-+ Pfs —¢} (s—a)+c(s—a) (s—b)+2(s—a) (s— 6) 
(s—c)=ab 
16. (s—a)? +(s—b)* +(s—c*) +2(ab + ac + be)==3s*. 
17. [f[3s==2(a+b+c), then 
Cee eee ae eer, amas ~ $5 R= a Cae 9} ; 
(ii)?(s — a — b)* +(s— b—c)3 +(s—¢ —a)* = 3(s—a—b) (s—b—c) 
(s—¢—a). 
18. Prove that (s - a)? +(s—b)*+3(s—a) (s—b)cec*, if 2sexatb+e 
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19. 
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Show that 


(*— a) (w—b) (a — b) +(x — b) (x —c) (b-0)+(¥ —C) (¥— a) (c~ a)==(a —b) 


20. 


21. 


22, 


28. 


24. 


26. 


27. 
squares. 

28. 

29. 


80. 


(b-<) (a-o) 

If x° —yexsa’, y?-az=b?, 2? -ay=c*, 

prove that (a°a4-b*y+4c*z)=(a+9+2) (a?® +b? +c?*), 
If ++y=a, and «ay=b*, shew that 

x? 4+ y%=a$—3b2a and #!+y!=a%- 4a*b® 4+2b4. 
Shew that. 

a’t+b44ct —-2a°b® —-2b*%¢c? —2a*c*=O, if a+b=e. 

1 


If *+ —=a, 
x 
. . 3 1 +2 1 . 1 —{r t 
shew that a*+—+4?4+— +4+-—=(a+1) (a*® —2) 
a? Fill x 
If ab=ay and ia bcowaee 
: m 


shew that #°+y%=m%a*4- ws) 
m? 


If a+b+c=ab+ac+ he, 
_ prove that (a+b) (b+c) (c+a)+abc is a perfect square. 
Shew that (i) (w+-2) (w4+4) (w 4+6) (w4+8)416 and 
(ii) (w+a) (w4+2a) (x +3a) (v+4a)+a‘" are 
f perfect squares. 
Express (a+b+c-—d) (a+b-—c+d) as the difference of two 


Shew that (a? +9? +2°) (a2 +b? +c*)=(ax+by+c2)* +(ay — ba)? 


+(cv# = az)®*+(cy —b2)?*. 
Shew that 


a> +b5 +5 +5abciab+ac+bc)=O, if a+b+c=0. 
Shew that 4°"—1+44”41-—4”+9 is a perfect square. 


31. Shew that 
(i) 3(2a—b-c) (c—a)=the difference of two squares ; 
(1) 2(%? +y*2+2° -ay — yz-—2x2)=the sum of 3 squares. 
Prove that— 
32, (a+b+c+d)?+(a-b-c+d)? +(a-b+c-d)? +(a+b-c-d)? 
=4(a* +b? +c? +2), 
83. a®(b—c)*+b*(¢ —a)*?+c%(a—b)§ =a? (b® ~c*) +h2(c? — a8) 


+c*(a* ~ b?), 
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34. (a+b)*+(b+c)*+(c+a)* —3(a+b) (b+c) (c+2) 
= 2(a* +b? +c* = 8abe). 


abe (a+b +0)(2 +5 +4) =abc+(a+b) (b+¢) c+). 


or 


35, 


36 (a+b)5-—a’ -b* =5ab(a+b) (a? +ab+b?). 
37. If a+y=a, xy=b, 
shew that (1+?) (l+y?)=a?+(l—))?. 
"88. a2(b+c)-+b2(c +a) #c2(a +b) -a9— b? —c® — 2abe. 
=(b+e-a) (cta—b) (a+b—Cc). 
39. (a? — bc) (b- c)+(b? -ca) (cu) +(c? — ab) (a- b)=O 
: 40, (a? ~ yx)®+(y? — 2a)? +(2? — vy)® —3(x? — yz) (y? — vz) (2? - xy) 
= (av? +y3 +2%— dxyz)? 
= (a? + 2yz)*+ (y? +202)* + (2? +2ay)> 
— 3(a? +2y2) (y? +202) 2? + 2x), 
j 41, If a=y+z2-a, b=2+ea-y, CHoet+y-zZ, 
then a°*-+b? +c# —Babc=4(a* +y% +25 — 3xryz). 
42. Shew that a(b+c—a)’?+b(cta—b)?+c(a+b—c)? 


‘ +(b+c-—a) (c+a—b) (a+b -c)=4abe, 
| 43, Prove that 2{a—b)!-+(b—c)'+(c— a)4} 
; = \(a—b)?+(b—c)? +(c-a)? p7. 


bi é\5 Ga 
| 44. Shew that G+) +(<+2) +(Ft+ 5) 
re Le & .4 a,b 
=#+(2+5) (+4) (te ) 
; 


45. Shew that 
(a+b)% —(b+c)?+ +(c+d)* - (d+a)® _, Rega 
| Peay pedcrerer saree tat t 
j 46. Shew that (a? -a+1) (b-c) 
+(b? —b+1) (¢—a)+c? ~c+1) (a-5,) 
=(a? -a+1) (b? —c?)+(b? —b +1) (c? a’) j 
| +(c? -c+1) (a? -b*) 
47. Prove that 
(ma —nb)* +(mb =mnc)*+(mc—na)® 
-— 3(ma—nb) (mb—mnc) mc— ma) 
=(m* —n*) (a*+b%+4+¢? — 3abc). 


248 


48. 


49, 


50, 


51, 
52. 
53. 


54. 
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If 2s=a+b+c, shew that 
S($ — 4) (s~ b) +s(s—b) (s —c) +9s —c) (s—a) 
=(S +a) (s—b) (s—c)+abce. 
If ssa+6+c. prove that 
(8— 3a)? +(s 3b)? +(s— 30) 
=3}(a—b)? +(b—c)* +(c—a)*}, 
If 2s=a+b+e 
a*(s— a)? +b*(s— 6)? +¢%(s—c)? +2s(s — a) (s —b) (s—c) 
=2{ (s—a) (s—b)+(s—b) (s—c)+(s—c) (s—a) ie 
If 2s=a+6+<¢ prove that 
a*(s— a) +b3(s—b)+c*(s —c)=abe+A4(s =a) (s@b) (s —c). 
If 2s5=a+b+c prove that 
@(s— a)? + b(s—b)? +¢(s—c)* =abc +2(s ma) (sb) (Sc) 
If x+y=a, ay=b 
find the value of a4+y4, ao 4y0, 
If #+y+2=a, ey +a2+92=b, and xyz=C 
find the value of (1) a? +y2+22. 
(2) #*+y%+2? 
(3) a4 y4424 
(4) a +5428 


CHAPTER XX, 


IDENTITIES AND FRACTIONS. 
165. 
Ex.1. To resolve. _! __ into two partial fractiens, 
(# — 1) (# — 3) 


A 


2 B ; 
Let —____.= “4 " whe A and B do not n 4#. 
. (# — l)(# —3) i gin? WaEere ot centain « 


Then Pre, — A(v- 3) +B(w—1). 

(*—1)(#-3 
“ 2>A(e—3)+B(x% -1, 

Since this is true for all values of *, it must be true when s=1 
* 25A(l=3, «2=-24, «+ A=-1], 


Similarly when +=3, B=1, 


et SS Be a ae: 1 
(#-1(e-3)”  w-1 3 
ye 2 
| RTE ; 
Ex. 2. To resolve (@-lye- Dass) nto three partial fractions 


at A B Cc 
(w~1)(w—2)(*-3) w—1 gaetece: 
where A, B andC do not contain ay 
Then +? = A(* — 2)(#-3) + B(x — 1)(w—3)+C(w—1)(a — 2), 
Since this is true for all values of 2, 
it must be true when v= l, 
1=A(1—2)(1-3), 1=2A, «» A=}. 
Similarly, when #=2, 4=B(2 - 1(2-3), « Bow4, 
And when #=3, 9=C(3—1)(3=-2), + C=}. 
. ae ee ee - 4 Seg. ee 
~ (@ = 1)(¥ =2)(#=3) 2(@—1) ez 2(a — 3): 


EXERCISE 77. 
Resolve each of the following into two partial fractions _ 


a-b 2 3a 
(#-a)(e—b) (w= 4)(x 42) 
12 4 #2 =—42 


(¥+ 6)(#+2) 8" <a 
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es) Se Peek We ete att ke OR 
(2a —1)(3#-1) "gw? (a+b)? "(w+ a)(w+b) 
Resolve each of the following into three partial fractions. 
ge ee I. Ie. IES 
"  2(284+1)(¥+2) " (a+l)(a+2)(a+3) 
BOG Mook ee te it Oe 
(a +1)(¥ + 2)(a+ 3) (av — 2)(a —3)(" — 4) 
12 awit tbeto 13 109? -41y 437 
(v= P(ax—-g)(x-1) (y— 1)(y — 2) - 8) 
fq: Sal eg 136°: 7884300. 
"(w= 2)(x —B)(a - 4) "(w+ 2)(~+4)(a+3) 
466. Examples worked out. 
Ex. 1. Find the value of (v-a)(%¥-> Shen yt tie 
(#-a-a)?® a+b 
c= a? +ab+b* _a(a+b)+0® =at+ Db? . 
a+b a+b a+b 
sv-ipieke eee. 6" aes (i) 
a+b 
Again a=. =6 2v—b= . ot Rat ns ii 
e a+b a a+b ‘a a+b (i) 
Once again x = a’ +2ab+b? —~ab_, +b- anes 
a+b a+b 
b , a*b? 
aned—bs ee oe an (6-2 ~ 5). ; ; 
rt (x-a-b) aebii.”: hs fe oy ogbaad 


Promicty fay wad (tit) SNORE) Oe OT 
(w-a—b)? a+b a+b’ (a+b)* 
x a®b? x (44 8)* 
peed a’ b? 
b+3a_a+3b 
oa C+ 3b b+ 8c 
b+3a_vVac+3a_Va(Vvc+3Va)_Va 
c+ 36 c4+3V ac Vc(VC+38V a) Ve 
a+3b_ a4+38Vac_Va(va+3vVc)_ va 


Ex. 2 If b=~ac, shew that 


Now 


Again — Saha — poss SelM Ate 8 «Fn 

. b+ 3c Vac+3c VcVat3Vc) Veo  * (ti) 
b+8a a+3b / 

Since gee ited a 
¢4+3b b43c are each equal to qa 
b+3a __a+3b 


C+3b b+3c 
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Ex. 3, li 5 .@+0 shew that /= at6 and Bo bec 
¢ b-ab’ b b-ac a b-be 
1 a+b 
Now a . b-ab= = 
gp a ab=c(a+b). ac+ be. 
5.6 =ab+ac+be 
b- ac=abx be =b(a +c) 
b _— ac 
at+e 
aes 
Doe bac 
Again since b=ab+ac+bce, «b- bc=ab+ac=a(b+c) 
ga 0 - be 
b+e 
1 _ b-+¢ 
a bwibe,. | 
-b b- c-a 
Ma Son t= “Ge d2= 
1+ab' nee ti 1+ca’ 
shew that w+y-+2=4yz,_ 
Now vw+y+2 


_a-b ,b-c¢ ,c-a 
~1+ab- I+bc  1l+ca 
4-56 b-a+ta-c ¢-a 
l+ab © 1+be  "T+ca 


‘an bin c 1 phe as | 
ae ) ee Tra 5 tt ~ Cl+¢ca__ rk ; 
eet Se b(c— a) c(b— a) 
(2 ”) aby 4b * ao Vrcayi 1 +5c) 
_(4-d)(c- a tf JEne 
(1+ be) l+ab Prt 


—(4-d)(c- fi b-c } 
1+bc sabes +ca) § 
= _(@—b)(b-c)(c- a) 
(1 +46)(1 +bc)(1 +ca) 
=wye. 
EXERCISE 78. 
Find the values of :— 
1 (#- a) +x(x - 5) 
: (#— a)(* — b) 2ab 


952 


16. 


17. 


18. 
49, 
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w-a_(x- 2a when «= ——. 
a-b w- 2b a+b 
ep 3 _w-2at+b nen » ot) 

a—b x+a-2 2 
44-0) when x PP ali 
e~ #erd ey ae 

x-2a x-4a+2b 

AaB css wh a+b. 
(= 2b ~ w4+2a—4b oD ee 
(a@—a)(b- 4), s= _ab—ca 
(c+a)(d +3) a+b+c+a 
pay as when ert 
x-a wx-b b a+b 


(x-a ain — b)(x+2a+ 2b) ; ‘ 
(w+ 2a)\(a+ 2b)(x - sb) non RGM): 
(#- a)(x—-b)a- b) een pre +ab+b? 


(v-a—b)(b-a)! a+b 
; A ech when PE, 2lers.2 
x+b (Qeta+c ; + b= 2c 
be= 3 or nwt 
ax—b 2ab ° 
w+ 2c (*= __ 2c? +cd +d") 
: (+3) 5) when ae ee : 
xi —y? +n a-b a+b 
AVE i ae d y= 
yeaa ey when # oat and y= nay 
x+2a . x-2a 4ab ~ ab 
TT akake. seve h pss 
2b—-x 24a ¥ ale 
Veg Dee enen.ee Pe 
x-a x—-b x*-ab i a 
Qa 2b 
(a +b)(«— a}(b — *) _ ab 
one ee 
x?+a* —b? a? +b* —x* b? +42 -a? 
2ax $6. ae 


when *=—a+b. 


e+ y= ls “when «= Be and gan te 
TS ab+1 ab+l1° 
— 3abx —2b? Fide —4ab 


is eon + Aig YAP te 
x? —~ab x=-2a 


wheni«=a+b. 
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20. (= A) a) when aa. / #7}. 
#-1 a+1 aT 


Shew that— 
9), 2be+(b? +c? -a*)_ — s(s—a) 
| RS net. oA A o_o = 
* ten (b* +8 —a*) * ees if 2s=a+b+e. 
6 i oe bc 3c)! OP: ee akae ==3(3 : ) 
Ga lacs) wotlieeaiansanal w 3 ates 
p=, 
a cg ¥ 
23.. -—+4— =} if -= ae a4 
ae Pia: fran =3(¢ +3). 
24 Eta rae 2 0.if a= a (m—n-+a). 
" mn—x) n(a-—%) m(#-a) at 
25. (¥—a)(¥—b) _# i ya ote and yan 
(y-a)y-5) y 2 a+b: 
- ee io b-c cma 
26. If «= ow abe na and F4 a ram 


find the value of a+ 9+2+4+-y2. 


_ (2c—b)? —ab, nf =a 
27. If «= ahha shew that Sb me Gy 


167. Examples worked out 
Ex. 1 If a+b+c=0, shew that— 
] ae 


i a — 28° O 
@) eke ac 


ih, 1\?...1 1 1 
0 (, ig at the Ta 
iii + : ee 
(iid) — wee b?4c2-a*  c*+a?—b? 

b a 

(tv) pect at ac0  eapae 

1 1, l1_c+a+b_ 0 

pa mii — = — >. a — b c=0 
() ab - abc 7s ae 

1 oe ed 
(it) (; +p +. 1d stitat 2(5,+ wet te)" tite 


isa a =O, |B ] 
atm th ny ()j 
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From this we may deduce 


BT RE Ber S28 
a-b b-c c-a (a-~b)? (b-c)* (c—a)* 


(ili) a+b+c=0 «4 a+b=-¢ 
. (a+b)*=c?. 
: a*+b2?4+2ab=c? 
a? +b2-—c#=—2ab. 
. Similarly b?+c®-a?=—2bc 
and c®+a*=-b®? = -2a 
1 


sia ce YH a be +c?-a® Vciaat be 
550 CTR ae 1 
~ Gab 2bce 2a 
a 4 ee ae 
as Astictaa) 
Se IPA Le ire 
=0 > sch bem? <DEy Ae op eM ey eee Dy fT 
(iv) a+b4+c=0, sa =—- x(b+0). 
A =-a(b+c) 


a? +a*®+be=a*? +bce-—a (b+c), 


22a? +bc=a? + bc-ab - ac=al(a—b)-c(a—b)=(a— b)(a Cc), 
Arwen? 2b? 4+ca=(b —a)(b —c) and 2¢c*4+ab=(c—aj(c-b), 


Hence tae a Os gs 
2a* Tee 2b2+ca 2c?+ab 
a b c 


ew ea-o (bat elt Ge nc=) 
hee RAN AR aa [by (2) of Art. 161}, 


1 
Ex. 2. 1 + p22 Sia ,then show that ° 


bic atb+ 
(i) a= =4%, Mek eee 
ene: ] ] 
li a fe eee eee ee ae 
(11) tote a?+h#+c8 
1 
iii eth ae ——’ 
( ee rigs age 4 


and pec ee ‘ 
Lay 1 1 eat I 
a°n+i pbenai a’?n41 g?m414b2n4i4 cem4 i, 


(iv) 


Xx. } IDENTITIES AND FRACTIONS. 


255 
i ae 
i _— > = 
(t) orth a+b+c 
, 4b+bce+ca ] 
abc “ a+b+e 
*~ (4+6+4¢)(ab+ac+bc) abe 
re Uiab Valeltar-ster ake =0 
(4+6)(b+c)(c+a) =O 
a+b=0. $6, @=—b; 
or b+c=0. i, 6., B= =6 ; 
@rc+a=0, #1. 6,c=—a 
(il) We have shewn thata=~b s.a%=-b? 
BG) Rs Se Wek Fake. 1 ge ae 
a8) pat ce™ ~ pst pat aca aapgep ee Tha 
(ili) a=-b « aba=-—bde 
ae BAR he RC, See 
4 Ca ~ pet gs tape ace % ba tine 
fiv) a= -b. 2a*m44=-b%~41 +241 is Odd, 
1 1 geese 1 1 
“ q?n42 + jan4i ee ~ penyt things cana ; 
eon) 5 
* ~ E242 
if 
ain+' + ben 41 4eim4t 
~ a*n+++bin4t—o, 
‘Ex. 3. If ab+ac+6c=1, shew that 
ve a OL a panes te oie ab+ac+ be). 
a (a+b\(a+c) (b+c)(b+a) (c+a)ic+bd) \ chad 
(ii) ote +ete Pacha! a (4+b)(o+c)(C+a) 
l-ab —be 


1+ca (1-ab)(1— be) Bas —ca) 
(i) Soe kie st 


“1 +a? Sa" +ab+ac+be=a(a+b)+cla+b)=(a+ bate). 


Similarly 1+b?=(b+c)(b+a) ; and 1 +c? = (¢+a)(c+b). 
Hence the given expression 


= (2+ bY(a+c) 
(4+b)(a+c) 
=1+1+41 
=3 
= 3(ab+be+ca), 


_ (OF b+a) , (c+a)(c+6) 
(b+c)(b+a) (c+a)(ce-b) 
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(it) ab+ac+be=1, sl-ab= ac+bc=ac(a+b). 


a+b a 
“T=ab c 
ag e+a_l 
Similarly +e an eo agg 
, a+b, b+ce ,ct+ta 1,11 
J a ae Tee Bee a, 
emomarybe 
abe 
mute 
abc 
ee ae | 
cab 
: ae Saga 
Ex. 4%. If —+.+ —=0, then shew that 
a. 6.6 
i SUS ARAB. F 4 <=, ES Bs 
() (a+b)(a+c) (b+c)(b+a) (¢+a)(c+5) 
ab bc 
Redd’ b = 
(it) acbtbactepatet +c=0, 
(t) Since 1p te =0, ab+act+be _ 
b abc 


* ab+ac+bc =0 
. a*?§+ab+bc4+ca=a* 
. a(a+b)+cla+b)=a* 
2 (a+b)(a +c) =e*. 
Similarly, by adding b* and c? to both sides of ab ac +bc=(h. 
we can get (b+c)(b +a)=b* and (¢+a)(c+b)=c* 
; a? a Pei wa ex Oe 
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) 
b2 
be 
=14+1+41 
=3 


beg ee 


(ii) re i be c+a 


o- 


XX. ] IDENTITIES AND FRACTIONS. 
— 46 +ac+be bc+ab+ac ch¢+ab+a 
a+b b+c C+a 
eee 
+ +c c+a 
) i: he 
Bx. 3 If atb+c+d=0 and -+—+_+-=0, 
2bed 
prove that a? +b%+4¢34qd#~09 
Since a+b+c+d=0, a+b=-~-(c+d), 
i se He Se be YY 
Since -+_+_+4 = ~+i4+= a 3) 
a*8 re 0, at. ota 
b c+d 
Wa a 
se ab cd 
4a} 
oS b= - 
ab cd vei (cpa) 
ab=cd. 


Again (a+b)*= —-(c+d)? 
» 4° +b* +3ab(a+b)= —c*—d3 — 3cd(c +d) 
4% +b% +c%+d%) = - Baba +b) - 3cd(c+d) 
= — 3cd(a+ b) +3cd(a +5) 
=0. 


Ex 6 If a+b+c=abc, 
a+b ,b+c ,cta _ 
shew that abt het eit 
Since a+b+c=abc, a+b=abe—c=c(ab—1) 
Similarly, b+c¢=a(be -1) 
and c+a=D(ac—1). 


ath _b+c ,b+a _¢e(ab—1) a(be~1) , bca-? 


Hence = bh a 


ab=-1 bc-1 ca-1 ab-1 be-1 ca-1 
=e+a+b 
=abce. 
Ex. 7. It #+y=az, y+z=bw and z+4=cy, 
find the value of —L + ; as t 


a+l b+1 cHl 


Since #+y=az, a .= ary. 
“a+1 = ae ee = ATI F2 
z, 2 


Pe ae 
“atl x+y+42 


17 


57 
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1 x 
Similarly — = 
YOyl wtyte 
and Ef eee 
c+1l #a+yt+2 
1 1 1 z x y 
Pn Se ee aces ere ere te ee 
ay *Oti “cH M+y+z wiyte R+yte 
aerert 
at+yt+e2 
=F 
Ex. 8 If a+b+c=1, abt+ac+bc=} and abc = py. 
1 1 1 27 
th 2 ————_ +> =—. 
4.) rahe bice Chae 4 


Since a+b+c=1, 
a=" -—(b+¢). satbc=H1—(b+c)+bc=(1 — b\(1—c). 
Similarly b+ca=(1 —a\(1 -¢) and c+ab=(1-—a)(1-)). 
RES | 1 1 
“Tybe b+ca pas 
l 1 1 
= ope * Goa) (t-ayl—6)" 
_l-a+1-b+1-¢ 
~ (Taya —byl—a 
3-—(a+b+c) 
l-(a+b+c)+(ab +ac+bc)— abc 
3-1 


1 
1-1 -_—- — 
ae | 27 


Se. 6 ttt 424 + =1, then 
b+c c+a a+b ' 
a* bt c? 
ee opi eee BY 
() bec c+a a-b ms 


(ii) ag BP | = dat bt?) 
b4c ca a+b " 


a 3 IDENTITIES AND, FRACTIONS, 


St OS oe eee Pe Aan — 


b c 
1) Now —~ 
5 eRe = 


F A. a 


b+e c+a a+b 
a* hb? c? 
*, A a. 28 b eo whit — 
a+ Sie" i + orm +C+ Sar a+tb+c. 
a? b? c? 


4 oe at =(@+b+c)-(a+b+c)=0. 


(ii) « UGH +e) bo? (atb+o) .c2(atb+c)_» 


b+c c+a ano 
3 a+ A +b + +6 "+ 230. 
» athe, x (ah 400401) 
ix. 10 If abc=1, prove that . - I + : 


Now Lats =abe+a+ac=a(be+1 +0). 


TN thebnhe 
¢ C 


and l+c+ tl peabe, 
a 


aula -+ : -+ ; - 
Faden B54. ] 
+at> 1tb+. l4e+= 


1 1 1 
~ a(be +1+¢) Venter l * 1ic4t 
c 


1 1 
aN F: 1 
Gey ) 


—~ 1 (++I) 
be+1l+c 
=1. 


—— 4 i 
Yeas 145+: I+e+= 
sll c a 
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EXERCISE 79. 


If a+b+c=0, ie the following identities :— 


ie oe 1 1 
Q: 
A. Letetooytyctopat , 
a?+b? +c? 
J (a*b? +b%c* +c%a*) 
2 a+b b+c Pees bo c+a 2(i+ 341), 
- (atelO+e (aro(are) (atdb+e)  \a' bre 
3. °* be +08 - a®) + Ter +a*—b*) +24 (a1 +b? -c?)=9, 
4. a%(b—c)+b3(c—a)+c*(a—b)=0. 
5. a*(b+c)+b?(c+a)+c*(a+b)+3abe=0, 
6 a+b Obes +42) ( b —9 
; ( c ) Rae c+a +=55) : 
a? b? Co. Shs 
1. garpbe  2b* ca’ Bc? fab 
a’ bs  jepitay ies 
ne 2a? + ct apt yca* Baad ‘ 
and afb? — c*) , b(c? —a?) |, (a? — a 
b-—c c-a a-b 
a‘ b4 c* 
ee Sat bt SttacaSehane T 
10 (a? — be)* (b? — ca)? __(c?-ab)? 
" (6? -ca)(c?-—ab) (c? —ab)(a? — be) (a® —cb)(b® ca) 
24 2b *y 
1 ee, er ee pe a — 
as b?2+¢* —6a?’ a*?4c?—6b? | a? ab abe 
a* b+ ct 
|| a ae) anny) NNeerenne aierees 7 ae 
Bbc= 2(b* +e") * Bea ae? +a") * bab Ha 4b?) 
= —(ab+bce+ca)}, 
ere ns. See eee! SCORE: 1 x! 
(a? +2bc)(b?+2ca) (b?+2ca)(c?4+2ab) (¢?+2ab)\(a*+2bc) * 
1, Sieg 1 
feo hs Se 
oe gata POP that 


1 8 Rae | 1 
14, _ =—=— — _nintiner 
ea) at ee 


et lea i 1 
(<x6%2) “aimee” bie gina’ 


XX. ] IDENTITIES AND FRACTIONS. 


oy Nae 
16. If = 
at tem ew ——_ then (a +b\(b + ¢)(c +a) = abe. 


17. It.ab+bc+ca=1, then 
( Learn) = Sabbigh = -.2r%, 
5 lta? 146? J+4¢? ~ (i+a?)(14b2)(14e?) ’ 
b+e l-ab ,l-ca 
and 1- Trle ‘ais * c+a Fathae 
ff a+b+c4+d=0, prove that 
18. a? +b? ~¢? -d* =2%(cd — ab), 
TY, a%°+b*+c%+d243(c+d)(ab— cd) = 3(a + b)(cd — ab). 
20. at+b'+c3+4d' 
=3)(ab - cd)? + (ac ~ bd)* + (ad + be)*| — 4abcd. 
ay, (5 +b+e5+d%)_ a3 4+b%46%4d9 48452462442 
: emerson a = 3 — * rea ai i ’ 


If a+6+c=abc, preve that— 


a b c(l ~ ab)? 

22. be a a | ae ar nr, =e 

° l-a® 1-69 ta -aya-59 
b c a(l = bc)? 

SE ee SE Bak) 
1-68 * i-e tab -<) 

; c a b(l —ca)? 

Me he oh ls 

: ioe tne l-c*)\(1-a?) 

25, 2a 26 + a6 <=) 2a 2b 2c 


ioe Ha 3-8 ia ioe na 
26. 3a~a* | 36-5? 3c—c® _3a-a* 3b—b° 3¢— 6? 

1-~3a? 1-36? 1-3¢? 1-3a2 1-36? 1 -3c? 
27. ote + ote C+a _ atd . 1+0¢ | C+a 

l-ab l=be l-ca l-ab 1-bc l-ca 


28. If #+y+z=0 and=+\+"=0, 


then #? +y?+z7=0 and at+yt4e4=0, 


29. If ety tt=o then 1 + : » a5, eg 


wemye ymaz x? — wy 


. -b b-c¢ C-a 
. ie ok —“andz = 
alii < ta oem ae 2 
then +*, 5=) ig 
lew tay loz 


—_ 
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31. 


32. 


33. 


34. 
35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 
45, 
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ims y= = and aw? 


then a+9+2+ay2'=0 
If *t = 1, z+ta, then y+—51, and ay 24+1=0 
x 
1 1 
gateertcs ar 
then (a — b)? +(b—c)* +(c-—a)*=0, 
1 1 
atl’ b+] 
If #+y=ax, 9+2=by and 2+a=cz, 
then (a —1) (b—1) (c—1)=1., 
If a+y+2= -—4 and ay+y24+2a=5, 
1 1 1 
then” 2 Me of ako 
fhe fay Vas 
If ++y=az, y+z=bx and z+a=cy, 
then (a+1)(b4+ l(c+1l=0 if #a4+94+2z2=0, 
If a+b+c=1, ab+ac+bc=2 a?4+b*%4+c8=3 


If =0, 


If av=y, by=x. then 


1 46 
then — 
stit > ~ 64. 
b Cc d 
Ee OT I ng Be 5 EB 
ae 1c} lnc eee 
shew that -- 4.7 A pil oe 


l-b i+c ‘I=a 
+5 =1, then*_ Stay ty =0, 
If (a+d)\(b+c)= ie ad) (1 = be). 


then (a +c)(b +d) =(1 —ac)(1— bd). 
If ++y+z2=4 and wyt+yz+e2a= 5, 


1 are 
shew that .- > 4. _ fi 
ie eo dey + Tr. 0. 


If e+y4+2= 0, that ~ +2. rt _# mk 
ye BK 


wy 
If a+b+c+4+2=abc, then : ba hot 
» the fee ise ine i. 
If a+b+c=0, 


then a4+b4+c!+ (ab+ac+ bc) (a°+b?+c¢*)=0, 
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46. lix= ae eT per Te 
c a a b b ¢ 

; shew that 2(v*y?+y?2z?+2?47?)-—at—yt—z24=0, 
3 AT, Uf aS gg? and se 8 
‘ one” eta aa 


then ay+z2+24"+42ayz=1. 
48. Ii v+y+e=du, V¥+2+uU=ax, 2+4+u=by, 
and #+y+u=cz, 
1 1 1 ) ae 
ite lik eee 
| 49, If X=av+by+cz, Y=butcyt+az and Z=cx+ay+bz, shew 
_ that (a?+6?+c?-ab-—ac—bc) (w*+y?4+2? +0y- ye—ze)aX?24V?2 4Z? 
_ =-XY-XY-yz. 
50. lf a+b+c=0, 
than ®_ +5" +6" , a® +b? 0% _ (oo )y 
7 3 5 
51. Li 2s=a+b+c+d, then 
4(ad + bc)? — (a? — b? — c? +d?) =16(s —a) (s—b) (s—¢) (s—d) 


52. If ay, +4, Hag + eveeedn= 5 then 


(Ss — 4,)? +(s—4,)? +(s— 43)’ +(s—a4)? 4...... + (s— apn)? 
HO 4A, HAg® Hicecee +79, 
1 20 a” hile 
S that larctencmetns SO eatin te aca, 
ee are at pat atees as +8 
| BR ee ian 


~@—a gle x16" 
54. Shew that («-y)!+(y—2z)4+(2- 4x)4 
=2\(¥—y)*) (y- 2)? +(y— 2)? (2 — @)? +(2 +4) (a ~y) 2} 
=2(4? +y? +2° — xy -— yz —2H)?, 
55. Shew that (b+¢-a)(c+a-b)(a+b-—c)+a(b+c—a)?+b 
(¢+a -b)*?+cla+b—-c)?=4abc. 
56. Shew that (a - cx)? +(x? —1) (b? - d?). 


=(Ss +cd-— “y if x 


57, If s=a+b+c, than (as+bc) (bs+ca) (cs+ab) 
=(a +5)?(b +c)? (c-+a)*, 
58. If 3s=a+b+e, 
(s — a)* + (s—b)*-+(s —c)4 
=2}(s—a)*(s — b)? +(s —b)?(s—c)* +(s—c)?(s—a)*} 
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1 1 1 
Bra Tate l+n+nl 
(i) Imn=1, or (ii) (1+4) L4+m)(l+n)=-1. 


60. Show that a-b ig Pre - ts 


n+ab nt+bc n+ca 


59. =1, prove that— 


_ n(a—b) (b-c) (c—a) 
~ (n+ab) (n +c) (1 +ca) 
61. If ayz=1 
show that 
l-x l-y,l]-2z_ l-w l-y 1-2. 
Tye I¢y Y-2 THe ity Itz 
62. If xyz=1 
show that 
Lao? ,1-y! Vast dns! layt Inet 
l+x? l+y? 1+e? l+a? l+y? 1+2% 
63. If ayz=1 
show that 
l—w? l-y® l-z*_ l-x® 1l-y® lez? 
Tyat l¢y? Tyz* 4a" yy 1423" 
64. If a+b+e=abc. 
show that (1 — ai) (1 — bi) (1 - ci). 
=(1+ a1) (145i) (1+c¢i) where 


ixv-1 
65, If a+b+c=abe 
show that A= 8%) te os i=@ 
l4+ai 1461 1+e1 
from (64) where i=.’ = 1 
66. If a+b+c=abc. show that 


*yz=1, where «= i=at 
1+ ai 
1+ bt 1+ci 
67, If a+b+c=abc, 
show that wy? 2? =i, where en! ak mi 
1+ai 
1+b5 1+ci 
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Deduce frem 66 and hence show that 
2a + 2b 2 _ 3a 2b 2c 
T-a? 1-6? *l-c? 1—a? 1-b*: 1-c? 
1-ai ee bi 
from (62) by substitutin 
(62) by © ar 14h 
-ci 
laa for a, y, 2 in it. 
68. If a+b+c=abc, 
1—ai Y— b¢ 
hew that +#°y3z*=1 h = ie 
8 asy , where # ia Thi 
and a= 5S (i being equal to VW — 1) and hence show that 
3a—a*  8b-b* , 8c-c?_3a-a* 3b-b* 3c—c? 
I-3a? 1-80* 1-3c? i —3a?° 1-36?" 1-3c? 


69. 


70. 


substituting ——— 


from 63 by 
1-ai,1l- 1-bi, 1- ca 
l+at 14+%i l+es 


for a, y and z. 


Similarly find what identity you will get by substitution of 


l- ai, I — bi. bi, 1 


T= ct, foe wy, y and z 


l+at T4+bi TH 


1—#. 1-y% 1-2) _ 


in the result —— aa 


toa eye eat 


which is true pee ayz=1, 
Mf atb+c=5, ab+ac+be— —4, abc=3. 
find the value— 


(4) 
(0) 
(c) 
(4) 


te) 


1 1 1 
1+a’ +i ihe 
c+a b+a c+b 
1+b 1+c l+a 

a’ b? é 
1 ake tea l1+ab 

a b ¢c 
Bec? * cepa? a? 4b? 

a?’ bs 


a+oyiee) Ul yeylta’)* (1+c¢?)(1+c?) 


_l-s! 


x La 


c? 


l-y* 1-z? 
l+y 1+z* 


EXAMINATION PAPERS. 


Third Series on Chapters XV to XX. 
I 
(1) If f (a)=a5 +60? —9v-12, find f (v+h)-f (w—h), 
(2) Divide 64% -94248x+27 by 2-1, and find the remainder 
without actual division. 

(3) Resolve into factors :— 

(1) a (b*—c%)+4be(c? — b?) +.a3(c— bd) 

(2) (a—b4c)*+a%—c84b9 
(4) Find the L. C. M, of :— 

8x5 +273, 842-2793, 16v' +364? y? + 8194 


1 1 1 a 
(5) Find the value of ipa? *Tyeet ~ifa+b+c=2, ab+ac+ 


1+c? 


bc=1 and abc= -1 
x a? a4 
(6) Simplify 4} a 
(7) If eat ane ae exprees b in terms of a and c, 
(8) If 283=a+b+c, show that 
2(s — a)(s+b)(s—c)+a(s = b)(s—c) 
+ b(s —c)(s— a) +c¢(s — a)(s — b) = abe, 


II 
(1) If 39? +5a-7=5A+B(a—-1)4+C(w— 1)? Dix = a)* 
determine the values of A, B, C, & D, 
(2) What conditions must # and q satisfy in order that a? —pPx+o 
may divide #5 ~ 42 ~ 2749 exactly. 
(3) Express a‘ as an integral function of a—1, 
#) Prove that (a+b+c)* -a3—p3~— c§ = 3(a +-b)(b+0)(c+a). 
Hence show that («++ 2)8 FV I+Z)FE + (y+ 2— a)? + (24 4- y)* 
= 24ayz. 
(5) Find the H.C. F,andL.C. M. of 3a(*? - 22 — 35) and Qaia? — 
44 —45), 
(6) f (y)=6y% -8y2 + 7-4 
lf y=#-2, find f (y) as a function of 
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(7) Simplify :-— 
+atl | gtr), 24+z4+1 
(v= y\(w— 2)" (y-2\(y-a) Z—ay(z—y) 
(8) If w=a(y+z), y=b(z+a), z=c(v+y), show that 
a b c 
I+a*1+b ite 
Il] 
(1) L€ f(a)saav?+be-10, f(1)=-5, and f(-2)4+8=0, determine- 
a and b. 
(2) Find the H. C. F. and L. C. M. of :— 
44° ~8a°+3v-6 and 1249+407491+4 3 
(3) If w® — 40? + 44-34 (w-1) (w— 2) (w — 3) +B(w — 2) (v—3)4C 
(w — 3)+D, determine A, B, C and D. 
(4) Simplify :— 
{2a+1+ 2 a-l ES fo 1 4atl =o} 
a+l a ta+l a-l a+2 
(5) Resolve into factors :— , 
(a? +b? —c*) (a? +c? —b?)+(a? +c? — b*)(b? +07 —a?) 
% +(b? +c? —a?)(a? +b? =c?}» 
(6) If 3 (a2 +6*%+c?)=(a+b+c)’, show that a=b=c. 
(7) 1f #9 +an? —(w? — 2ab)x —c*+3abc be divisible by x+a+b, 
show that a@2+6% +c? =Babc. 


(8) If b=a+ 2 and c=a+ A prove that 3bc=1+b?+2c?. 
ve -& a“ 


IV 
(1) Lf F(#)=2a? - 3x43 and f (x) =3a? ~x+1, find the value of 2 F(3>» 
—3 f (2) i 

; 3a? —12#+11 A B 
(2) If 7 i 4 aaa Taye tog tax determine A, B, C. 
(3) Resolve into factors :-— 

(1) # (vy? +2? — ww?) + 9(22 +2? - y*) 

(2) 6a? - ab —b? +4a+43b-2 
(4) Find the L. C, M. of :— 

12a° +4a? —-3a—1 and 8a*- 4a? —- 2a+1. 
(5) If ayz=1, show that 


w+ ye 4 the wade = ates yt et) 
x x Zz x y Zz 


268 ALGEBRA, 


(6) Simplify :-— 
a+b NM b+c c+a 
(a? — bc) (b? - ac) (6? ac) (e€*— ab) (c?— ab) (a® — bo) 
(7) Show that # (#— 2a) (w+a) (v-a)+a4 is a perfect square.* 
(8) Show that av'+6w*+c is divisible by w° +c, if b=ac+l, 


V 

1. Prove that the product of 6a'4+a-2 and 4a*~1lla-38 is equal 
vto the product of 8a? - 2a-1 and 8a? -7a-6, 

2. Express 1*- 6x? +12%-—8 in terms of 9, if w—y=2. 

3. Find an integral value of a for which the expression 
«4° +10a4+30a%+32u?4+12a—4 shall be exactly divisible by at+ 
-Batl, 

4. Ify=f (a) = Set shew that f(y)=., 

5, If w#+y+z=0, simplity 


yt2 (y2+229— a2) 4 2t* (2? +42 — 924 @+9) (a? +9?— 28) 
SZ ox wy 


6. Find the H.C, F. of :— 
4a® - 10a? +4a+42 and 8a!-2a3— 3a+2. 
7. Resolve «4- 104343542 -— 50a + 42 into factors. 


s 82 
VI 
1, Show that (ax + by +c2)* — (ba +cy4az)3 is divisible by 
{a — b)a+(b-cly+(c-a)z. 
2, Find the H.C. F. of :-— 
#°— 6"? +11¥—-6 and # - 94? +264 ~ 24, 


3. Show that 4+ (5 +3)(2+5)5+2) 
b aJ\c byJa'c 


_fa, by? Db cye ¢  @4s 
=($+3) +(<+; +(5+2) 

4. Resolve into factors — 

(a — b)§+(b—c)4(c—a)® 

5. If 2s=a+b+4c, show that 

s-a s=—b S—C s? at*4+b?4¢3 

Pres mm bk ee he al a 
({s— b\s—c) ° (s-as—a) (5=ay(s—b) * Gays bys By (S - a)\s— b)(s—c) 
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6. If a+b=cz, b+c=ay, ¢+a=bx, show that 
oo 1 pom 
etl y+] z+1 
7. If aw*+bay+cy? and baw? -2 (a-c)ay—by*? have a commom 
factor, then av? +)ay+cy? is an exact square. 
g SR 6 Re ae gee. 
(w+ i)(w+2)(v+3) a+1 a+2 x+3 
vil 
1. Find the H.C. F. of :— 
vt —642+4+ 84-3, wt — 249 - 74H? +20" -12 and #1 —-44741240- 9). 
1 l 2 
2. If #?+29=2y?, show that —— + = 
* ahs y+2 BEY HH2 
3. Find the H. C. F. of two expressions is a-4and their L. C.. 
M. is a* — 10a* + 35a? ~50a+24; find the expressions. 
7v+11 Pe rt ea ee find A, B& C, 
(w+ 1)(w+2)(#+3) x+1 442 wt3' 
5. If A=aw+by+cz; B=ca+ay+bz and C=ba+cy+az, shew that. 
(a?+b%4c2-3 abc)(x> + y? 42% —3 ayz)=A%+B*+C*%—3 ABC. 


6. Simplify — 
a*+a?+l1 + _. EOF +) ch4+c?+] 
aaah std (06? +b+1)(b-c)(b- a) (c?+¢+1)(c—a)(c—b) 


Show that |#+y+2)(wy +92+ 92) -—ayz= sb ae eee 


Hence {simplify (5+3)(G+ <)e+ 4 (f+: +2) (S45 +2 


8. Express (w?+y?)(a?+b?) as the sum of ap squares in two. 
ways. 
VIII 
1. Divide w4+ax*+(a?+4)x?+(4a+l)v+Ea? by «#?+4 and find 
the value of w for exact divisibility. 
2. Resolve into factors :— 
wy +2)? + 9(2+a)? +2(4 +9)? — (9 +2)(a— ¥) (vw — 2) — (2 +4) (y - 4) (y- 2)" 
—(v¥+y)(z- *)(2- 9). 
3, If a+b+c=0, prove that 
(i) a(b® +c* — a?) = b(c? +a? = b?)=c(a? +b? —c?)= — 2 abe. 
(ii) (b4c-a)*+(c+a-b)94+(a4+b=c)*= = 24 abc, 
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4. Reduce to its lowest terms :— 

3a? — 234° +438x7-8 
a4 — 5a — 64? +35a—7 

6. Find the H.C. F. of 24441393 — 442 +6a+1 and v!+74? - 
“2u? ~-21a—3, 

6. Find a homogeneous and symmetrical expression of the 
second degree in # and y which shall be equal to 3, when w and y are 
each equal to unity, and shall be equal to 11, when #=2, y=1. 

7. If a,b,c be three consecutive numbers, prove that a3 — 263 + 
c*=6). 


wiry? ety wey! 2 4 


. Simplif Die nck eo. 
8 P y gays a? —y? Cutty? v—y 5 
IX 
1. If the expression ax?+ba+c takes the values e . . 7 
c ¢+1l ¢e42 
~when v takes the values 0, 1,2 find the values of a,b,c and prove 
‘that when #=c+2, the expression is equal to — 
c 
es” Le eae? = beet 2 ea l8 , find the value of 
m—C m—a m—b 
t+ y+z2+ayiz. 
; : 4 12 ( 4 124 
8, Simplify ' 7- ES PRR oe 
TO A ak VCS Male ta ks eae 


4, Find the H. C. F. of a®’~2a?241 and 2a*+a*+4a-7, 
5. Resolve into factors:— 
(b—c)(b+c)*+(c—a)(c+a)? +(a— b)(a+b)*, 
6. Express 8#°-10%+5 as a function of 24-1, 
7. If D is the mid point of the base BC of a triangle ABC, it 
may be assumed that AB?+AC#=2 (AD? +BD*). 1f AB=24, BC= 
2p+2, CA=2p41, AD=$+4. find the perimeter of the triangle. 


1 1 1 
8, If # —, =, rove that a 
= i=) y ion prov at z = 


x 
1. Resolve fnto factors:-— 
(a) (@+y—2)%(e— 9) +(y +2 - 4)9(y— 2) 4 (244 —9)%(2—9), 
(b) 4a? — Tay ~Qy2 +10%+7y-—6. 
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2. Find a symmetrical and homegenesus expression of the 
gecond degree in «, yand z which will be equal te —7 when s=y= 
1 and z=2, and 23, when a=1, y= -1 and z=2. 


3. If 28S=a*+b?+c* and 2s=a+b+c, show that (S —a?)(S—b?)+ 
4S — b*)\(S—¢?)+(S —c*)(S — a?) = 4s(s — a\(s — b)(s —). 
- & Iia+b+c=k, ab+ac+be=l, and abc=m 
Find the values of (1) a?(b+c)+b?(c+a)+c?(a+b) 


e (2) b9¢%+c*b%+4a%bs, 
Ly 1 
we yt2¢ , v2 +22*+-2? } 
5. Simplify Seg icone. ay j 
wB yt+2 
4. Reduce to its lowest terms:— 
wo +Tle+12 
#° + 1llv? —54 


~~ ’ -_ Pe 
eM tie! vale ot tt wien wed ana yaett . 
yee ty a+l a-1l 


8. If b=q po, find a+b in terms of a and also in term of b, 
-a a 


CHAPTER XXI. 


INYOLUTION AND EVOLUTION. 

168. Ifa quantity be continually multiplied by itself, it is said 
to be involved or raised ; and the pewer to which it is raised is ~ex- 
pressed by the number of times the quantity has been employed in 
multiplication. 26 

Thus, axa or a® is the second power of a; axaxa ora* is the 
third power of a; and go on. 

If the quantity to be involved has a negative sign, the sign of the 
even powers will be positive, and the sign of the odd powers will be 
negative. 

Thus,- @x -a=a? ;-ax -ax -a=-a’ ; 

—-@X -ax -ax -a=a‘4 ! and so on, 


169. A simple quantity is raised to any power by multiplying the 
index of every factor in the quantity by the exponent of that power, 
and prefixing the proper sign. 

Thus, (a7)"=amn ; 

(2b)98 = 0b KBB AD... sssisvs ces seavedncevscvcasen-¥O Mt factors, 
=(4xa x a...to m factors) x (b x bX Diessecto m factors) 
=an xbhy, 

(a? d4c)5 = qi0h20¢5. 

And (—a")m=+4amnm it m is even ; Or =—amn if m is odd. 


170. To raise a Binomial to any power. 
By actual multiplication, the following results can be established. 


(a+b)? =a? 42ab4 2 
(a- 6)? =a? ~ 2ab ibe} Ue a Se ae ae I. 
(4@+b)®°=a*+3a°h+3ab2? 458 Ul 


(2-6) =a? - 3427} 4 3ah2 b*5 

(a+b)! =a'+4a9b46a2b? +4ab3 +54} 

(a@-—b)4=Qgi~ 4a°b+6a2b* — 4abh? +584 

(4+b)* =a° +6a4b410a%h? 410a°b? +6ab! 465 9 ; 

(a -6)° =a5 — ba4b+10a*b* - 10a*b* 4 5abt—b5 5 * + + + «TY. 

On examining the above cases we observe :— 

\1) The number of terms in the resulting expression is ene more 
than the index of the power. 
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(2) Any pewer of a—b differs frem that of a+b only in this, that 
the signs of the terms of the former are al‘ernately+and —,whilst 
those of the latter are all +. 

(3) The first term of the expansion is equal te the first term of 
the binomial raised to the given power. In the succeeding terine, 
the powers of a decrease by unity, aud those of 5 increase by unity. 
(4) The co-efficient of the second term is the same as the ,index 
_ @f the power to which the binomial is raised. 

(5) If we multiply the co-efficient of any term by the power of a 
in that term, and divide the preduct by the number of that term, we 
get the co-efficient of the following term. 

(6) The co-efficient of the terms equidistant from the shane 
and the end are equal. 

The abeve laws enable us toexpand abinemial raised te any 
power. 

Thus generally 
n(n — 1) 


(M+ YHA ymml y+ <a nm? y? 
n(n—l)\(w— 2) ag 
ca Lee ay We van cdciaca auecat seiieeece 


—* +n x. yt —*+ yn, 


+ 8 


(a— yt an—nan—t.y 422A"! yn—2 y? 


n(y — 1) 
<< 


_ %hn— 1)(n — 2) 423 y3 


L 2.3” y Fr cw p00 06a cece cng a0 ctenseses cae cee 
ate D) y9.¢— yn? +.0.(— y)I—* + ( — yl. 


Ex. 1. &xpand (a+5)*and ‘a—b)°. 
The first term=a, 
The second term=6a*b. 


on 


“ae 


The (hird term= ae Batya =lba'b?. 
The fourth term= tad 49h 9=93095?, 
20 20 x 3 3 


the fifth term= a?b*t= L5arbt. 


18 
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15x2 


The stath term= ab5=6ab8., 

The seventh term="%1 lone = bs. 

Heace 

(a+b)§= a&+6a5b+ 1lbath® +20a8b3 + 154%! +4 Gabt +6 
and 


a — b)® =a® - 6a°h + 15ath® — 20a8b* +154 *h4 — Gab® +58, 


Ex.. 2. Expand (#—2y)’, 
The first term= 2, 


The second term = — 74#°(2y) =[ -14a*y] 
The third term= aot —* 5. 5 (2y)? = 214 5(2y)2 
=[84a5y?), 

oie 4, 
The fourth term=— wh(2y)® = —35a'(2 ¥)® =f — 280x419? }, 
The fifth term=+ a 4 2 (Dy)4 = 354°(24)! =[560x% 94). 
The siath term=-— pat J w3(2y)® = —21w?(2y)5 = — 672~2y5), 

nee 2 


The seventh term= + . -w(29)6 =Tx(2y)> =[ 448ay® ). 
The etghth er last term= — : ; Voy)? = = = (29)? =| — 1287]. 


Hence (#— 2y)’ =a — 14x°y484n' yp? — 28004 y2 + 56008) — 672rtys 
; +44 8x9" — 12897, 
This result may be verified as im Art. 129, 
Thus putting sx=y=1, we have 
() — 2)? =1-14+484 - 2804 560-672 4.448 — 128, 


. 


Ex. 3. Find the ie tae of #° in the expansion of (a4 <a)® 
4+ ae=4* +8e7a+(—* ot 28 )erat a (75% or 56 ye" ia% +c, 
Hence the co-efficient ef 2° = 56a?. 


Note —A trinomial raised to any power may be expanded by the 
repeated application of this rule , 
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EXERGISE 80. 


Evaluate :— 
——o. (Ba b4)3 ; (—2a2b3)5, 


Grey (- ae) 
ab*c® 3p*q?r 
ns) x (-)y ) al 


iN ~)*x ~) 3 +(- day na 
‘ -o Bex oz 


5 (4 Si Baw \Ane _ ( 2i-+ 30 yt. 


al 


al 


Expand :— 
6 (#-a)’, t. aL 8. (a°—2)4, 9 (#-y) , 
10. (2-x)’ 1. ( bok ‘) 12, (4+a%)4, 13. (82-2a)5, 
14. (av+by)°. 15, (ha—4y)*, 
4a: (2.2.5 17 (+e 
 \e mm " A yz az) , 
18. (l+a+a’)*, 19. (#—-1+7?)5. 
20. (ax? +bxe+c)?*. 
Simplify :— 
21. (a+b)® -~(a—b)6, 22. (w+y)7+(a— yy)". 
23. (a+b)'-a*® —55, 24. (a+b)? -a’—b’. 
Find the co-efficient of :-— 
25. win (2%+a)>. 26. #° in (# - 2y)6, 
27. #* in (# —3a)’. 28. #° in (4? +441). 
29. w! in (1-x)'(14+4)+. 30. «° in (l—~)*(144)3, 


EVOLUTION. 
171. Evolution, er the extraction of roots, is the reverse of 
involution and it is the method of determining a quantity which 
raised to a proposed power will produce the given quantity. 
To find the root of a simple qaantity. 
We have seen in Art. 42 that (am)"=amn or the mh power of am is 
_ ebtained by raising a to the power of m multiplied by m, i.c., of mn. 
Hence, conversely, the quantity whose nth power is amn, is 
obtained by raising a to a power which is got by dividing mn by n. 
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Thus we have the following rule for extracting the root of a 
simple quantity ;— 

Rule.—‘' Divide the exponent of each factor by the index of the re- 
quired root and prefix the root of the numerical co-efficient,” 

Thus, 5/qa?5—=@s : P 27a® =3n9 : 4/16a5b*C!2 = 2a2be?, 


Sign of roots—The root of a positive quantity is positive er 
negative if the index of the reot be am even number, 


Thus, VY a*=+4@; 4/16a%= 4992 

The root of a negative quantity is negative if the index of the 
root be an odd number. Thus, ¥ -a®==-a. 

The root of a positive quantity is positive if the index of the root 
be an odd number, Thus, j”a°=a?. 


The root of a negative quantity is impessible when the index of 
the root is aneven number. Thus, V —2 is an imaginary quantity. 


#72. The ordinary method of extracting the square root of «@ 
compound expression. 


Taking the identity (a+b)? =a? +2ab+b?, 


we find that the square root ef a trinomial is a binomial ex- 
pression, the first term of which is the square root of the first term of 
the given expression arranged in the descending order of the powers 
ef a given quantity. When the square of the first term, 1.¢., a? is 
subtracted from the given expression we have the remainder 2ab +b? 


(a+b)? —@? =2ab +52 =(2a+b)b. 


Examining the remainder we see that it is the product of the 
second term of the square reot and an expression which is the sum of 
twice the first term and the second term ef the square. Thus if we 
can find 2a+b, b can be found by dividing the remainder by 2a+b. 
Siace the first term of the remainder is 2ab,b can be feund more 
readily from this by dividing it by 2a, #¢., twice the first term. After 
finding 4 thus, 2a+b6 may be obtained ; this, when multiplied by 6 
will give the remainder. : 
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Ex. 1. Extract the square root of 4a7+b2 +4ab. Arrange the 


_ €xpression according to descending powers of a. 


44?+4ab+b* (2a+b 
4a° 


4a+/) 4ab + b2 
4ab+b? 


The square root of 4a? is 2a, which is the first term of the required 


| root. We place it to the right of the given expression and also to the 
| left. We now subtract the square of 2a from the given expression, 


a and the remainder is 4ab +52 ; then we double 2a, which gives 4a, 
_ by which we divide the first term of the remainder, and this gives b 


- as quotient, which is the second teri of the square root. We place it 


after 2a to the right ; and we aleo add it to 4a. Again we multiply 
4a + 5 by b, the second term of the root, ana subtract the product from 
the remainder. Since there is no remainder, we have 2a+b for the 
required square root. 


Ex. 2. Extract the square reet ef -— 
v8 — 6av® + 15a2v4 - 20a9424 1l5ba5x? + 6a% x46 
Arrange the expression according to descending powers of a. 
\a@9 —3a?a+3ax? — 8 


a® —ha5x+ l5a*v? — 2043.34 ]5a224~- Gav 5 +4 
as r 


 2a*-3a2a, —64°x+ liate? - 20a %e3 + ba‘ x4 — bax +2" 


| —GaSe+ 9aty? 
(2a? —6atx+3ax", b6atv2—20a575+15a?x* — band + 46 
| §Gate2-18a%z34+ Ja2x4 
2a*~—ba?v+6av?—v3{ ~2a%x34+ ba2x4-6a4x54+4° 


We have seen in Art. 122 that the sum of the co-efficients of an 
expression is equal tothe product of the sums of the co-efficients 
of its factors. Now if the expression isa full square the eum of its 
co-efficients must be the square of the sum of the co-efficients of the 
root. 

Verification: Put s=a=1. 

1-6+15-—20415-641=0=(1-343-1)?. 


Ex. 3. Extract the square root of y— 4 4 370° a at 
2 80 10 25 
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The expression is arranged according to aseending powers of a. 


p— 24 374° _ a? , a! 1-448 


1 
94 _a Ma? a* a* 
2" 80 10° 33 
042 
2 #416 


9 ' a a® 2a? a? a* 
Ee i Mose | ie | 
Qa? a? a 

ie ka 


2 
Hence ] — itt is the required square reot, 


Ex. 4. Extract the square root of :— 
] é ] 1 1\ ; 

ot 12 Nie B ie. eee ees 

a pst ae ee +2 , wm — ( v 7) 

Arrange the expression according to descending pewers of +. 


Phe Qe Fy? — Qe + a? il et wt4e—ty lt 
WPA we ada | x wy? 
ue 


Out | aide. See we Fe ee ee 
VU? al Duta? —Iae4+- 4+ — —- — 4+ — 
a we gS yt 


| 2a 8+ a? : 
20? 42x) ~2n p24 - a ake 
x wwe Be am 
, 1 

2x? +2v-24 1 lay a EB | 

ee x x? a 

2 2.4 

24+ —- —4+— 

[rt HS gS 


the square reot is #?4+a— cits 
ye" 


Ex. 5. Extract the square reot of :— 
vty 889 het o 
a4 44n946n2?+ 4044 
In such examples as this, we must first see whether the fraction és 
in tts lowest terms. 
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Now the H.C. F. of :-—— 

4x°+92?+40+9 and y4+ $e%+5a2+4a4+4 is w27+1 ; 

tH +987 +4449 (40 49)(e274+1) _ 4x49 
wet ant +5x? +4a4+4 (2 +4y 44a? 41) v2? t4n4h 


Tae given expression=727-94 **T¥ 4u+9 —*! +40? +209 ~4e 41 
a? +4a+4 x? +4044 ° 


The square root of the numerator is +2 + 2a -1. 
The square root of the denominator is «+2. 
-. The square root of the given expression is 

u? +2a—-1 wee 


5 EXERCISE 81, = fm oe 
. Evaluate :— _ ie, 

1, Vatbec® ; 416m '%%12, 

2, 27a%d? ; PY — Byl2y3. 

3. t/ L6psqrs ‘ B/ — 24319 m1oq29. 

Extract the square reet of :— 

4. 81a?d*+18abc? +c4, 

5. a?rt+4+2aba? +(b2 +2ac)\x? +2bcx+c?. 

6. 9-6x+13a7— 449+ 424. 

7. (2a*b+b?)? + (a? - 2ab2)(4ab+1), 

8 

9 


(a? +b?)(a?b? +1) — 2ab(a4 — 1)(b2 — 1) — 4a? 52, 
oad — 2¥7 +162? — 8#+1. 


” + da? OE 4S a aye — 148, 
3 9 
oa mit 
yt — 23 av ¥ RE 
Ei. Vv v a oT is 
. x* 4y* ay* 
rm inst 4 tet +3. 


24? S40" . 4 
: a 2 - —, 
13. + 2+ ora 9 t ga *y 


14, a “i -2 (4t)+3 (= 7 1 (F+ ‘+8. 


25. vee ( vps) +3. 
w? wv 


1 2 1\2 
(+ ) ae s+.) +12. 
x x 


280° 


a7. 


18. 
19. 
20. 


21. 
22, 


23. 
24, 


25. 


27. 


28. 


173. 
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L - 4? +3-2a+a?. 
se «*' = 
(a— 6) —2(a? + b?)(a— b)? +2(a4 +b), 
a*+b!+cl+d*— 2a2(b? + d2)- 2b? (c? ~ d®) 4 2c? (a? — dP), 
a4 + 2(2b— cha® + (4b*® — 4bc4-8c*)a® 4+ 2c?(2b—cla +c}, 
6(a* —}) 
a® —8a*+5a-1 
8— 164+ 64° 
2- 9e+ 120? — 44° 
28a? +45a-—7 
Ja*+4via?+24a—4 
Find the value of 
(a— b)* +(b-—c)?+(c-— 4)? + 
2(a — b)(b — c)4-2(b - c)(c— a) + 2(c — a)(a — h), 
Find the value of 
(3a — 29)? + (y— 2x)? 4+(y— x)? 
+ 2(3% — 2y)(y — 2x) 4-2/4 — 2a)(y — x) 
+ 2(y — x)(3a— 2y). 
Find the square root of 
(a— 5)? + 2a? — b2)4-(a+b)?, 
Find the square root of 
9x44 6x°4742 42041: hence 
deduce the square root of 
96721. 
If a=4? ~ 2, b=y? — 28, C=2*°— wy 
show that w°4 y3+429~ 3ay2 
is the square reot of a? + b&4+¢*— Zabc, 


3 
a® +34 4 
x? +244 


a?42- 


When n+1 figures of a square rool have been Jound by the 


ordinary method, n more may ve obtained by division only, suppositig 
2n+1 to be the whole siumber of figures in the root. 


Let N represent the number whose square reot is required : a the 
part of the reot already found ; and x» the part to be found, then, 


SN =a+n. 
2 N =a? + w24 Day 
2» N-a? =2ax+22. 
, N-a? seat’ 


2a 2a 


Pe 8 ete ae - A TNR 
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If we show that ~ 18 a proper fraction that =the quotient of 
Za 


N —a? divided by 2a. 
Since w contains » digits, v? cannot contain more than 2n digits; 


2 
but a contains 27+1 digits. Therefore 5h a proper fraction, 
Za 


Ex. Find the square root of 
a° —6a7 +13a° — 1445 +1244 - 10a2 + 5a2 — 2a+1. 

As the given expression is of the 8th degree the square root must 
be of the 4th degree and censist of five terms, We shall find the first 
three terms by the ordinary method and the next two by simple 
division. 

\a4* —3a%42a2-a+1 
a* —~6a7+13a° —-14a5412a4~ 10a3 +5a?—2a41 


a® 


Za4-—Ja? |- ba’ + 13a°— 14a 4+1]2aQ4— 10a3+5a2 — za+l 
—6a7+9a* | 
2a* -6a%5+2a* 4a*—]4a5 +12a*— 10a +5a*-2a+1 
'4$a®~12a54 4q4 
[= 2a 4 Ba-- Was foat —2a4] 
- 245+ 6a4— 2a? 
ee — 8a? 46a? —2a +1 
2a'— 6a°+42a? 
Hence the square root is a4-3a9+42a?~a+1. 
Verification :-— 
1~6413-14412- 10+5-2+4150=(1 -342-141)2, 
Note. —This article is useful in finding the square reot to a 
certain number of terms of an expression which 1s not a full square. 


174. Application of the Principle of Indeterminate Coefficients. 

To find the square root of 14+4¥° +1042 +12" +9, 

Ex. 1. Since the given expression is one of the fourth degree in 

x the square root will be one of the second degree and contains 3 

terms. As the first term of the given expression is x4 the firet term of 

the square root corresponding to this is x? and of the other 2 terms 

one contains x and the other is independent of x. 
“ The square root is of the form x? +f*+q where # and q are 
to be determined. 


Then «4+ 449 + 10x? +1244 9= (x? + Px +q)” 
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wh + dat + 10x? +1244 9a! 4 2pa? + (fp? 4+2@)a? +2pga+q?. 
Since this is true fer all values of x, the co-efficients ef the like 
powers ef x are equal, 
Henee, 2p = 4. * $=2 ; 
$?+2q9=10, a7 2qg=10-4=6 2 q=3. 
. The square root of the given expression is #2? +2v43, 


Ex. 2. Find the value of # so that 
4ut— 1248444? — 6441 may be a perfect square. 
The square root of 41! =2y?. 
The square root is an expression of the second degree in 2, the 
first term being 2x?. 
Let it be 24?+ax+5b where a and b are to be determined. 
Then 444 - 1243 4. px? — 6, +15 (24? +av4+5b)2 
“ 4a! — 1243 — py? — 6a 4 1=4a1 + dan? +47 (a° +46) +2aba +62. 
Equating the co-etticients of like powere of wv. 
4a=-12 .~a=-8 
a°+4b=p. 
2ab= -6 2 2-3xb=-6 


But p=a?+4b 
“ P=-3x-344=13 
Ex 3. To find the square reot of :-— 
6446 — 192a5y4240aty2 — 160%?y9 + 60a? y 4 — 12avy5 4 yo, 


As the given expression is of the 6th degree the square root muet 
be of the 3rd degree. 


Let the expression = (px? + qa? y tray? 4 0y3)2, 


Now obviously p 64 a pes. 
and s* = 1 A SS 1. 
Also 2fq = ~192 S g@= = 12, 
and 2rs = -12 “ r= +6. 


The value of # is taken to be positive as it is the first co-efficient. 
The ambiguity in the values ef + ands can easily be remeved as the 
sum of the co-efficients of tae givem expression must be a full square 
ef the sum of the co-efficients of the reot. 
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The sum ef the co-effictents of the given expression= 1, 


ap+q+r+s must be equal to V lie, +1. 

“ ¥ must be equal to+6. 

and s must be equal to-1. 

Hence the square root is 843-12”? +6ay2 — y?. 

175. Miscellaneous Examples. 

Ex. 1. To find the square root ef:-— 

4a? +b? +9c*+6bc~12ac—4ab by reductng it to the form (A+B)?*. 

The given expression x 

=(4a? +b? — 4ab) +9c? + 6bc — 12ac 
=(2a — b}? + 9c? — 6c(2a — db) 

= (2a — b)? +(— 3c)? + 2( - 3c)(2a — b) 
=(Ya —b—3c)?. 

Hence, the square reot is 2a—b- 3c. 

Ex. 2. What value of w will make v++4a9+10024+1494+3 
a perfect square ? 

Rule.—‘' Extract the square root in the ordinary way and put the 
remainder =0.'" 

wtp dvd +100? + Lda din? +2043 
at | 

Qn? +2a/4a%+ 10a? + Ldn $3 
fa2+4e2 

Qn? +40 + 3/642 +14a+3 
6a? +124+9 
24-6 

Putting 2x-6=0, we have 2v#=6. «4#=8. 

Ex. 3. The remainder after finding the first two terms ofa 
square root of the form aa?+ba+c is —6474+41+1; determine the 
reot. 

(ax? + ba +c)? 1s the whole expression of which the square root is 
ax’?-+ba+c and (av?+bx)? is that portion of the expression which is 
necessary for finding the first two terms of the root. 

“ (aK? +be+ 0)? — (ax? + ba)? = — 642? +4441. 
“ (Zax? +2ba+c)c — 6a? +4a+1 
“ (Zaca? + 2bcx +c?) — 64? +4a+1. 

Since this 1s true for all values of »#, the co-efficients of the like 
pewers of # are equal. 

fol sc=+l1; 
2be=4 b= +2; 


4) 


Qac=-6 .a=+3. 
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the root is— 341° 4+2a+1 or 34°- 2Qa-1, 
or thus: The form of the trial divisor after finding the first twe 
terms must be 2a? +2bs 
the form of the remainder must be (2a#*? + 2hx+cc. 
(2ax® +244+4+c)c= — 6x? + 4441, 
Hence a,b and c can be found. 
Ex. 4. Find the relation between a,b andc in order that 
ax? +bx+c may be an exact square. 
If ax?+bx+c be an exact square, it must be «the Square of 
a binomial of the ferm a#/ a+ c 
an? +bx+cC=(nV a+ c)? =ax* 4+ 2av ace. 
b=2” ac. 
b? =4ac, 
Ex. 5. Find the relation between a. b,c and d, in order that 
w'+ax*+bx?+cx4+d may bea per fect square. 
If the given expression be an exact square, if must be the square 
of a trinomial of the ferm a? ®+pr4+V/ a, 
V+ an + be? +en4d., 
=(a? + pat VA)? =a) + Ope? + (pp? 4 OV diy? +2pav d+d. 
Equating the ce-efficients of the like powers of x, 
a=2$; b= Atkins, c=2pv d. 
P= 5 ; b=“ 42Vd and c=av a. 


4b- a? =8v d and c?=a?d, 
or thus; Extract the square root in the ordinary way thus: 
lies a* 


*'+an°+bst4ca4d 1 
at nf sa ; ts “t = 


2at 4-— “alan? Lede Ag 


a2 
axe4 — yw? 
4 


eh asso 
b= a ba )t orga 


» ok sat ate 


e) -5( b- =); ae “=F : 


24? + an+ 


+ 
7 
| 


ae . 


ay ey © 


aLere tt “ae 


ad 
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Now this remainder must vanish identically if the given expres- 
sion is a perfect square, It will vanish 1f 


e~3( p-* )=0 and, cm b- TY)’ =0. 

2 4 4 4 

x a=af al svd=f o-2], 2.8V d=x4b — a2. 
+ 4]. 2 4 

« ¢, -a(vd)=0. * ¢=av ad, i, CF = @ ta 

Ex. 6. Extract the square root of 1-4 to 4 terms. 


we: wo 23 
ta ee ee 


g-*-+x 
2 
we? 
= WZ. a 
— $i 4 
F , 
2-4-—.|- — 
8 4 
ak a 
at até 
2-%X%— cai i 


Hence v(1- x)=1-"_** _*"_ @ 
2 § i¢ 
thagabiant.* 2°] Sao st x6 
, Rae - § fal 64 64 256 
Changing the sign of x, we havev (1-+#)=1+4+—— = 
Ex. 7. The product of any four quantities which increase or 


decrease by a common difference together with the fourth power of 
that difference is a perfect square. 


a? 
=. = &G 
+ i6 


Let a+w be the Ist term and x the cemmen difference. 
Then (4+ #)(a+2%)(a+32)(a+4x)+2' shall be a perfect square. 
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The expression =}(a+.«)(~+4%){ \(a@+2x)(a+32)/ +94 
= (a? + 5ax+4x?)(a* +5av+64") +44 


= p(p+24*)+47...... putting # for a? + 5ax+4¥* 
=p? + 2px? +44 

=(p+%?)? 

=(a? + 5aw+ 4a? +a?) 

=(a*?+5ax+5n?)?. 


Hence 4(7+1)(@+2)(7+3)+1 and (#— 2)a(~+2)(~+4)4+16 are per- 
fect squares. 

I.E —The prodact of any four consecutive numbers together with 
unity is a per fect square ; and the product of any four consecutive odd 
or even ssumbers together with 16 is a perfect square. 

Ex. 8. If three quantities increase or decrease by a common 
difference, then the product of the first and tke third together with 
the square of the common difference =square of the second. 

Let a+, a+2a, a+3x be the three quantities « being the com- 
men difference 

(a+a)(a+3x)4+ 4? =(a4+2s)?, 

“Ow (a+a\("4+3x) +42 =a? +4an4+3e294 42 
=a?+4un+4r2 
=(a+2x)*. 

Hence (a+1)(a+3)41=(a+2)? ; 

and (a — 2)(a—6)+4=(a-4)? ; 

and (a — b)(a — 5b) + 4b2 =(a — 3b)2, 


EXERCISE 82. 
Find, by the Method of Indeterminat€é Co-cfficients, the square roots 


ef— 
1. 9! -—12¥°+4 10n% -— 4441, 2. wt—- 3x4 $a? 454 — 20, 
, 2an a? b2 ab 
3. 4§+ 2 apee se 4 ue 
5 Ris 


4. wx! —6a8y4 1342 9° — 120 y3 4 4y4, 

5, wv +6a%y+ lby2a!4+6ay5 +204 Sy 4554150244 

6. #°~ 1285+ 60x! — 160%? 424042 — 1824449. 

7. #8 =~2a?x® = atgxt+2a%x? 4a, 

8. 729- 29160? + 4860%! — 43204 + 216018 — 576019 4. 64y!2, 
9 6, 9 


16a'+ 16a? —- 4a* -28a-114_-) ”. 
a‘a’ 


“—* 
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4 3 2 b bz 
10. 9 © 494% 5 94%° 412% _7 _ ee 
gag te + rt, 


11. 4(# — 2)4 + 20(% — 2)3 + (wv — 2)2 — 60(w — 2) 4-36. 
12. (@—1)'+6(q—1)3+5(a- 1)? -12(a-1)+4, 
Find the square reots of the following reducing each to the form 
(A+B)? — 
“13. a*°+b?+¢? +2%ab — 2Qac—2be. 
14, at+4b'+4c'-2a%b?24+9a2c2~ 4672, 


15, (e+ 4 (<- :) 16. at+ es (+p 
a a a! ay 
17. (#+2)+ t(« +2)+6.18. lal oy yg. 
2? x gf moog w 
For what value of » will each of the following expressions he an 

éwael square ? 

19. «+ +6v5+4+3349 + 34431, 23. w'+4a3+424? -3y 1]. 

21. w'+4bv9 +2624? — 363 - a4, 

22. 4w'+24u5+ 444241274124, 

23. 25a! —-30aa°+49a?2 472 —22a3v44a!'. 

24. w4+6v5+1002 +4420. 

25. The remainder after finding the first two terms of a square 
root of the form aw? +bxv+c is 4n?~2¥+1, Find the whole roet, 

26. The remainder after finding the first two terms of a Square 
ro@t of the form px? +qv+r is 6%? +18%+9; determine the whole root. 

27. The remainder after finding the first two terms of a square 
reot ef the form av?+bw+c is 12¥2412v4+9. Find the whole root. 

28. The remainder after finding the first three terms of a equare 
reot of the form pfa*+qa*+ra+s is 6a°+6a?+418a49, Find the 
whole root. : 

29. Find the relation between a, b, c and d,in order that v'+44ay2 
+6bx? +4cv+d may be a perfect square. ‘ 

30. Find the rela‘ion between # and q in order that a?+fa+g 
may be a perfect square. 

31. Find the relation between #, g, rand s,in order that +4 +px? 
+@x?+rx+s may be a perfect square. 

32. Find the relation between pf and @,in order that «4 + 6p? Q242 
+ (Pf? +¢?)v* +pox+$2q? may be a perfect square. 
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33. If 3424+ax+6 be the square root of 9v'+6xe% - lla? — 4044, 


determine a+b. 
34, Determine & in order that 4v+—161°436a1?-40a+k may be 


a perfect square. 
35, Determine m so that v!-8#*+22a2?+ma+9 may bea perfect 


square. 
36. Determine kand/so that 9x'+6n%-—174°?+hkx+I may bea 


perfect square. 
37. Shew by inspection that the square reot of the expression 
4x°— 4x5 +v! +1209 — 60? +6 does not contain a term involving +x. 
38. If 4a'+12a%b+pa?b*? +6ab*%+5* is a perfect square find 4. 
39. Find what term is wanting to make the following expression 
a complete square ; 
(a?! +64b?)— 4(ax®4+8b) (a-—b)x. 
Find the square reot of each of the following to 5 terms :— 
40. l-a*®; 1+a?, 41, a?—w?; qa#ig?. 
42. l4+a+a?; lexer?, 43. a+b: a-b, 
Shew that each of the following is a perfect square :— 
44, 4(v+1) (w+2) (2v+4+1) (244-3) 41 ; 
45, (w®+a+1) (vw? +3%43)4(041)?, 
46. (#42) (2%+43) (3x44) (444+5)4+(a41)!; 
47, (x—a—b) (x-3a-—5b)+(a42b)2, 
48. (a? +2a42) (a? = 2a42) (at43) (a++42) (a'41)41, 
49, (a? —2ab+2b’)(a? + 2ab+42b?) (a! +b*) (a4 4+264)(a'43h4)4 p10, 
50. (x+a+b) (vx+a+43b) (xvta-—b) (x+a- 3b) +1664, 
51. (a—b)*(b—c)* +(b- c)2(c- a)? +-(¢—a)?(a— b)?, 
52. 2} (a+)! +(29 — a)! 4 (2a — yA}, 
176. The fourth root of an expression is the Square root of the 
square root of the expression. 
Thus, V16=V (/16=vV 4=9). 
The sixth root of an expression is the sqaare root of the cube 


root of the expression ; or the cube root of the square root of the 
expression. 


Thus 64 =v #64) =v 4¢=2: or= 1 (“ 64) = wg—o, 


4 


B 
a 
: 
: 
. 
"9 


4 > 
(CHAP. XXL] INVOLUTION AND EVOLUTION. 289 


177. Miscellaneous Examples. 
Ex. 1. Extract the cube root of 
a? +6u°+16at + 20x94 154? +6x41, 
by the Method of Indeterminate Co-cfficient s. 
If the given expression be a perfect cube, it must be the cube of 


_ @trinomia! of the form x? + 4¥+1. 


0S +64 +150! +2049 + lbw? +6041 

= (w?+pa+1) 

=a° + 3pa° +(terms containing +4, v?, #? and #) +1. 

Since this is true for all values of , the co-efficients of the Hke 


powers of w are equal. 


~6=36 « p=2. 
This value must be verified by equating the ce-efficients of the 


_ other powers of x. 


Hence the cube root of the given expression is «? +22+1. 
Ex. 2. Find the relation between a, b, c and d, 

When ax? +bx*+ca+d is a complete cube. 

Let ax? +ba*+cx+d=(px+q)*=p3x +3)? qu? +3pq74 +93. 

The co-efficients of the /ike powers of x are equal. 

a= f* ; b=3p%q ; c=3pq? and d=q?. 


6-0)" 
b_367q_?. = (2) 


c 3pq? @q c? 
3 
Afar. B ac®=b* d... FOR Fee He OOS FOTO SOP eee see eee see soeree(1). 


Again, ad=p*q* and bc=963q*.  ». Vad=bC6...4 120 s60 100 (2). 
Ex. 3. The product of any three consecutive quantities together 
with the middle number is the cube of the middle one. 
i.e., (a+1) (@+2) (a+3)+(a+2) =(a+2)°, 
(4 +1) (a+2) (a+3)+(a+2)=(a+2)}(a+1) (a +3) +1} 
=(4+2) (a+2)? 
=(a+2)%, 

Ex. 4. The product of any three quantities which increase or 
decrease by a common difference together with the product of the 
square of that difference and the middle number isthe cube of the 
middle one. 

19 


. 
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Let the three quantities be a+b, a +3b,a+4+5b, the commen 
difference being 26. 
Then (a+) (@+3b) (a+5b)+(2b)*(a4+3b)=(a4+3b)°. 
Left side expression = (a + 3b)}(a+b) (a+5b) +(2b)* | 
=(a+38b)\a? +6ab + 5d? +40"; 
=(a+3b) (a+3b)? =(a+3b)8, 


EXERCISE 83. 


Extract the cube root of each of the following expressions, by 

the Method of Indeterminate Ce-cfficients :— 

1, #8— 9x5 43344 — 6343 + 6642 - 36448 
8a + 48cx* +6008 a4 — 800548 — 90c4w? 4 1086°" — 278%. 
vo — G28 41504 -— 2045 +154? - 6441, 
1434464! +749 46444-3054 9°, 
15 1 99 + 8 x . +6n'. 
we? gt 
27x® - 6x — 544° — 449° 463444214? 41, 
(a) Find the fourth root ofa +1 ) a" ( vt) +12. 


(6) Find the sixth root of :-— 
a°— 12%° +604! — 160% —~ 240x? — 1924-64, 


8. Find the conditions that 4° +3anv3 + 3bx+¢ should bea perfect 
cube, 


v8 4+ 16x? + 


3D eH RH w 


9. Find the relation between bqandr,in order that v8 4x2 
+q*+r shall be a per fect cube, 
10. Find the conditions that ax! +. by? +cv'+dx+e should be a 
complete fourth power . 
Shew that each of the following is a complete cube :— 
a+b\? a-b\ a? +b? 
(5) +(e) +S. 
12, (*—b){%— 4b) (2— 7b)x4+9b* (w= 4b), 
13. (#+a—b) (v+2a-3b) (v43a- 5b) +-(a-- 2b)? (4 4-2a - 3b), 
14. Show that 
(a+6)*+3(a? —b?) (a+b) 4+3(a® - b?) (a—b)+(a =b)*=8as 
15, Show that b? =3ac and c? =3hd. 
if the expression 
ax*+bx? +cx4+d is a perfect cube 
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INDICES. 
178. Definition of a”, The product of m factors each equal to 
@ is denoted by a”. 
‘The Index Law is a” x an=an +”. We have already proved this 
dn Art. 42 when m and ware posttive integers, We shall assume that 


the law is true for all values of m and # and proceed to find the mean- 
Mm 
mm 


ings of a), a—” and 


a 
179. (i) To find the meaning of aa 
Now a” +a"=am +n, 
Let m=0; then aox an=a°+n=aqn, 


n 
*qo= oe. 1, 
aun 


Thus any quantity raised to the power zero is equal to 1. 
(ii) fo find the meaning of a—n, 

Now a” x an=am-+n, 

Let m= -n; then a—u xX an=a—n+n=qe=], 


4 a-en | and an= ! 
an an 


Thus, a—? =i, ates 1 - am—n = ! 
a’ a 


a—n is the reciprocal of an. 
mM 
(iii) To find the meaning of an, whenrmandn are posttive 


integers. 
im = m + +-™m myx n 
@axanxan. .townfracters=an %” n,..togterms.=an =am, 


m ™ 
Hence an is the nti root of am; i.e. an=2/am. 
In a fractional index, the numerator denotes a power and the 
neminator a root. 


fod 
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180. In like manner we can prove that— 
(i) To prove that (a”)n=an, 


(am)n=amKamxKamK . . . . + © » oe factors. 
=(axaxa .. . « mfactors)x(axaxa . 
m factors)x(axax@ . . . m factors) x( 

. ton groups, 

7 (am=axaxa .. . .» m factors) 

Peet. . . « mn factors, 

~ there are n groups — containing m factors 

=amn, 

(ii) (ab)n=anbn, 

(ab)n=abxabxab. .... . . . # factors. 
=(axb)x(axb)x(axb). . . . . m groups, 
=axaxa. ..m factors xbxbx . . . # factors. 
=anbn, 


iii) Similarly (7\" —2°. 
( ) , ¥(5) bn 


Ex. 1. Express, with fractional indices, {/a7b'°c%d= '5. 


a/ a7b10¢9qd = 18=(q7 b19C9d —15 5) tgby? é ced eat pec iq—t 


Ex. 2. Simplify 12¢—-l-—-c, 42b—c—«e, 42c—a—b, 
The expression = a20—b—c 4 26—c—a +. 2c—a—b = go= 1, 


Ex. 3. Simplify j(a+b)m—n(a +b)" +n} min 
The expression = (a+ byn—n4m+4n Tn = \(a+b) ate 
2m 
= (a40)0"" 
1 
=(a+ b)?” 


Ex. 4. Multiply ew 2a ety t4y bby x thy 74 


Putting afoy at, b for yt 
Multiplicand =a’? -ab —b? and multiplier=a+b. - 
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Hence the preduct 
=(a* -ab+b*)(a+b)=a* +b3 
=(2~4)*+(,t)* 
=x4 +y 1 


Ex. 5 Divide a- 2a? +1 by ate 2at 41, 
Putting # for aby 
the dividend = 7° —- 23 +41 ; and the divisor=2? — 24+ 1, 


va=/( 4 ab=(a')’ ab=(a')’ 
aj; 
Hence* _~ <*" + * 2a*+ L_w#° -24° +1 

at ~2ab + l viet] 


_(® -1)? 
(#— 1)? 


_ {wt-1\2 
“(C3 

=(¥? +a+1)? 
=a4 + 2y3 + 34242441 


=(2*)'+2(a*)’ +3( at) 420% 41. 


=a' +2a>+3a' 420% +1, 


€x. 6. Extract the square root of :— 
a+bs - 2a>bs + chy Qarct - hich 
Arrange the expression according to descending powers of a. 
a- 2a*b} +2a%ct +58 - aptct 44 ata pe + ct 
7 oe Biri e ei 
) 2a% - b| - 2a5b} +204 t + Ps ~ 2b ict 4 2 
3 2a2h! +b8 


Qa? ~ ont 4 ct 9,4 = abtct4c% 


gait abict4e2 


Hence, the square root is at_53 =ct 
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Ex. 7, Simplify :— 
1 1 Lait hl Li Se 
1 + aun-n re +an-m +anpt 1+ a?- + 47-0 


rs a-m = am 
The first term= gall caret awa Dee ae 


The second tepm=—___*"_ Ee 2 ; 
wr] + a0-m 4+ w-~) a-n4 am 4 ap 
, a-P a? 
The third term= x21 +ab-m papa eP+a-m fan) 
Hence, the given expression 
*, a-m ann ap 
bat abt npg mp ad t PE emp an 
_ an 4+a-04+a-p 


X-1 4-4-1 4 gp 
— > 


Ex. 8. If ad=ba, shew that (F)5= 37 1 


and if a=2b, shew that b—9. 


a a\@ a a @_41i 
Since ab=ba, a= pb. Hence (> )s=a°=,9=% 
2a 
hb? 
Since ab=ba and a=2b. ©. (2b)b=b?b=(b2)d, %2b=b". »b=2 


Ex. 9. If w=(a+V a? +b3)*4(q —~Vat yb, 
shew that #°+3b1 —2a~0, 
Putting p for a+Va?+68 and g for a-Va?+ 5? 
we have wap ag), 
3 1 ioe 
28s (pi 4 qh) =p4q4apigty ty q)) 
=h+9+3ptgi (a) 
But $+q=a4+Va?+b%4q- /a?+b*=2a 
and pg=(a+ Va? +b?)\(q- Va? +b*)=a? —~(at4 2) = 32. 
a f'qta(-p9y4 =-b 
“ v8 =2a43(- b)(a)=2a~- Bby. 
* #°43b4 -—2a =0; 
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EXERCISE 84. 
Multiply a—* -1+a? by a—+a, 


2. Multiply ateat+at+i by at_1. 
Multiply aty x yigat y by xt — 2 
Divide a-b¥4ct4 3a) btctby at—ody ct. 

ew » 2. 
Divide ~*~ y *DY x? 7 y? 
Simplify (Y * si (Ge re ( 
. Simplify :— 
ete Ue 
b_ pha) 4) roel —aby(b® —c) (ch ghycd _ 53) 


vey? 


8 Kesolve into factors a—*?-7a—' +12; wt yt; ;at4451- 
a? +a—-*°-—2 ; and (a—* $a-? $a—2)(a—! 4.5 pg 4y_ a—é. 
9. Find the H. C. F. and L. C. M. of— 
vet Vay) y+ vy) and a7 +? + Biv ty xy + dzy, 
Exe m \ 


“p | bb | m+n 
10. ages (-" ny 4 > "4 in the simplest 
L aq/ J 
form. What must te the relation between, pandq se that the ex- 


) 


pression may be equal toe 


ll. Extract the square root of y?a—t4in2y—14°F —4 


12. Extract the square root of :— 
4u— 1203) 4995 + 16x24 aay det 4 1628, 


13. Find the square of x? aat o4?, 
14. Simplify 

\(a@+5—cx% a@—b 465i 6 
15. Simplify 

(a+b) +(a —b)” x (a2 +b?\m 


+ 
16. Simplify (Ss) oe 
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17. Simplify 


’ s € ‘ 
[L/Bta/ f] 
f y* cy 


18. Simplify 


a \mo487 vno\n4l al \l4m 
9 hi 3 We 9 oe 
an al ai 


19. Simplify 


ey te (abet pe 
- ad» 


20. Simplify 
(= L® 4+] 4+-m? i av\im*® + mn +n® ANN? +1 4-1? 
am & ) . & ) 


21. Simplify 
1 


wes | +R 
22. Simplify 


23. If a=2'-2) prove 
that 2a* + 6a=3, 


CHAPTER XXIII 


RATIO AND PROPORTION. 
181. Definitions. 


Ratio is the relation that one quantity bears to another of the 
same kind, the comparison being made by considering what multiple, 
part or parts, one quantity is of the other. 

The ratio of ato b is usually written a: b. aand b are called its 
terms. Of these a is called the antecedent and b the Consequent. 


The ratioa:bis said tobe one of greater inequality, one of 
equality, or one of less inequality, according as ais greater than, 
equal to or less than b. 


Proportion. Ifa, bare quantities of the same kind andc, d are 
quantities of the same kind (but not necessarily of the same kind asa 
and b). a, b,c,d are said to be in proportion if the ratio of ato b is 
equal to the ratio of c ted ; that is, when a: b=c: d. a, b,c,d are 
called proportionals; aandd are called extremes and b and c are 
called means, and d is said to be a fourth proportional to a, 5, c. 


If a, 6,¢ are magnitudes of the same kind such that @:b—b:c 
then } is called a mean proportional to a and c, and ca third propor- 
tional to a and b. 

If a,b,c d are quantities of the same kind such that a: b=b:c=c: 
Bd HO = ccesccceves then a,b,c,d,e...are said tobe in continued propor- 
tion. 

182. Theorems on Ratio and Proportion. 

a_ atx 
bb ee 
Since a sb, »aa>bx. 
. ax+ab>bs+ab, 
 Aala+b)>b(a+a) 


(1) [If ab, then 


h st thd Me: 
(2) If a<b, than 6 5a5 
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Since a<b, « ax<bx. 
. ax+ab<be+ ab, 
* A(#+bx)< b(4 +). 
avla+a a+na 
se ee i ah a 
From (1) and (2) we infer thata ratio of greater inequality is 
diminished, and a ratio of less inequality is increased, by adding the 
samé quantity to both its terms, 


je 


Similarly it can be proved that if dy 
dthat if a<b%s4%"4 
an a as hg yer 


That is, a ratio of greater inequality 1s increased, and avatio of 
less inequality is diminished, by subtracting the same quantity from 
both its terms, 


vole et oan = 
183 f q then ad=be 


That is, when four quantities are proportionals, the product of the 
extremes is equal to the product of the means. 


II, I S. ok 


ath_o+d 
b d . ‘ . . . ° . . . e . . . e ° PY > (i) 
subtracting 1 froin both gides 
a-b_o~d 
eee | i Ses (1i) 
and dividing (i) and (ii) 
at+b_o+d 
i= b G= ad e ® . e . ° ’ : - ; . ’ - ‘ . : . (141) 
4. If 52°28 
: » @ f 
then each of the ratios—(P4”+4ae"+re” ye 
pb7+qd"+rfn 


where p, q, r, n are any quantities whatever. 


Let engages then a=bk ; c=hkd and =k f. 
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% pran=pikb\n ; qen=q(kd)n and ren=pi(kf)a, 
2 p(k)” FURAN +r(k fn = pan + gen ren, 
shaw PM +qen+ren 
p69 + pdn +r fn 
a b= ( ban+qen+ren )n 
pba + pdn+ yf nj 
Note ~ By giving to p,q, 7, » different values, many particular 
Cases may be deduced ; or they may be proved by the same methed. 
eer eee et €_a+ct+e, 
If p=q=r=n=1, then each of the ratios gt ha 
That is, when a number o f fractions are equal each of them ts equa 
fo the sum of all the numerators divided by the sum of all the denomt- 
nators. 
The same may be proved independently thus .— 
Let b= aa Fae ; then kb=a; kd=c and kf=e. 


. kb+kd+kfaatcre, 
« Rk (b+d+f)=a+crHe. 
har? 
b+d+f 
Ex.1. If (a+b+e + d)\a-b-¢+d)=(a-—b+c-d)(a+b-c-d), 
shew thata:b=c: d. 

From the given relation we have sap tet ate tene 
.4+b+6+d+a+b-¢-d_a-b+c-d+a-—b-—c+d 
pavbeeed-a-b4c4d a—b+¢-d-aibpied 

[Il of Art 183 } 


.4+b+a-b_c+d+i-d 
“atb—a+b Ce a eR of Art 183] 


ao a0 h@;@: 6=6:d. 
b a 


Ex. 2. Ifs = find the value of hs 5 al Sg 
hy Vata-Va-2x% 
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2ab y 2b a 
S Se es -S 
COE Pay | ae r 
.4+u_ b94+142b_ (b+)? 
ae ~ b84+1-2b tb-1)® 


b? +1 
2b * 


[II of Art. 183,] 


Ll: ae b-1° 

SED Ea ed *®_b4+14b—1_ 
Va¢xe-Va-# b+1-b41 

Vp+14+ PY H-1, 
Vp+1-Vp-1 

shew that a3 —3p.? +3" -=0. 

V pris -1 | wi _ Wri 


Be’ 3: lf as 


Since DP pete Rt? a= Ves CO ee eee eee eee eee eee tune 
CIT of Art, 183.) 

“jp ert Sa dal 

“ol p-1 


REE 1)? Pepe Bre 
“(#+1)8=(#-1)8 p4l—p41" 


wT IL of Art, 188.) 


149 + 3a= Spa? +4. 
9 _ 3p0? +342 —p=0. 


3b42c*e-—Bae*f ace 
& 1f%="=" shew tl hat 2b +2c%¢—Baetf _ ace 
eet Brae: eee ee bt 42d*f—3bf? ~baf 
Let far at ak then a=bk, c=dk, e=fk. 
a*h=b(bks) =b*tk* 
2c2e=2.(dk)?.fk =2d*fk.3, 


~3ae*f= —3 (bk)(fk)?f = -3bf3k°. 
. by adding, k°(b'+2d?f —3bf%)=a%b + 2c’ ~- 8ae?f. 
Re ee OOF SC t o808"T and ten” =e. 
b+ 4 2a7f— 3678 7” 5*4*= bay 
. b+2c%e- 3ae*f_ace. 
" bb4+2d?f—Bbf* — bdf 
Ex. 5. if 2 —2* _cw-az_bz-cy 
a ee | Bee 


, shew that® =) ~? 
a b 
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Multiplying the terms of the given ratios by c, 6,a respectively, 
acy — bc# _bewx—abz_abz—acy 
we have = — = — _. 


h2 a? 
i paca acy ~ bex + bex — abz— abe —acy 
c2 +52 wa; 
CeCe ee eee eee eetee sonccsceee| ATE, 184, ] 
, acy — bex ay — bx _g J 29 
= O $e = ay=bx toad t 
bcx — abz C#— az a 2 
Again = eee Ee a Se 
£ 73 5 0 Caza oe 
ae 
~@ 6 é 
ac Ma+ne _ a? +c? 
Ex. 6. If a shew gee Tg bpd?’ 
Si ** FF 
_ b a mb nd 
i On ee 1) Art, 184. 
P @_¢é @* _-c* 
Again since Ma on a 
B = a* +c? 
. each of ee ® ae wtdeuddstdad denver (2) (Art, 184.] 


have “ang 2° + C9" 
we nave bad 5 Bids Be 
Ma+nc _ a?+c? 
mb+nd— b? +a?" 


EXERCISE 85. 


4ab #+2a  #+2b 

> Hez —. f a Pa 

1 a atv" the value o eee 
‘ 8iq— 3 : 

2. If ek hon bs hela ae the value ot 
¥a+l-8a-1 3x? +1 
Ym+l+/m-— 

3. If Mahe ane, shew that #? -2mv+1=0 
Vv¥m+1-Vm-1 ¢ 

4. If wv 8P+3q+v 2p- 39 


V2p+37-V 2p-2q° 
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or 


10. 


li. 


12. 


13. 


14. 
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shew that 3qv* -4f04+3q=0. 

Vivi ty? JS x? yt shad a? 
If se sald de odes shew that—>— aoe 
Va? +y? +V wim y? 

=Vatit+van1 


tja+l+/ja- t 
shew that a! -4av*° 464" -4av4+1=0. 


If (a+3b+ 2" +6y9)(a — 3b- 24 +6y) 
=(a- 3b +2" — Gy)a + 3b — 2x — Gy), 


If 


shew that =e. 


ba 
if 7=° =", shew that :— hn he J 
bd =; shew hate) vet 5s —bi +f? 
i) fe a®* — 3ace+e*\} 
b \oe- Baars) 
and (ii) © °2~te+5e 
b 8b-4d+5f- 
if rig = 
Sr a 
shew that V(a+c+e(b4+d+f)=Vv ab4+vV cd 4+ Vef 
aot 
ar ae ae 
shew that pa +b? +¢)(b? +¢2 +d*)=(ab+b°+ca)?. 
a_b_ 3 
If =.=", shew that :—(1 : 
BC =, ‘ 0 ae c?d 4a?’ 
and (il) Bites ape 
a-—4d 3a*— 4s 
If .= = shew that “7° eee 
) b=-d— V be yd? 
If fos shew that #f=__ O° = Otte" | 
h ¢ a-?-b—2?4¢-2 
If ae Shew that —_*"_ a = 9*(C+4) 
6 dl’ c+? ~ €8(a+6). 
If cata shew that wo bs = Oh ~ ak _ be-cy 


a 
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16. If ad=bc, prove the following identities — 
(i) (5 _4a- a(a ~c)? ai) 4 ae dt —U+bd, 
b+d] b(b—ay: a)?’ -b? ac—ba’ 
(iii) +4046" _c?+cd+a2 fy) GtLga” i ad 
a? +ab+b2 ~¢? —cd+d®’ C2? +cd d*?—%d' 
Oe ey eee 
b+¢-a c+a-b a+b—c’ 
shew that (6 —clu+ (c-a)(y+(a—b)z=0, 


oes ? iF 
Y+2 Z+uH4 a+y 

prove that 2 __ (=a) _¢(a-b) 

* — 2? ZA my? Nem ye 


19. If i *. prove that 


arte? 97 +b* ah eee = (#+I9+2)?+(a+b+0)2 
pp 
t+a y+b z+e. t+y+2+ta+b+te, 
a ee ee 
+7-— r+p—-q p+q-r’ 
a that oe —r)a+(r —p)b + (p-g)e=0 


21. If £ 
ax+hy+c2 Rahs fy Prepay > 
then each = I 
a+b+c¢ 
22. 1f @+5_ ae See then 8a4+9b+45c=0. 


a-b 2%(b-c) 3(c-ay’ 
J b —mv -a-c 
jee s th h=-1, 
aa-é-4 ae—b-a'** * 


24. If v(atey- —b)=y9(b + y-c)=2(¢+2-a), 


then each = eee 
aah +y— +2-—1 
ad — bc 


ad 
26. eieteie aia: 22 a then each = a+b+c+d). 
If — ssa a-bodec 14+b+c4 ) 


b?-ca — bd 
> — a. 
26. If band care unequal an a+c-2% bedi = 2¢’ 
_ be-ad 
then cheer 9 pos eer 


CHAPTER XXIV. 


MARDER SIMPLE EQUATIONS INVOLYING ONE UNKNOWN 
QUANTITY. 


We shall deal in this chapter with equations of harder type. 
Ex. 1. Solve 

(a + a)(a+6)=(a+0)(4%+4) 

Multiplying out we have 

2? +axr+bx+ab=x° 4+cx4+dx+ cd 

cancelling ** on both sides, and transposing 


ax+ba—cx—dx =cd—-ab 
. a(a+b-—c-d) =cd —ab 
‘ =A cd — ab — 
a+b-c-d 
3 2) 7 4 
a Solye. —— ty eee ; 
a2 : pil? gan Qu—-2* 3x412 


The L, C. M, of the denominators 1s 6(4% — 1)(# +4), 

Multiplying each side by €("-—1)(~+4), we have 
18(74+4)412(a—1) =21(v4+4)4+8(a—- 1), 

2188+724+124-12 =21a4+84+4+8a-8. 

4 18~4+129— 21a -81=84-8412-—72, 


av=le6. 
Ex. 3. Solve As b wee. 
x wta #456 


Multiplying each side by a(v+a)(w+6), the L C.M. of the 
denominators, we have 


(x + a)(a+ b) + ba(w +b) =a(# 4+a)(1+5), 
2x? +4(a+ b)+ab+ba? +b*a=4? + bv* + an +abx. 
Cancelling like terms on both sides, we get 
ba +b?a-—aba= —ab, 
Dividing both sides by b, #4+ba-ax=-—- a, 
« a(l4+b-a)=-a. 
a, om) ried < at ee 
l+b-a a-b-1 
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In the following examples, the solution is facilitated by suitable 
transposition and combination of terms. 
1 2 3 
4 l —— Pee 
Be. & Selva ai Se 4-3 
1 2 3% 2 
a—1 5-3 a8 a8 


We have 
By transposition, at Sige ie poh Ne 2 . 
4-1 4-3 «£-3 2-2 
~%-3~-4x+1 %w—4-2446 
“(#=T(@=3) (#—3)(e-2) - 
: — 2 
“(w@-D(w- 3) (@— 3x —2)' 
i —_—e 3 
“#-t a2 
Multiply both sides by (x —1)(#- 2). 
We have = 1(# ~2)=4-1, 
“ ~#+2=4-1. 
“. —2a= —3, 
ta RaHhi 
Ex. 5. Solve 2-¢ cn og 
A+a w+b x+¢ ry 
$4804 OM py) a ie bow 
bape age} 74-4) foe } 
c-a b-—c 
«(b-c) mean? b) (ebeeed)’ 
Multiply beth sides by (v + a)(v + b), 
¢ -a_a-b 
eta v+d' 
We have (1 +)(c- a)=(a— b)(w+ a). 
* ¥(¢-—a)+6(¢- a)=a(a = b)+a(a — bd), 
“a(¢- a -a+b)=a(a—b) = b(c- a) =a? —be. 


ain a? —bhe ; 
b+c-—2a 


Transposing, (b-c) 
f 


v— q? Dt ima 
ao Hoe Shahar, 


3 
oo. Sone oo 1 ee 
-_ = a 4a acl atl 
We have by transposition, 
a—a? v-—a? £-a 
ee eT ng gece ah 
a’+a Patei eos lees 


20 
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Simplifying, 
s—a?—a"—a, #-a*—a*—a, #-a—a?—a? 6 
- +e atti atl 
= (* -—a-a@*-a?) (2a, yet Ga c =, 
={ (w®*+a a®+l a+l' 
ee 1 1 
bya) 40 fs eck 
Dividing beth sides by Eee ee Be | ; 


we have 1-a-a* -a*=(, 
o#=a+a'+a*, 


EXERCISE 86. 


Solve the following equations :— 


& 
2. 


#-a=(b-a)x. 

(x— a)(x —b)= a(x —C). 

(2+ *)(@ — 3)=4-2ax, 

a(x + a) + x(v +b) — 2(e+a)(x+b)=0. 

(3a — #)(a— b) — 4b(a+4%)+ 2ax=0, 

(s+ a)? =5a*+(x- a)’. 

(a+ 2x) (b +- 2%) = 4(a 4 2a)(x +2). 

(2 —a)(~x — 6b) +a? +6? =(~-a—b)?, 

(6x4 a)* + (8« —b)? =(104 +a)? - 10a’, 

(a = 1)("— 2)(a— 8) + (w+ 1)(x +2)(x +8) =a (20? +21) 41, 
(e— a)? +(x — b)> +(x —C)5=3(a - a)(x — b)(w - 0). 

(x + a)® + (a +6)® +-(4+4+0)9 =3(v+ a)(v + b)(a +0), 
(mx — a —b)(nx—x*—d)=(mn—c—a)(nx —d—c), 

{z+ a)(x+b)(4+c+4+d)—(a+0)(v+d)\(v+a4+b)=0. 

(x +a)(2a+6+c¢)* =(4+46)(2e4+c¢4a)?. 

(b —c\#— a)* +(c — a)(w— b)* + (a —b)(x —c)8=0. 

(b —c)?(w— a)+(C— a)? (x —b)+(a—b)3(v—c)=0. 
(b—c)*(2x +b +c) +(c —a)*(2v4+¢ 4a) +(a— b)*(2xn+ a4) =0, 


(1 — 2%)(01 — 08%) —-23 =(644°1)("la —-1) —-08-, 
3-752 + °5=—2°264+4-8, 
405 83 (18 3°6 
‘9x “8-2x x 24-68 
6544 ‘6854 —'975 1°56 _ ‘B9x-'78 
6 2 ‘9 


xx) 


nN PPS, 


24. 
26. 


46. 


47. 


HARDER SIMPLE EQUATIONS. 
aif 
(La +2)? °7(-34 —°1)='06(2" 4+ 4) + ("la — 2)? - 65, 
ut _a= =-1 38-4, # 
8 2 15 12 
lle - =13 19843 _ 5a — 255 _ 981 _li#+4 
25 7 4 7 21 
tn yal 14-24 — 24 _ }(24-1) ‘i 6 
3 45-5e 2 184+6 6%42° 
6-54 3 J7T—2Qyx? 1 _ 1+3¢% 1 
- —, ae 2. —_ «= - — 
oo "ik “sat i eee a 
#-1l aw—-7 T(a#-1) w—-3 x-6 “4-9 
2 5 3 x a a 
seoeak Saat =0. ye Sa A 
a—-4 43°32 8 a kon b+a 
| ee, ee 
w-3 4-4 34-13 32r-16 
ato ENS Gas, eee 
a-8 249 x-2) wlio 
3 _.« 2 ) ees 
end ao ate Weg se ee 
eg Se ew ta Se A Di 
4N+1 4446 4443 +a vte w«+b 
1 5 + oe 40. 22° b-c _a+b-2% 


eS he poy 2-1 

#— a? w—b* | x-C? 

j but fille =F, 
b44¢? Chat a? abe 
EEE 5 48 1, AFG - 4h AEG Egg. 
bic+d c+d+a d+a+b a+b+c 
eget i =1+6 f 

a+b ne hg ar fale Py 
“—ab w—be (#=ca 
a+b b+c c+a 
w2-6ab,. #-3ac . x-2bc 


=at+b+e. 


=3a+2b+c. 
30428 Gare 1 bee wate 
1 Set 
a+6a x-3a x+2a x+a 
3 


“-6a #+3a w-2a w-a 


307 


u+2b x+2a atb+n° 
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48 a—-4 aw— 7 _ a9 3 
" (w=I)(w=3)  (w-1j(#-6) (w—3)a—6) x 
1 aS 1 
49. a—-7°#-13 4-9 «2-11 
b+c_  b c . L * _ a6 
». s-a #-C #—-D m, x-a #=-b w* -ab 
at+b_ 4 ..% pets isa ee 
ma, JSS aoe ee oP. Bom n—4 4-6 2-8 
1 Tele 1 
wi 55 eee eat 
1 2 ae ee 
Oe Jad" dsdge ace Lees 
bg YT A _#t+a_ 2ax 67, m(x + a) cd 
a—-b a+b at—b? a+b a+a 
58 soy b+c _ a-c b-¢ 
: =26- x+2b x+2a «42a 
185. Equations involving Fractions—Special Methods. 
BK. Write the fractions in mixed form, by dividing the sumerator 


by the denominator. 
Bx, i 


Solve” —* a valas hh 
pais. a—5 


Dividing eut a eget 
galt < 
Fs Lit 


we have 1 +25 = 


—5=3(4-2 =84-6, 


-~24= <1, 
e=4, 

Ex. 2. Solve™ + 7*" +2404 30 _ 2a*+1iv? 437" 445. 

45x 1B 22274-74420 
Dividing out each fraction, 

4 24+5 

~ Chave x424_ *+ =a#4-24+ 

ew? 4547413 + y ga' 4 72 aB0 

a +4 24 +6 


9 «* 465x418 dn® *+7a+ 20° 
9 +bx413 _ 249 +74 420, 


7. ares 2a 45 


La 


ee 
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2 Dividing the numerator by the deneminator, 


: 16 , 
we have eit ett - 
i oS WW. 
" get 245 
eae = 
x4 Qepo 
60 +15 =5.4+4 20, 
pit 7) © 


Ex 3. Solve *~!_*#-2_%-5_+#-6 


w—-2 w—-3 w-6 4-7: 
Dividing out each fraction, 


l 1 1 1 
we have l a er a ny 6 | ig 
oe Vin3 ( +5) +6 ( +=) 
1 1 


—— oh I. 
a-i #43 v6 #-7 
; ve——< © a a ee 
* (= 3) = 8) (¥= He 7) 
: I Pp =| 
"(w= 2) (#43) (¥-6)(¥-7)' 
_v¥=-6_a-3 


“g=-2 w—T 
Dividing out each fraction, we have, 
+ 


4 
1 -___=]1 
Pr 


v—2 

oil ae oe 
“—2 #-7 

2 —(#=—7)=2 = 2. 

2 = 2a= — 9, 


era 
EXERCISE 87. 
Solve the following equations :— 
; +4 _ w+8 . g *-7_24-7 3 7v—4_ 7x —26 
"  epS «+14 -g=65 Qeo6- heh ~ 6 = 8 - 


Ie ~—7 oe 2. 5. *-4,%-2 


2a—-3 w4+2 pod’ boas 
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“+15 a+3_ 7 w-l_ow-65 =2, 
#+10 «+6 ' gee wed 
3(v+5) , sv +5)_ 7 g 2w+15 eal 
x+6 +6 * Bet -3 
5a? ta-3_ 7a? -3x9 1. _3# toate 
eerie s. Was d ai pe RE we ce a Ag ee, S F—} 

5a 4 7a#—10 +1 34=—5 
#+a_#+b ys, S048 Ott eg 
#-a w-b 30-5 a—2 
V7 +15x4+66 _ 2a? +2304 63. 

eye 3 2 ply 

24? +5429 +7445 = VF + 9a? + 114410. 
Qe? + Ba? w?4+8042 
4a*+64?+1iv+7 _ Qa°46n2411094+9, 

4u°4+2v4+5 Dv? t4n45 
2n8+15a° +18a-34 w2+4y? ~20%- 76, 

Snt4-0n-11... . matbende, 
we? +24 — 2 8 = 2a 42 _ 2a? — 6442, 

v—1 Vi a-3 


ad + 10a 94 3842 8x? +650443 _ Ba? + 460% ~147%4 163. 


w74 642418404 10 
a+4a+b ~tv+a4+2b_ 
a+a+b v+a—-b 
peated a+a\?, 

=) 


ee ee ee 


u+3 a= 7 
+l 2-4 «2-8 gan 

+6. vtll 447. #410. 
a+7 «+12 «248x411 


x+4a-2b 20 -a- 2b _ 


22, 


24. 


bw? +264 4-38 


2a—-3 4445 , 3443. 
w+l) 4x44° 4x4 
*—-5 x-6_a-3 a-2 


er te 2-65 «w—4 hee 


a+a+b_4x*-a-b. 
vw-a-b x+a+b 


at+a-2b ax+a-4b 

(a— ae) -a-b 3] *ta_ sat ets) 
(#—C)(a#— cal v+b 2a+4+b+¢ 
x=-a w-a-l_ “ae _#-b-1. 

faG=1 BoG-2 #-b01 gnba8 


50. 


HARDER SIMPLE EQUATIONS. 
_# 48-9_#t1 a— 8, 
a-2 4-7? #-l g—6 
S+e_2+e_1l+a_ ak (= 3 lato. 
3-2 2-2 lex " \a-bJ ~ «4a-26 


wi +2e+? , x? +8a417_ 0?7+44+5 #*+64+10. 


Bee u+4 ~ te v+3 

—2a+2  #?—8x4+20) w?-44+6 , v4? -6%+12. 
ena + = pp Ala aad Mate eB 2 

a) a— 4 a—-2 “—3. 


w—-4 4-8 _ w4e7, x-5, 

4-65 4-9 a—-8 4-6 

(w+ 2a)(#+2b)(~-— a — b)=(xv — a)(w — b)(w +2a+42b, 

w—7_ 24-15 _ 1 

a+? 2x-6 ~ 2(%-++ 7) 

v+1 #2 _ gila+18 

a@-1' 4-2 llw—-18° 

H=6_a+6, oF a? it. 

V4+5 w-5 wx? — 25 

20-1  2v-7 , 34-18 3a+4 _ 

24-3 Ww- Bt 38¥-—4 $.\ta-8 “y 

4-17 104-13 _8*- 30 , bw—4., 

B44 Qe—-3 Qe -7 $l 

+a, x+4a_x+3a, v+2a, 

Rad tata #t—-30. 4-24 

4u-3 4u-7_4e%-11_ 44-16. 

ae-5 4n-9 4-13 4e-17 

7Tvw- 55, 2vn-17_6¥—71 , 8x-14, 

a-8 2-9 4-12) 2-6 

x *+3e+3  #?-15_ CP Taelt a —4x—- 20 
+2 v4 w+5 “-7 

t+-7a, *¥-a , a-x*K _x+7a., 

u+6a x—3a xv+2a wx+a 

w®—(a—b)? +c? _ (x+a—b)? +c* _ o( —- =) 
a2-—a-—b x+a-—b +b #+a 
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When an equation consists of two fractions only, éts solutton 
may be simplified by the application ‘of one or other of the following 
results :— 


Ite=), th 
a’ en 
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—— (Arte 183 and 184) 


a+b_c+d. 
Hil. Soe ee 
Ex. 1. Solye "*-¢-5_ms-a-b_ 
ax-c-—d mnx-—b-d 
_ mx— a—b_mx- a-b-—mx+atc by 1. 
nx—c—-d sx-—c—d-nx+b4+d- 
_e=-b 
on FOr 
= —], 
» ms-—a-b= -nx+c¢4d. 
~ &m=—n\=at+b+c+d. 
meee a+b+c+d 
m +91 


Ex. 2 Solye 2*%_+54? . 4-2? +3s?. 

c? 44.342 we + 3c? 
_ a(e? +-3a7) ala? +3x7), 
" C(c? +3a2) a(x? 430?) 
-894+3a?e C8 436K? | 
“a*43an2 x2 4348 

B94 30744 4°43aK? C34 3¢n2 449 +3ac® 

= = = Sa oe a Cy. 

#94 30*s-—a?—3ax* 3 43¢u2 — 49 — Bxc? 


Bee Sey 


84a _ CHa. 
a= Qa C-x 


Ex. 3. Solve — 
(# — Ie — BY'x— 7)( — 9) = (w — 2)(x — 4)(% — 6)(w — 10), 
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We may write it thus*—DV(i*-5' _(*#-2)(e-4), 
(# — 6)(# — 10) ~ ie =Tie= 9) 


. ¥°-6x4+5 ~64+8 . 
; baad “Fitts 
. by L —6a+5 _ a? —6a+5—4?+6x—-8 | 
eran #* —16¥+60-— 42+ 16% — 63 
_-8 
ae 
=1. 
— 64+5=49 — 16¥+4 60, 
* 10”e=55, 
*% #£=65), 


Ex. 4. Solve (¥— 4) *(% +4 — 2b) = (x — b) (x - 2a 45). 
_(*#—a@)?  w-2a+b. 
“(¥-b)? x+a—2b 
a by 11 —4)° +(#~ b)* 4 -2a+b+2+a- 26, 
(w—@)*-—("4-b° w—2a+b-x-a42b 
_ (2% - a-b)\x?=(a+b)e+a*—ab+b2} 2a—a—b, 
. (b - ~ 4){3x* —3(a+b)epa?+ab+b?] ~ 3(b— a). 
: 5(24#-a-— b)\w? —(a+b)e+a* — ab +62} 
=(2%—- a ~ b) {3a? — 3(a + bw +a? +69 + ab), 
“(2a'— a —b)/2a? — bab + 2b?} =0, ) 
1 2%-a-b=0. 


EXERCISE 88. 


Solve the following equations — 


I #-1 l-a g *-4_4#-m+n 
' atl Ita a= b #tm—n 
3, @8—-b-c_ax- ae = 4, metn_b+c-a 
pr-q-r px- *  me-n CHa-b 
5 mtphate ankh 6 +a _(a-c)(b+d) 
| pe? +qaetr petq " #-a@ (atc(b-d) 
7. (w—1)(2%—-3)* =(# — 3)(2¢-1)2. 
3. a—b-a@ _ (x-a)(x-b) 


a+ 2a+2b6— (#+2a)(x+ 26) 
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**+3a4 a*+3x? 
9. ys ee 
10. (5x4 + 10%? +1)(5a4 +104? +1) _ 
(#4+10#? +5)(a4+4+10a? +5) 
1, (#+41)(2a+ 5)? =4(~42)8. 
12. (# —a)(2a — b)? =(#— b)(24 - a)?. 
13. (a +1)(v+2)(a +3) =(# + 4)(#+45)(w — 3), 
14. (# + 5)(~+ 6)? (w +9) =(w + 4)(a +7)? (v — 8), 
15, (w+1)(w +6)" =(v42)(a+4)(¥ +7), 
16. (*+2a+b)(a+a +25) =(4+a+5)?, 
17, (w—1)(%— 2)(w +6) =(¥ + 2)(4+3)(x +4), 
18. (# — 1)(a— 2)? (a — 5) =a(% — 3)*(a — 4), 
19. (w+ V(xt 9) _(¥+6)(¥+10) . 
(V+ 2)(v+4)  (a#+5)(a +7) 
20. (W+2)a4 5) _ (w+ 1)(a+7) 
(V+4)(¥+6) (4+3)(7+8) 


186. Equations involving Radicals. 


ac, 


Ex. 1. Solve V#+44+vVa4+ll=7 
Transposing, we have, V#+4=7- / #411 
Squaring, ++ 4=49+4+4+4+11-14/ 4411. 
WV #4+11=56. 
o V#e+11=4, 
Squaring, *4+11=16, 
7 #=6, 
Or thus V#+44Va411 =7 
Identically, (#+4)—(4#4+11)= ~ 
Dividing (B) by (A), Va+4—-Va41ll=-1 
Adding (A) and (C), 2/#+4+4=6. 
sh V/ #+4=38. 
Squaring, #+4=9, 
* #26, 
Ex. 2, Solve Vcx~a-~V/cx+b4Vdxta-vVdr—b=0. 


Writing it thus ; Vcw—a-Vdx+b+v cy—b- Vd +a. 
Identically, (cv+ a) — (ca + 6) = (da — b) — (dx +a) 


[CHAP. 


(A) 
{(B) 


(C) 


(A) 
(B) 
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Dividing (B) by (A), cx-a+V cxt+bavV dx—b+V dx—a. 
Adding (A) and (C), 2/cw—a=2v da—b, 
av Ce#—-a=Vv da—b. 
Squaring, cv -a=dyx-b. 
. a(¢-~d)=a—b. 


Vatx+Va-x_, 
Vatet+vVa-x# 
Applying III of Art. 185 B. 


Ex. 3. Solve 


vate _b4+l 
** Jaen Ol 
a+x_(b+1)? 


Squaring, ar ali 


a+x+a—x4_(b+1)? +(b-1)? 
Pi a lt) i MB! 2 
Mpers7e tg came formule, | die 10 *1)" -(b-1)? 


1+ l-*_ 
Ex. 4. Solve Rhos ioe“, 


+ fi+te 1 > 1-% 
Putting a for al i ss for Lea’ 


we have at+_ 22. 
a? 
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ey 

l—a 
~l—aale-yx. 
~2a=0. « #=0. 


Ex. 5. Solve Pa+a+ Pa—-wx=b. 
Cubing beth sides, 
Atv+a—a+3Patna, Pa—a(Watx+ Ya-x)=b?, 
“24-3, Pat—x? (Vatnt Pa-a)ab*, 
ButjfYa+a+ fa-x=b. 
2a+8. ~a?—#?, (b)=b?, 
3bV a? ~w?=b8~— Qa, 


pt tha ee, 
Watauga ==. 
Cubing both sides, a?-4?= (“a-)’ 
satnat— (7 22)" 
3b 
AS + / pa). 
Mk, 6. (Geiye —*. T°8S? Set Wie ve 


at4at+V 8ax «+8a4+~v lear 
vw? +16a? =(4+4 4a)? — Bax =(v+4av 8ax(1 +4a~- V/ 8ax) 
and #° +64a°=(4 48a)? ~lhax 


=(*+8a+4V 16a%) (v48a~—~V Ihaa)- 
« the equation becomes 


“+4a—--/ 8ax— (x 48a — / 16ax)= —2av 2, 
aV l6ax— / 8ax=4a —2av 2, 
“ Vax(4 —2V 2)=a(4— 2/2). 
Vv at=a, 
“.ak=@?, 
. w=a, 


XXIV.] 


a en 
Ex. 7. solve a’/ PFI 2 (bathe) 


_ e272 _t 


HARDER SIMPLE EQUATIONS. 


= staal yh ya) 


1 1 
apts, 
P+4 
2P9 


=¢, 


j= 


— 


gH? 
4 2q= 


3 A, 
a or or 
[venitven 1,279. 
445=| —————_ = 97 
Ve+1—-vc-l 
Ex. 8. SolveYvw+a+Vx+b4vVx4c=0 
If p+q+r=0, then p*+q°+r°=8pqr. 


Aep ate b+ a4+6=3P (x + alia +b)(v+e). 
2 (Ba+a+b +c)? =27(¢ + a)(x 4- b)(x +0). 


_Vv¢+14+Vc-1 


Vc+1-vo-1 


Vctl4+vVc+l 
ES ee © 
V¢6+1l—-vc-l 


318 ALGEBRA. [CHAP. 


© 278% + 27x? (a+b+0)4+9e(a+b4+c)*+(a+b40)8 
=27 4° +274*(a +b +c) +270(ab + bc +ca) +27abe. 
29a (a+b +c)? +3(ab + bc+ca)| =27abe -(a+b+0)8 
—geee 27abe—(a+b+c)* 
9(a+6+40)? — 27(ab+ bc +-ca) 
—_* 27abe-(a+b+<c)* 
9(a? + b* +c? — ab— ac — bc) 
Ex. 9. Solve Va+a4+Va—-#=—__ t. ae 
VatvVat+x? 
Writing it thus:/a+a+/a—« = AtHK—(a—%) | 
J/At/a* +x" 
Dividing each side by the common factor(V a+x%+Va — x). 
Jatt—Jja-# 
J at,/a* +x? 
HS AF/E +2? = /atn- Jann. 
Squaring, a+ /a*+wx*=a4+npa-#-2,/a*—x?, 
1 /G* +e? -a=-2,/a? =a, 
Squaring, a? 4+x*+a* -2a,/a?4x*=4(a? — #2), 
“OX? — 2a? =2a,/a?+x?, 
2. 2544 4+ a4 — 20a? x? =4a444a°x?, 
-. 2644 -— 24a?x? =0, 


we have l= 


2 254? = 24a?. 
x? tae 
25 
a5. 2a 
= b= w/6, 
ty ve 
EXEROISE 89. 

Selve the following equations:— 
l. ,/40+,/448 =7=7. 2. /(w+14) 4+ ,/(@7- 14)=14, 
3, /(94+4+4)+,/(9"=1)=3. 
4. Vxe-a4+V24-b=Va-b, 
5. Vv (¥+3a)— Vv (x —2a)=V a. 
6. V#+4aaeV/ *4+2a=2Q x-a. 
7 


Vee 44V445=V det] 


HARDER SIMPLE EQUATIONS. 


V 4a+%=2V b4+4-V/ x. 


a+ 2an+x* =a. 
Vath+V a—x=2V x, 
ate+ 2ax+x*=b, 
V #+V/2x—-9= 86 


J bam 1h /5e¢-21=1. 


Je eB /¥? +855. 
SLES Se VLE 


tf Bt = 9 4/28 9" 


J¥ta—6+ /4+b—-c= /6-at/c—b. 
(BET — (4 —-3= ,/8e—14 — ,/ 34-24. 
J8- 2+ /x—-T= / 34 -10- / Bu — 15, 
pf BBM 4/4 — B= = / 28-1 + / 32-2. 2. 
Jaxpb+ Jax +e=,/det+b+ dete, 
4-84 J b-— 8 = [CF H= /a— b+ CFR, 


SdH+1+ / BH _ 
aetian de 
’ a+ ,./2ax—a* -. 
a 
J B+ /#ma a 
p en Mh ben Rca 
Vt= /4#-a *-4 


5 MET EE / 4 4 mn 


Jtta- /#-a m-n 


a+x+ of 2ak+ 8? _ pe 


at+a—- J 2ax+ x? 


Dat 1 +x xt +3 _ 
Qe? +34 ./ 4x? +3 


24 1- ax l+ba_ 
“ l+axn L-be be 
og, V/36a+1 + ./86x 
J 364+1—- ./36% 
28. V4#+5 +4/% _ 9 
eb. 
aT ET fA 
Jt a- JX 


30. 


33, Vatbt /ax=b b 
J a8 +b— ,/ax- ax-b 


35 1+x+x’ _62.1+x 
" J=x4x? 63.1-x 


. 
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=1, 


— Fp 


p+1 
5-1) 
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1 ] 
37. Peta-Px—-a=2ra. 
38. b+b?+3b>x=x. 
Jite-1, Jl+et)_, 
Jl+e4) MBE 0 
40. Putl+ Pat2+ Px—-38=0. 
41, Pxt3a+ Pu+3b4 Pat3c=0. 
42. 2a +a = *°™/x? — 4a? —4an. 


43. (1-6) *(2**)h +048) *(25*)t=20 - 543. 


faci _ #449 — 8x? _ 
—224+2 w94+3x43 


46, et ret o+e) | eae KER, 


46. Plte+Pl—#= 2. 
Lee er Cite A 
47. IgV #7 FSR ESTA nt +208 FT)= 4 / TTI 


186. A simple Equation cannot have more than one root. 
Every simple equation can be reduced to the form ax+b=0: 
If possible, let this equation have two different roots a and B. 
Then we have a+b=0 ? 
B+b=5 \ 
.. by subtraction a(a - B)= 
“ either a=0, or a-B=0, 
Now if a=0, there will be no equation and if a- B= = 0, 
then a=B, which is contrary to our supposition. 
“. @ simple equation cannot have more than one root. 


= 4, 


CHAPTER XXV., 


HARDER PROBLEMS LEADING TO SIMPLE EQUATIONS OF ONE 
UNKNOWN QUANTITY. 


We shall work out some examples of harder type below. 


Ex. 1. There is a number of two digits whose sum is 13, and if 
27 be subtracted from the number, the remainder will form a number 
with the digits inverted ; find the number. 
Let «=the digit in the units’ place ; 
then 13 —-#=the digits in the tens’ place. 
The number = 10(13 — v)+ 4. 
The number when the digits are reversed=!04+13-x. 
By the question, 10(13-4)+a-—27=10%+413-~2, 
2 — 10¥+4- 104 +4= 13427 - 130. 
2 -- 18%= -—90. 
e. #=5=the digit in the units’ place, 
and 13-«=8=the digit in the tens’ place. 
Hence 85 is the number. 


Ex 2. A workman was employed for 60 days, on condition that 
for every day he worked he should receive ls, 3d., and for every day 
he was idle he should forfeit 5d,; atthe end of the time he had 20 
shillings to receive ; find the number of days he worked. 

Let x=the number of days ne worked ; 
then 60—*x=the number of days he was idle, 
His pay for w days in pence=15x, 
The sum forfeited in pence=5(60 — 4) =30U— 5x. 
By the question, 15#- (300 — 5#)=20 x 12 = 240. 


*. 20%= 540. 
AesFi. 
and 60 —*=33, 


the number of days he worked is 27 
and the number of days he was idle ig 33. 


Ex. 3. A hare is 50 leaps before a greyhound and takes 4 leaps 
to the greyhound’ s 3 leaps ; but 2 of the greyhound’s leaps are equal to 


21 
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3 of the hare’s; how many leaps must the greyhound take to catch the 
hare ? 


Let 3= number of the greyhound’s leaps ; 
then 4a=:number of hare’s leaps in the same time ; 
Since 2 of the greyhound’s leaps =3 of the hare’s ; 


therefore 3 number of the greyhound’s="* leaps; 


By the question . — 4% = 50. 


» 4 =50, 
& ws 109. 
* 3% = 300. 


the number of leaps the greyhound has to take to catch the 
hare is 300, 


Ex. 4, 4d can doa piece of work in a days; B can do the same in 
6 days; find in what time 4 and B together can do it, 


Leia be the number of dayein which A and B dothe work 
together. 


Then if W be the work, 
nian the work done by A and B together in 1 day, 
x 


But =the work done by Ain! day, 
a 
W 


and "amu work done by Bin 1 day. 
Fe M+ Pete total work done by A and B in 1 day. 
By the cnestion, 
a ee 
fe 
“Bat 
t= — 5s 
= ee a 
“a b 


A and B together ‘can do the work in 7° days. 
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Ex. 5 At what time between 5 and 6 o’cleck are the hands ofa 
clock exactly at right angles te each other ? 


When the hour-hand travels over 5 minute-divisions the minute- 
hand travels over 60 minute-divisions, 


“the minute-hand travels 12 times as fast as the hour hand. 


When the hands are at right angles there musi be 15 minute- 
divisions between them. They will be at right angles twice before 
6 o'clock, once before and again after they pass each other, 


_ To begin with, by the question the hour-hand points to Vand the 
minute-hand points to XII, 


Let the hour-hand travel over « minute-divisions before they are 
at right angles first; 


then the minute-hand travels over 12x minute-divisions; 


the hour- hand then points to 12415 minutes measured from XII 
as it is in advance of the minute-hand by 15 minutes, and also to 25+ 


minutes measured from @KII, tor it pointed to V originally, and then 
travelled x minute-divisions, 


Hence 
124+15=25+4. 
2 12%=10. 
aS” wade, 


120 _ 1049. 


al2s2= —s 
ll 


Fic 1. 


“the two hands will be exactly at right angles to each other 
for the firet time at 1049 minutes past 5 o'clock . . .... , (i) 
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Again suppose the minute-hand has passed the hour-hand; 
ther we see at once that 12*=254+2+415. 


aTt#= 40, 

eo EY =377 

7 mtg ‘ 

2198= 485 = 43. 
li 


FIG. 2. 
“the two hands will be exactly at right angles to each other for 


the second time at 43,7) minutes "past 5 e’clock, . . 26 . + « + (il) 


Note —In the above figures OA, OB represent the original posi- 
tions of the two hands; OA,, OB, represent their positions when they 
are at right angles for the first time and OA,,OB, represent their 
positions when they are at right angles for the second time. 


Ex. 6. A person buystwo corts of ghee, one at Re. 1 a vise and 
the other at Re. 1-8 per viss. He wishes to mix them, so that by 
selling the mixture at Re, 1-3 a viss he may gain 12} per cent, on the 
whole. What is the proportion of the mixture ? 

Let «=the fraction of a viss of the inferior sort in one viss of the 
mixture; 

then 1- «=the fraction of a viss of the superior sort, 

The price of x viss of the inferior ghee =Rs, a, 

% l-# i superior ,, =Rs, §(1-~4). 

. the price of 1 viss of the mixture =# + §(1 — 4). 

The gain=124 p c of the cost price=})*+43(4—-4){. 

The selling price of 1'viss of the mixture = {x +3(1—x)t. 
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By the question, §)#+4(1- +); =1ly5- 
18)" +3(1 - 4) =19. 
2 184427 —27%+19. 
- 9a= - 8. 
v= FG. 
- in 1 viss of the mixture there is 
& viss of the inferior sort and (1 - 5) or 4 viss of the superior sort, 
the proportion of the mixture is superior ghee: inferior 
ghee=4:§=1:8 
Ex. 7. An officer can form his men into a hollow square 10 deep. 
The number of men inthe regiment is 2,800, Find the numbcr of 
men in the front of the hollow square. 
Let a=the number of men in the front of the hollow square; 
then the number of men in the square =#? = (w= 23)?. 


A Eo B 
10 
. a b 
w—20 | 
a| 10 | 10 |# 
By the bgresiicc., a — 20 
- (x - 20)? = 2800 ad c 
~ 40-400 =2800 10 
- 40% =3200 ue 
v= 80 D “ C 


- the number of men in the front of the hollow square is 80. 
Note —ABCD is a solid square having « men in the front; 
abed is another having *.—20 men in the front, for the difference 
in the number of men between AB and ab is twice the depth of the 
hollow square, #.¢, 2x10 or 20. 
And ABCD—abed isa hollow square having # men in the front 
but only 10 deep. 


Ex. 8. A man rides one-third of the distance from A to B at the 
rate of a miles per hour and the remainder at the rate of 2b miles per 
hour. Ii he had travelled ata uniform rate of 3¢ miles per hour he 
could have ridden from A to Band back again in the same time. Preve 


that 4 >= =? 
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Let #=the distance from A to B in miles; 


then §* <time in hours taken to ride 4 ef the distance 
a 


-— ry ” Be) § y 
and = A i ‘ from A te Band back again. 
c 
By the question, 
a4 | §x _ 2a 
a uy 3c 
Vv , 2x_ 2x 
3x 6b 3c 
p> 
a’ b=" 


EXERCISE 89. 


1. Find twe numbers the difference of which is 14, and the 
greaier number being divided by the less is & 


2. Divide the number A into 4 parts, such that if to the first you 
add B, from the second subtract B, multiply the third by B, and 
divide the fourth by B, the results will be all equal. If d=90, B=2, 
what will the results be ? 


3. From a certain sum of money I took away one-third part and 
put in its stead Rs. 560; from the sum thus increased 1 took away one- 


fourth part and put in its stead Rs. 70. I then found I had Rs. 120 
What was the original sum ? 


3) 
increased by %, and its denominator by Mit becomes § Find the 
fraction. . , 


4. Aceriain fraction is equal to 2; when its numerator is 


5. Finda number of three digits, each greater by unity than that 
which follows it, so that its excess above ith of the number formed by 
inverting the digits shall be 36 times the sum of the digits, 


6. A person bought a certain number of eggs at 2 a penny and 
as many at 3 a penny, and sold them at the rate of 5 for 2d. losing 4d. 
by the bargain. How many eggs did he buy? 
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7. A person bought equal number of two kinds of sheep, one at 
£3 each, the other at £4 each. If he had expended his money equally 


on the two kinds, he would have had 2 sheep more than he did, How 
many did he buy? 


8 Ata contested election, 1,793 votes are polled, and the defeat- 
ed candidate is left in a minority of 313, Find the number of votes 
for each candidate. 


9. A landlord let his farm for £10 a year in money, and a corn- 
rent. When corn sold at 10s. a bushel he received at the rate of 10s. 
an acre for his land, but when it sold at 13s, 6d. a bushel, 13s. an acre. 
Of how many bushels did the corn-rent consist? 


10. A person buys some tea at 3s.a lb. andsome at 5s. a lb.; he 
wishes to mix them so that by selling the mixiure at 3s.8d. a lb. he 
may gain 10 per cen‘, on his outlay. In what proportion shwuld he 
mix them? 

11. A ship sails with a supply of biscuit for 60 days ata daily 
allowance of 1 lb. a head; after being at sea 20 days, she encounters a 
storm in which 5 men are washed overboard, and damage sustained 
that will cause a delay of 24 days, and itis found that each man’s 
allowance must be reduced to $ ths of alb. Find the original_ number 
of the crew. 

12. Onacertain morning mangoes were sold ata certain price 
per score ; the next morning as many mangoes could be bought for one 
rupee as scores for Rs. 30 the day before; the whole price of 30 man- 
goes, 15 bought one day and 15 the other, was 12as.6p. Find the 
price of a mango on cach day. 


13. A person bought a picture atacertain price and paid the 
same price for the frame ; if the frame had cost £ 1 less and the pic- 
ture 15s. more the price of the frame would have been ons half that 
of the picture. Find the cost of the picture. 


14. How many bundles of hay at Rs. 5 per thousand musta per- 
son mix with 6,600 bundles at Rs. 6 per thousand in order that he 
may gain 20 per cent. by selling the whole at 11 annas per hundred ? 

15. A garrison of 1,500 men have provisions for 36 days ; but 


after 16 days it was reinforced ; and the provisions were exhausted 
‘an 12 days. Find the number of men in the reinforcement. 
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16. How much tea at 4%. 6d, per Ib, must be mixed with 50 Ibs, 
at 6s. per Ib. so that the mixture may be worth 5s, 6d. per Ib. ? 


17. From two bags containing the same number of coins, s=™8 
are taken in the ratio of 4: 5. And if 12 more coins were taken from 
the bag which now has the fewer, the number of coins taken from 
it would be double that taken from the other. How many coins were 
taken from each? 


18, At what time between Zand 8 o'clock will the hour and 
minute hands of a clock be 
(1) together, 
(2) at right angles, 
and (3) in a straight line. 


19. A man hires a labourer on this condition, that for every day 
he worked he should receive 2s. ; but that for evervday he was absent 
he was to forfeit ls. 4d. ; when 390 days were past neither of them 
was indebted to the other. How many days did the man work? 


20. A labourer is engaged for n days, on condition that he re- 
ceives p pence for every day he works, and pays qpencefor every 
day he isidle. At the end of the time he receives apence. How 
many days did he work and how many days was he idle ? 


21. A greyhound spying a hare at the distance of 60 of his own 
leaps from him pursues her, making 4 leaps for every 5 leaps of the 
hare, but passing over as much ground in 3 leaps as the hare does in 
4. How many leaps did each make during the whole course ? 


22. Acandoapiece of work in50 days, B in 60 days and C in 
75 days. In what time will they do it, all working together ? 

23 Acandoa piece of work in 4 hours, C in 33 hours and Bin 
5} hours ; in what time will they do the work together ? 


24. Tocomplete acertain work A requires m times as many 
days as B and C together ; B requires » times as miany days as A and 
C together and C requires # times as many days as A and B together. 

1 1 1 
Prove wad oii dal FB 

25. Two passengers are charged for excess of luggage 2s. 10d. 

and 7s. 6d. respectively ; had the luggage al] belonged to one of them 


——— = 
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he would have been charged for excess 14s. 6d. How much would 
they have been charged if none had been allowed {ree ? 


26. Two persons A and B were engaged in counting a number 
of sovereigns, and A counted three for every two counted by B; when 
B had counted 22 he forgot his reckoning and was obliged to recom- 
mence ; and when he had counted 64 there were no more left toe count. 
Find the number o{ sovereigns, 


27. At the review of an army the troops were drawn up into a 
solid mass 40 deep : when there were just $thas many men in front 
as there were spectators Had the depth however been increased by 
5, and the spectators drawn up in the mass with the army, the num-- 
ber of men in front would have been 100 fewer than before. Find 
the number of men in the army. 


28. An officer on attempting to draw up his regiment in the 
form of asolid square finds that hehas 31 men over and that he- 
would require 24 men more in order to increase the side of the square 
by 1 man. How many men were there in the regime:t ? 


29. An officer can form his men into a hollow square 5 deep, 
and also into a hollow square 6 deep, but the front in the latter for- 
mation contains 4 men fewer than in the former. Fitd the number 
of men. 

30, A person has a number of rupees which he tries to arrange 
in the form of a square. On the frst attempt he has 116 over. When 
he increases the side of the square by three rupees he wants 25 to 
complete the square. How many rupees has he ? 


31. A rower who can pull at the rate of 6 miles an hour can pull 
10 miles down the river in half the time that he will {ake to pull 10 
miles up it. Find the rate at which the river flows. 


32. A person rows from Cambridge to Ely, a distance of 20 
miles, and back again in 10 hours, the stream flowing uniformly in 
the same direction all the time ; and he finds that he can row 2 miles 
against the stream inthe sametime that he rows 3 miles with it. 
Find the time of his going and returning. 


33. A person has just 2 hours at his disposal. How far may he 
ride in a coach which travels 12 miles an heur, so as to return heme- 
in time, walking back at the rate of 4 miles an hour ? 
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34.. The number of soldiers present at a review is such that they 
could be formed into a solid square and also could be formed into 
four hollow squares, each four deep and each containing twenty-four 
more meninthe frentrauk than when formed into a solid square. 
Find the whole number of soldiers. (S.S.L.C, 1918) 


.— 35. Ifatrain, which travels atthe rate of 35 miles an hour, 
start one-quarter of an hour after a luggage train, and overtake it in 
10 minutes, find the speed of the luggage train. 


a 36. Two persons walk at the rate of 5 and 6 miles an hour reés- 
pectively ; they set out to meet each other from two ‘places 22 miles 
apart. Having passed each other once, find the place of their second 
meeting, supposing them to continue their journey between the two 
places. Also find the time when the second meeting takes place. 


37. A, B,C,travel fromthe same place at the rate of 4, 5, 6 
miles an hour respectively and B starts 2 hours after A. How long 


after B must C start in order that they may both overtake A at the 
same instant ? 


38. Atrain which travels at the uniform rate of 40 miles an 
hour meets a person walking along the line in the opposite direction 
-at the rate of 4 miles an hour, and passes himin 5 seconds, Find 
the length of the train. 


39, Twotrains running at the rates of 25 and 20 miles respec- 
tively on parallel rails in opposite directions are observed to pass each 
other in 8 seconds; and when they are running in the same direction 
at the same rates as before, a person sitting inthe faster train 
observes that he passes the other in 31} seconds. Find the lengths of 
the trains. | 

40, Two coaches start atthe same time from York and London, a 
distance of 200 miles; the one from London travels at 9} miles an 


hour, and that from York at 104 miles, Where and when will they 
meet? 


41. Two men sei out ona journey, walking at the rate of 4 miles 
an hour; after walking for six hours, one of the two lessens his rate to 
‘miles an hour; the other continues on at the same raie, and arrives 


at the end of his journey an hour before his companion. Find the 
length of their journey. : 


- 


be Pile 
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42. A railroad runs from A to C;a goods train starts from A at 
12 o'clock and a passenger train at 1 o'clock: after going two-thirds of 
the distance the goods train breaks down, and can oaly travel at three- 
fourths of its former speed. At 20 minutes before 3,a collision 
eccurs, 10 milesfromC. The rate of the passenger train being double 
ef the diminished speed of the goods train, find the distance from 
A to€, and the rates of the two trains in miles per hour. 


43. A luggage train going at the rate of 10 miles an hour is some 
distance in advance of an express engine, which starts to overtake it, 
and just comes up with it in 5 hours; had the express engine travelled 
10 miles an hour less, it would have been 74 hours ia coming up with 
the luggage train. Find the distance between the train and the express 
engine at first, and the rate ait which the latter travelled. 


44, AB isarailway 220 miles long; and the trains, P,QandR 
travel upon it at 25, 20 and 30 miles per hour respectively; PandQ 
leave Aat7AM., and 8-15 a.M., respectively, and R leaves Bat 
10-30 aM., when and where will P be equidistant from Q and R? 


CHAPTER XXVI. 


HARDER SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE. 


187... We shall work out some examples of harder type below;— 


Ex. 1. Solve the equations— 


a= seed. 
7 9 
2 ste. 
ae 
Here the unknown quantities are 
Multiplying (2) by 3, we get 
6 . 
42 
sl 
Subtracting (J) from (3), we get 
49 
= 2, y= 7 
hd 
Putting y=7 in (1) we get 
“en ] =2,%=3. 
a CY y 
A¥s 2, 
.#=2 
y=7| 
Ex. 2 Solve the equations:-— 
et PP 
ee 
Gs2ap 
wad 


Here the unknown quantities are 


From (1) 9g, we have 94.9" aq 


x 


From (2)x ~, we have a OF = bp 
ee 


I and 
a 


1 and 
ry 


] 


: 


(3) 


(1) 


(2) 


(3) 


(4) 


4 
® 
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Subtracting (4) from (3), get 
L 
( c —p*)=ac wh 
Pp q 1~oP 
1 __aq-bp 


Similarly the value of S can be got; hence the value of x. 
x 


Bx. 3. Solve the equations :-— 
(a+c)x-(b +d)y =e 
(a+d)jx—(b+¢)y=d 

Subtracting (2) from (1), we get 
alc-d)+y¥(C-djac-d 
4+ x1 
L(b+dja+(b+djy=b+d 

Adding (1) and (4), we get 
Math+c+djab+c+d 

b+c+d 
at+b+c+d 
b+ce+d 


“= 


ae 


EXERCISE 90. 


Selve the following equations :— 


 ) 9x +8y =43xy } 
Ba+9y=42 ry § 


we & 


ime 
+ 


wlSejv 


From (3), y=l-*=1 -————_ Opals, PT 
9), 9 aA+tb+c+d a+b64+c¢+4+d 


(1) 
(2) 


(3) 
(4) 
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(7) “ec pg a 7 i wa 
bry =c(ax — by) (8) ee eee hades 
a+y=2a J 
ates ae re 
patqy=r (10) = b A 
“9 
ar hehe 
+?= = 2] (12) a(x+9)+b(x-y)=1 
i) ls 3 ants+diacshet. 
745 a14 7) 
a ee 
(13) a?a+bcy=b? Q (14) a®tw+biyay 
ax+byac .) rete ver 
(15) eA _o+y_atb | (16) a? , b? _(a+b)*) 
“by ab \ x y ay ! 
‘i | 2 { 4b r 
- =~ S+ys— : 
* yy @ J a J 
CED Rai ee (18) ax+by=c? ) 
(a — b)a+(a+b)y=2a ta b ae 


b+9 atx J 
(19) (a—)#+(b-d)y=(b - a)(c-d) 
ax +by=(b—a)c 
(20) w+y-+1=0; a?x+b29+4+c(a+b)=ab 
(21) (b-a)a-—(c -b)y=c-a ? 
(a-—c)v-—(b-a)y=b—-cy 
(22) (b+¢ - a)v+(c+a—b)y=2c, 
(cta=b)w+(at+b-c)y=2a } 
(23) ax+by=a*+b8 
(6 djx-+ (c= aly=(b—cjat +(c—a)b } 
24. (a+be—(a—biy= 24% (ue _ ye); (a— dw +(aHbjy= 
(#? — 9). 
25. Vy-Va-navVy-x, 2Vy-449V/a—-a=bVaea, 
26. Vx—-Vat+eav arty, BV aA+A42V e+ y= WW atx. 


5ba-b 


b a=b 2a 1 1 __ 2(a? +b?) 
Ee Natethg Sh, SN 
x# t 9 a?—f? he ies (a? — bt)e” 


28, (Ga-+b)x+(a+6b)y = wet), (9a= 2b)x ~ (2a = 96)y= 2912 +9) 


29, oe ite 299.»'hd 4 )= ll 


Fad 
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30, #+y=a+b, (a+ 2b) % - (24 +6)*y=(a— b)%(a+ b). 


31 al + Lia 1 ; @ .:% Bile 1 
' @*+1 5741 at—bt’ gt b?-1 @?+b? 
32 TF b e_@ 


33. (pa +9b)a + y(pa* +9b?)= pa? +qb? ; (pa? +96? )at y) (ba® + bs). 
=put+qb4. 

34. Find a linear integral function of # which will vanish when 
#=,5 and will become-1 when x= — }. 

35. If #+ 3y=4 and 24+ 5y=7 find the value of Tw=—y and 5+ 7y. 

36. Ifthe equation y=ax+bis satisfied by the values (2, - 3), 
(—3, 2) of w and y respectively find a+b, 

37. Find the equation to the straight line passing through the- 
points (1,— 2), (- 4, 4). 

38. Find the equation to the straight line joining the points. 
(— 3, 4) and (2,-1). 

39, Construct a homogeneous symmetric function of x and y of 


the second degree which shall have values 2,28 corresponding to- 
values (1,0) and (2,2) of # and y respectively. 


40. If P be a homogeneous symmetric functi-n of # and y of the 
second degree and has the values 15,~5 when v and y are equal to (i) 
1, 2 (ii) 2,-1 respectively, find the value of P when #=0, and y=1., 

41. Find algebraically the equation to the straight line that joins. 
the origin with the point of intersection of the lines represented by a» 
+y=4 and 2x-y+1=0. 

42, Find the equation to the straight line that passes through the 
points of intersection of the straight lines represented by the follow- 
ing pairs of equations :— 

(i) yo2a, e+y=3. 

(ii) 2y=4, 3a-2y=2. 

43. Show algebraically thatthe straight lines represented by - 
the equations 44+ 3y=5 2v-3y=8. 

cut on the line 10* - 6y=29, 
44. Determine k so that 
2e+y=7, ¥+y=5, 2¥-y=k may be consistent, 
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45. Find the value of pso that 
4n—- y-1 =0 
3a+2y—13=0 
and pv—-2y4+7 =0 
may have a cominon solution. 
188 Simultaneous Equations of the first degree involving three 
or more unknown quantities. 
We have seen that when two unknown quantities are involved, 
‘one equation of them is eliminated and a relation in only one unknown 
is obtained and solved. So if more than two are involved, ¢ g., for 
example, three, one of them must be eliminated andan equation in 
only two unknowns should be obtained, and since we must have two 
equations to enable us to determine the values of two unknowns, one 
more equation in the same two unknowns should be obtained and the 
two equations in two unknowns should be solved. The value of the 
third may be obtained by substitution in one of the three equations. If, 
however, 4 equations involving 4 unknowns be given we must get 3 
equations in only 3 unknowns out of the 4 by taking two and two of 
the given equations and eliminating the same unknown quantity. 
By a similar process, 2 equations in only 2 unknowns should be 
got, and finally one equation in one unknown solved. 
If wehave three independent equations, involving three unknown 
quantities, for example, 
ANA DY ACE HIMliee...corsecveoverees coerce... ene ser ceeesense( 1) 
BBD YA C1 F=Mererereoe veers v00 0000, cersersesseanenee.,. (2) 
BRADY ACL EHPrreesecevonvecereecevoce + ...eeesssesestsaeeeee(D) 
the values of #, y and z may be determined thus :— 
# may be eliminated by 
Multiplying (1) by a, ,aa,a+a,by4+a,cze=a,m 
Multiplying (2) by a,aa,#+ab,y+ac,z=an. 
S 9(A, b— ab, )42(A,6 = aC) =A, M = AN... oe seeeeeeee(4) 
Again we must get another equation in y and z. 
For this purpose take any pair, #, ¢. 1 and 3 and eliminate » 
By multiplying (1) by a,, aa,*+ab,y+a,cze=a,m., 
Multiplying (3) by a, aa,~+ab,+4+ac,z=ap. 
“Y(4_b — ab,)+2(4,6 — aC,)=A°M = APseereesnsser »--(5) 


pe 
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The values of y and z may be determined from the equations (4) 
and (5); and by substituting their values so obtained in any of the 
8iven equations the value of w can be determined, 


Note,—This method may be extended to equations containing four 
or moré unknown quantities, 


Ex. 1. Solve the equations— 


44 — 29-+52=18.....000000s0(1) 
2H 4 —3ZH 2... ...cosce---(2) 
Gah Ty 268 <1... caves... (3) 
From (1), 40 — 2y+52=18, 
From (2)x2, 44+8y—6z=44, 
Subtracting, 10y —11z=26...... oss eeeeee(4) 
From (2) x3, 64+ 12y-9z=66. 

From (3), 6a+7y —2z=63. 
Subtracting, 5y — 8z=3......... 
From (4), 10y-11z=26, 

From (5)x 2, l0y=16z=6. 


& S220. 
aod, 
From (4), 10y=264+112=26+444=70, 
KPa. 
From (1), 418+ 2y —52=184+14-20=12, 
OB 


Ex. 2. Solve the equations— 


MET vdddinded inc cageddeastes Wad 686 fcdcedcae PRP eereae tee ses eeeeee(L) 
PA at Bisaes civcctcasiceds REM Aaadessvscccccvesgnedacdininediide. ++-(2) 
BM i iaidnn cosoguannaddaneasdddnsdrcescecsicaymuesateadecs seeeseeeee(3) 
: Adding (1), (2) and (3), 2a+y+2)=a+b+e. 
: v+ Y¥+2= Se ietaaficvecsers(A 
4 
| Subtracting (1) from (Shan TE Ste é= sae 
(2) en ttbt+e b b+6-6 
Pee ett wesew werner Sees ass ensens 2 2 
atb+c_ atce=b 
. * (3) ’ y on i ae b= 9 
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Solve the following equations ;— 


1 «+y+2=6 2, x+9-2=0 
a#+294+32=14 2Qa43y—42=-4 
v+3y4+4:=19, 3a —- 2y-32=-10 

8. x+y94+2=90 4, 2n4+3y+4+42=29 5. ba+3y=65, 
24-3y= — 20 3x 4+2y +52=32 2y-2=11 
Qn —42= — 380. 4n+39422=25. 3a +42=57. 
2.9 8 7. 2+9=3 

6. 424-262 ; 
atata y+es5 
ee Pe 2+a=4, 

—-2 += 47 

ae a 8 aty-2=6, 

29,8 z+a-—y=10 

me, =3 . 

4°56 +6 o ytec-n=14, 
£_e # ¥' 2 

9. = +5 10, —-=+--+4+2=2 
a ep8,6.- setae 
w—1 y-2_24+3 a Sen ak 

i PS TI AO Sa tae val 
2y-5 8 2 o.9,8 

ne owes Sy: 1 — —» = _———F ) 
* 3 4 12 atste oF 

ys AL ees a eee 

e292 8 oe 9 mM 
: 2 b 
342226 Pah 
Te ae P~- Bere 
5 6 1 
par = 18, Mp Peg ye 
ie Ae J cw p 

18 1 lot ty 70 14, of 4 
WD Wy. YY Bo 
Ti lot? 140. : he Pe oS 
y Fe 3x. 2y 6k CG 
a Miah sy edt) 9 4 _1 ,4_161 
z £ © Sa 2y 8 10: 

15 221°. Sy Fag ty he) 

x an i, | s.-3 


y 
1 ge 3 
16, x +0497 + tae getnaatyt+e~ 4. 
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17. S9~4% —58— 4 _ y- de 
* Get S7o 3y— 2x 
18, s+y+2=0. 
(+b)a+(atc)y+(b+c)2= =0 
ab¥+ acy+bez~]. 
20. #-ay+q? z=a? 21. 
#—by+b%z=b3 
Vm 69+ C%2=¢3_ 
29. 2 w SA 4,6 
Ow ee y £9 
23 3(v — 2)—= by; 2% — y) 2; (y — 2) 51, 

f 24. W92=A(y2 — 24— #9) = b(zx~ yz — xy) = Cluny ~ yz — zx), 

eg 26. au +by+cz=a+b+¢; *+IY+2>3; ayt+besa+o, 

26 ay+ be ~ be +ey_ _ 42+cx 

Rid -.. a ey Be 

Ss 27. ax+y+2+u=10 

; #—2+32—6 
Y+2—-2u=-3 
34 — 2z2+4u=13. 

28. e+y+2+u=0 
15u+134— — (Ll y+ 92) 
Tlu+31ly= — (474+ 232) 
1+105u= ~ (454 +421y). 

29. x+y+z+u 10 

U+V+2-2u=2 
V+2+u—-x#=8 
2+a+u -y=6, 


=1. 


19. wy =a(¥+y) 
Ye—C(y +2). 
Zu = b(z+w), 
by+ay=c, 
C++az=b 
cy+bz=a. 


=1, 


ey ae Jee 


Te 31, ax+by+cz=mayz 
sp aa be +cy faz=nayz 
= Cx -+ay + bz=beyz 


30, 


ele ee 


8 32. vw +al(e+y)=yetaly +2 
~ =2e+a(z +4) 
lly > vad 


ee ey | oe 


a ai 
— 
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33. The expression ax* +bx +c takes the values 0, 1, 2 according: 

as x= —1, 4, 1 respectively; find a, b, ¢. 
34. Construct an expression of the second degree in « whach will 
nding to the values 0, 1,2 of « 


have the values-—1,-3,1 correspo 
respectively. 

36. If y, be an integral function of # of the second degree and its 

find its values where 


values be 6, 15, 28 when *=1, 2,3 respectively, 
es—1,1,-2 corres- 


s=-1 
The expression axv+by+c has the valu 
values (0, 1), (1,—1), (0, 0) of #, y respectively; determine 


36. 
ponding to the 
a, b,c. 
37. Construct a linear integral function of #, 9 which will have 
the values 4, 9, 14 corresponding to the valucs (0, 1), (1, 2), (2, 3) ef 


x, y respectively. 
Find an expression of the second degree in « such that it 
es respectively. 


38. 
S 
1 > when PAF a, 
6 2 3 


re 


may be equal te-_, i 
Construct a symnietric homogeneous expression of the third 


39. 
degree ina, ¥, Z which will have the values 1, 4, 90 corresponding te 
z respectively. 


the values (0, 0, 1), (1, 1, 9), (1, 2, 3) of a, 4, 
Construct an equation toa straight line which cuts an inter- 


40, 
cept of 3 units on the y axis and passes through the point (1, 5). 


189. Method of Cross Multiplication. 


If a,#+b,y+c,2=0 
and a,*+b,9+¢,2=0, 
9 


- 
« 


shew that — kk ae : = ae ee 
b,6,-b,C, ¢,a,-C,a, a,b,-a,b, 
Maltiply (1) by a,; a@,a,% +a,b,9+a,¢,27=0. 
Multiply (2) by a,; 2,4,%+ a,b,9+4,¢,2=0. 
Subtracting, (a,b, — a,b.) +2(a26,— 4,¢,)=0. 


& (4_b,-4,6,=- 2(a,C;— 4;Cc), 
Zz 
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Again, multiply (1) by b,; 4,5.8+b6,b.9+b,c,2=0, 
Multiply (2) by b,; 4,b,%+6,b,¥+b,b,2=0, 
Subtracting, #(4,b,-a,b,)+2(b,c, - b,c,)=0. 
“%(@, b,-@, b,=-2 (6, ¢,-5b, c,). 
x 
a "EE ecdaa hea ean idea wea MGEReaake need. xcasacn (2) 
Hence from (1) and (2), 


x Bie 


bic, b,c, €,4,—C€,a, a,b, —a,b, 


These results can be easily remembered b 


y writing down the co- 
efficients thus :— 


a,b, c,a, 
a,b,¢,4, 


The quantity under x ig obtained b 


y writing the co-efficient of 
yand zand multiplying across thus — 


b, % 
= =b,¢, -¢,b, 


-b, +¢, 


The quantity under y is obtained in the same way from the co- 
efficients of z and w. 


=¢,4,-a,¢,. 
ihe . 
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The quantity under zis obtained in the same way frem the co- 
efficients of w and 9. 


o> ro 
: < 
one ph 
eek =a,6,—b,a,. 
f \ 
- 
L 
-a, +b? 
if z=] in the above equations, 
x 
we tave > ats i 
6,c,-—6,¢, ¢,@,—C*a, a,b,-—a,b, 


which gives the solution of the equations, 
4,0+b,9+¢,=0 and a, #+6,9+c¢,=0. 
if the above values are committed te memory, it will enable us to 
solve readily simple equations involving two unknown quantities, 
Bx. 1. Solve 5y—3a=9; 56v4+2y=16, 
Writing the equations thus: B1-4y4+ 9=0 . . , (1) 
5a+2y-—16=0 


— 


Here a,=3, 6,=-5,¢,=9 


and a,=5. 6,=.:2;'c,= =< 16, 
i ee ee 
{1 —5)(—16)-9x2 YxX5-3\-16) 3x 2—(—5)(5) 
or nS atte & = AP = i : 
80 ~ 18 45448 6 +25 
need = y = : 
64 93 x 31 
62 
 X a 5 = 
3} 2. 
and y + 93 - 3 
31 


Ex. 2. Solve 8420.24 8217 
x 


y x y 12 
Write the equations thus; 3 (()+4 (;)-2=0...0 
x LY 
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fy 1\_17 
2(- - }- — =0...(2 
( . C 19 79-2) 


1 


a ran: (- a ~3xs-2x4 


Hence 


and ~ = 5 ory=4. 
¥ 


Me BH Blue v— Dy Fas Oeeicin ccccccccecacccece pumcMiaddveauns ie: s0+eiund (1) 
Qe — Bi) Br a ivisecceccadacusccdteag arses Bi eseve mes vil +2(2) 
. 2H + By BSI NO ides ccccerccsccceseone RdaRaN pds 0s s¢eu'd +0 
From (I) and (2), j 
x v We z 
— (=2)(8)-(- 8) 1x9-1xa 1(-8)-(- 2\(9) 
x x " Qe 2 
-—6+8 Wad AE oe B- 1 8 ” 


aisi= k (suppose) ; 


then #=2k, y= 6k and z=10k. ~ 
Substituting in (3), we get 4k+i8k+50k=36, 
or 72k=36, or k=}, 
<2 x4 =1, 
a6 xh =3, 
and z=10x} =5. 
MRR BOIS 0} 9h BO secevceli vvcrcoccccccscceveeas.. Sabi: sbpoweven Gee 
. BR OYE CRAs aabale . cee coves. oedscieudins dee uci sue sveeves a 
be+cy taz=a? +b? +c? -ab -ac—dc......... cour eee sveee(S) 
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* -._' — * oh 
From (1) and R43 F i (suppose) 


sak (c—b), y=k (a-c) and z=k (b —a), 
Substituting these values in (3), we have— 
bk (c— b)+ck(a—c)+ak(b - a)=a* +b? +¢* —~ab—ac—be, 
skSbc—b? +ca+c? +a>—-a*{=a* +b? +c? —ab—ac— be, 
A kak; 
xx=—(c-b)=(b-C), 
y= -(a-—c)=(c-a). 
and z= -(b-—a)=(a—-b). 


Bx. 5. Solve V+ y$s=A4 D4 Crce cee vee veeeee(L) 


“tpt 53. Rt tr ty, 
a b 


Pf eae +52 4-6? .., ooe.00s(3) 
The questions (1) and (2) may be written thus ;— 
(w¥-a)+(y-b)+(z-c)= 


1 1 1 
(y—b) —-(¢-—c)=0. 
Ae 8) = c)=0 
w—-a_y—b_z-¢ 
Metice, Toa kyo 
C OL awe, Ba 
pOcl* — a)_ac(y—b)_ ab(z—c) 
2 2 ee a =k 
rE cle - (suppose) 
Then #-a oO dee Po a=za + Ro ~o) 
bc bc 
k(c- a) 
Similarly y=b+ = 


and gacu B= c) 
ab 


Substituting the values of a, y, z in (3). we have— 


at + HOO 4 ye 4 EERO) 5 cog PIE Clete 4b? pet 
. pe ab=c) , b(c— a) oa—b)y _ 
( bc 7 ca 5 ab 5 0 
- k=0. 


. #=a, y=6 and z=c. 


- 
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EXERCISE 92. 


Selve the following equations :— 

1, 4¥+3y -24=O0and 54-2y-7=0. 
v+lly—67=0 and 10*#+2y-130=0. 
lix-7y-41=0 and 7*-by-19=0. 


- we 


a4 }l=a0 and gtp77=0. 
2 5 7 


2 
5. ~~ £220 andl? - ; -1=0. 
es 3 y 
6. lity pM bo a0 
7, 5e+6y+82=0, 8a+4y+62=0 and «+5y4+162= 
8 


4n~-4y +2220, 2e-10y+7z2=0 and 344+4y+ 52=35. 


2- 9 a+y+2=0, av+by+cez=0 
te and a?a+b*y+c?z=(b—c)(c -a)(a—b). 
na 10. #+y+2=0, awn+by+cz=0 


and bex+cay+abz=(4— b)(b—c)ia —:). 
‘ ll. ax+by+cz=0, bex+cay+abz=0 and #+y+z2=1. 


, 12, (b-cjw+(c- ayy +(a—bje=0. ax+(a—chy—cze=0 
: a+y¥y+2=a+b+e. 
IZ w+yt+z2 = +o te a’x+b’y+c*s=a+b+e, 
a 
and a%’v+b*y+c®z=a? +b? +c?. 
Po ee 
™ yee zat atpts sada ks 


and ax+by+cz=a*+b? +c*. 
15. xw+ty+2=0, bex+cay+abz2=1 and (b+c)a+(c+a)y+(a+b)z=0. 
16. a+y+2=a+b+e, bu+cy+az=a? +b? +c? 
and cvw+ay +bz=a? +b?2+¢?. 


17. s+y+2 =—+ + ax +by+cz2=3, 


Bice 
a b 

and a?x*+b’y+c?z=a+b+e. 
18. x+y+e=a+tb+4c, bxe+cy+az=ab +ac+be, 


and cx+ay+bz=ac+ab + be, 
19, 74°4%=3, awmtby+ez=a? +)? +¢?. 
a .b: é 


x-a 7-2 z-€ _g 
<tc : 
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* A sO =O, 
aah Cae Bie 


#.* << oo 
a-b ¢C-a b- 


190. Method of Undetermined Multipliers. 


20. a+y+4+2=0, 


and 


Take the equations aa+ by+-Cz=d......ccecccsecececeececseee vies rabasestete (1) 
Bg Bd Bs U4 68 SAGs sie ckninectevy totes vanenvnts overeo(2) 
BB 40g VAL ERG, .ccturinneavde-vncnecseseyeudoate (3) 


Multiplying (1) by J, (2) by m, (3) by # and adding, we get 
(al+a,m+a,n)v+(bl+b,m+b,n)9+(cl+c,m+c,n)z : 
SALAA MAA MNercececseeeverenes (4) 


Since /, m ard ,are quite arbitrary, we may assume them to be 
such that the co-officients of y and 2 shall vanish : 


hence b1+b,m+b,n LAD sss iseteeet estes pubSbws scvbereeoeaeeee (5) 
cl+cym+c,n ED) .cussbapeternbinbesirscesese pus 80 ens (6) 
and (al +a,m+a, 9) Sd 4d M4 yhececcccccsveecesceeee (7) 

From (5) and, (6) by crose multiplication, 


<A OSE LESS =k (suppose) 
byco—b,c, b,c-—bc, be,—b iC 
“1=(b,c, —b,¢,) k, m=(b,c= bc.) k, n=(be, = by ok. 
Substituting these values of 1, m, #, in (7), we haye-- 
ja(b,c, —b,¢,)+a,|b,c— bc,)+a,(be, =~ bi0)\x 
d (b,c, -b,c,)4+.a, (b,c- bc,)+d,(bc, = by¢). 
ya (Pile — b2¢4) +d albec - bc.) +d, (be, —by¢) 
a(b 1c, ~b,Cy)+a,(b,c— be.) +a, (be, — b,c) 
In the same way we can find the value of » by suppesing the co- 
efficients of # and z in (4) to vanish, and the value of z by supposing 
the co-efficients of « and y in (4) to vanish, 


Ex. Solve the equations WIPED 4-8 2G... i ipahtacadehsccessnen: basbedasban’ (1) 
2A — 9 +3279... .cccsceees WN FR a Ske spoyancnsednbuns (2) 
SRA Om Fiisciiessnetel. john sh6 een eS RRRART (3) 


Multiplying (1), (2) and (3) by 1, m and 91, respectively, and adding, 
we have— 


(1 +2m+43n)a +(21— m+ n)y+(l4+38m- 7)2 = 81 4 99 4-97... occas coh ece (4) 


= 
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Equating the co-efficients of y and z to zero, we have— 


Rat Mtr RIEU sha OE hy BO oa ncacmncech cancer i> tnencescoresscee ce..c. ce (5) 
ne Ea nage vices nn egieee PMR Ores kava snc snscoinccea<c nese (6) 
NS I a SS aa (7( 

From (6) and (7) by cross multiplication, 
Bs ee Bi: 
St ad toot Yo k (suppose). 


Substituting - 2k, 3k and 7k for 1, m and nin (5), 
we have (-~2+6+42l)*=-—- 16427414. 
. 2be=26. 
& asl. 
Similarly we can find y=2 and z=3. 
Note.—In Practice, this method is not simpler than the one givem 
im Art, 188 when the co-efficients are numerical. 


CHAPTER XXVII. 


‘HARDER PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS. 


191. We shall work out some!problems of harder type below. 
Ex. 14. There is a number of three digits; the sum of the digite is 
9, the digit in the units’ place is twice the digit in the handreds’ 
place, and if 198 be added to the number, the digits are reversed; 
find the number. 
Let v, yandzbe the digits in the hundreds’, tens’ and units’ 
‘place respectively; 
then 100*+10y+<2 is the number, 
and 1002+10y4+* is the number formed when the digits are 
reversed, 
By the question, REYLZHD.cvrversereecseserererereceseenee(L) 
ZH QK..crcccccrvccccccvevecscores «--(2) 
and 100% +10y+4+2+4+198 = 100z+10y+% pebheiensnensnonsuiee 
From (3), 99% —992= -198, 2Av—-2=-— 2, 
but z=2% sw—-2v>= —2. 
o#=2and z=4. 
From (1), y=9 -6=3. 


Hence the required number is 234, _ 


Ex. 2. AandBworking together can doa certain work in4 
days. A andCcan doit in 33days, while B andC can do it 
‘in 6} days. How many days will A, B and C each take to do it alone? 

Let v=the number of days A takes to do the work alone ; 

y=the number of days B takes to do the work alone ; 
and z=the number of days C takes to do the work alone ; 


Hence in ene day A does - of the work. 
a 


B does : of the work. 
4X 


1 


and C does — of the work, 
Zz 


in one day A and B together do (: +°) of the work. 
ey 
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But as they take 4 days todo the whole work in one day they 
ast do } of the work. 


1 
h ——=— “es @88 se eeeeee 
Therefore as F « anneae(h) 


=a pgreeeseeel2) 
7 


Te ee 1s 006 site +++ (3) 


and from 2.2 
se=9 

«A, B, C can do the work’alone in 6, 12 and 9 days respectively. 

Ex. 3. A manhas to travel a certain distance; when he has: 
travelled 20 miles, he increases his speed 1 mile per hour ; if the had 
travelled with his increased speed during the whole of ‘tite journey, 
_he would have arrived 40 minutes earlier ; but if he had kept on at 
_ his first rate, be would have arrived 20 mninaies later ; how far had. 
he to travel ? . 
Let w= the distance of the journey in miles, 
and y=rate per hour in miles. 


At first he takes 5 +5) hours 


When he travels the whole distance at y+1 miles per hour he 


takes —* hours. 
yt+l 


and at y miles per hour, he takas hours. 


20 . #2 —20 x 2 
By the question, <~ + ek ol een 1 
ate SoH) pee 
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ye a —_—~- eee seers ese. 2 
and “ ee | > 5 (2) 
# ee ae | 
are RE be US 
x 
~*__* =1/From (1) and (2 
yy M1 [ ”) (?)] 
. x — 
yy +i 
x =y(yt 1), 


Substituting » (y + ) or win(1), we get— 
a Mer = 20 _y9+1) 


“rl yt+l “y+l- : 
203 oy 3 
y y+ 3 
,20_ 20 _2 
y yl 8 
20 _? 4 
“yy +) 4 


2 Vth= 5x 20=20. 


x= 30, since s=y(y +1). 
:. the distance =30 miles, 

Ex. 4. A pound of tea and three pounds ‘of sugar cost six shil- 
lings, but if sugar were to rise 50 per cent., and tea 10 per cent, they 
wane cost seven shillings. Find the price of tea and sugar. 

Let w=the price of a pound of tea in shillings ; 

and y=the price of a pound of sugar in shillings. 

\When the price of tea rises 10 per cent., 

the price of a pound=#+,5 # shillings ; 

and when the price of sugar rises 50 per cent,, 

the price of a pound=y+4y or 3y shillings . 

By the question, w+3y=6 . 2... ee. 2 2 ee ee ow Ul 

and j4¥+3 * gy  } ne ee es ie Se 

From (1), lla+33y +66, 

From (2), lla+45y =70. 

2% 12y=<4, 
. y=. 
and #=6-1=5. 
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17. A boat goes up-stream 30 miles and dowa-stream 44 miles in 
10 hours : it also goes up-stream 40 miles and down-stream 55 miles 
in 13 heurs. Find the rate of the stream and of the beat. 

18. A beat’s crew rowed 34 miles down a river and up again in 
100 minutes, If the stream had been half as streng again, they would 
have taken 314 minutes longer. Find the rate of the stream. 

19. A man rowing against a stream meets a log of woed which 
is being carried down by the current. He continues rowing inthe 
tame direction for a quarter of an hour longer, and then turns and 
rows dewn the stream overtaking the log 14 miles lower dewn than 
the point where he first met it, Find the rate at which the current 
Hows. 

20. A cistern is filled in 25 minutes by 3 pipes, one of which 
conveys 8 gallons more, and another 7 gallons less than the third, 
every three minutes, The cistern holds 1,050 gallons. How much 
flows through each pipe in a minute ? 

21. Aand Brunamile. First 4 gives Ba start of 1 minute 30 
seconds, and is beaten by 88 yards. At the second beat A gives Ba 
Start ot 80 yards and beats him by 30 seconds. Find the rates of A 
and B per hour. 

22. Two travellers 4 and B set out at the same time from two 
places P and Q respectively and travel so asto meet, When they 
meet, it is found that A has travelled 30 miles more than B and that 4 
will reach Q in 4 days, and B will reach P in g days after the meeting. 
Find the distance between P and Q, 

23. A boy when he started for school, a distance of 4 miles found 
that if he proceeded at his walking pace he would reach school just 
in time. Butat the end of the first mile, he turned back and ran 
home to bring a book, and thence back to the end of the first mile, 
increasing his rate by 1 mile an hour If by walking the remaining 3. 
miles at twice his walking pace he reached the school exactly in 
time, find his waiking pace per hour. 

24. Two post runners start at the same time from two towns and 
each proceeds at a uniform rate towards the other, They meet ata 
point 3 miles nearer one town than the other and they expect to finish 
the journey in 2 hours 30 minutes, and 3 hours 36 minutes, respective- 

Find the distance between the towns and the rates of the runners, 


ly. 
25 
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25 Aand B set out together to walk round a field one mile in 
circumference. When A, who is the quicker walker has passed B 
twice, B turns and going in the opposite direction meets A at the 
starting point. The whole time since they started is 3 hours, and A 
bas walked 2} miles since they started mere than B, Find their rates 


of walking. 

26. A mail cart was travelling from Ato B at the rate of 10 
miles an hour, and when only 7 miles from B was met by a man who 
started from B at the same time that the cart left A, The cart then 
went onto B where remaining 1 hour and 12 minutes, it returned 
overtaking the man 6 miles from A. Find the distance from A to B 
and also the rate of the man, 


97. Arectangular court having been measured it was observed 
that, if il were 5 ieet broader and 4 feet longer, it would contain 116 
squares feet more ; but if it were 4 feet broader and 5 feet longer, it 
svould contain 113 square feet more. Find its dimensions. 


98. The dimensions of a rectangular court are such that if the 
sength where increased by 3 yards, and the breadth diminished by the 
same, its area would be diminished by 18 square yards, and if its 
jength were increased by 3 yards, andits breadth increased by the 
same, its area would be increased by 60 square yards. Find its 
dimensions. 


29. A room of which the floor is rectangular is such that the 
addition of a foot to the height will increase the area of the walls as 
much as the addition of a foot to both the length and breadth, the 
4ncrease in each case being 60 Square feet ; and if the floor be made 
square, the perimeter remaining the saine as before, its area will be in- ~ 
creased by 9 square feet. Find the length, breadth and height of the 
room. 


30. Find a number of three digits, the last two alike, such that the 
number formed by the digits inverted may exceed twice the original 
number by 42 and also the number formed by putting the single figure 
in the midst by 27. 

31, A sum of money is divided equally amoung a certain number 
of persons ; if there had been four more, each would have received a 
shilling less than he did; if there had been five fewer, each would 


aad 
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have received two shillings more than he did ; find the number of 
persons and what each received. 

32. Two plugs are opened in the bettom of a cistern containing 
192 gallons of water ; after three hours, one of the plugs becomes 
stopped, and the cistern is emptied by the other in eleven hours ; had 
six hours elapsed before the stoppage, it would have required only six 
hours more to empty the cistern. How many gallons will each plug- 
hole discharge in an hour, Supposing the discharge uniform ? 


33. If there were no accidents it would take half as long to travel 
the distance from 4 to B by railroad as by coach ; but three hours be- 
ing allowed for accidental] stoppages by the former, the coach wil] 
travel the distance all but fifteen miles in the same time ; if the dis- 
tance were two-thirds as great as it is, and the same time allowed for 


Tailway stoppages, the coach would take exactly the sametime. Find 
the distance. 


34. AandBrunamile. First 4 gives Ba start of 44 yards and 
beats him by 51 seconds ; at the second beat 4 gives B a start of 1 
minute 15 seconds, and is beaten by 88 yards. Find the times in 
which 4A and B can runa mile separately. 

35, A and B start together from the foot of a mountain to go to 
the summit. A would reach the summit half an hour before B, but 
missing his way goes a mile and back again needlessly, during which 
he walks at twice his former pace, and reaches the top six minutes be- . 
fore B. C starts twenty minutes after 4 and B, and walking at the 
rate of two and one-seventh miles per hour, arrives at the summit ten 
minutes after B. Find the rates of walking of A and B and the distance . 
from the root to the top of the mountain, 

36. A railway train after travelling for one hour meets with an. 
accident which delays it one hour, after which, it proceeds at three-. 
fifths of its former rate, and arrives at the terminus three hours be- 
hind time ; had the accident occurred 50 miles further on, the train 
would have arrived 1 hour 20 minutes sooner, Required the length of 
the line, and the original rate of the train. 

37. A railway train running from London to Cambridge meets 
on the way with an accident, which causes it to diminish its speed to 
1 


—th of what it was before, and it is in consequence a hours late. If 
" 
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the accident had happened b miles nearer Cambridge the train would 
bave been c hours late. Find the rate of the train before the accident 
eccurred., 

38. A shop-keeper on account of bad book-keeping, knows neither 
the weight nor the prime cost of a certain article which he purchased 
He only recollects that if he had sold the whole at 30s. per lb, he would 
have gained £6 by it, andif he had sold it at 22s. per Ib, he would 
have lost £15 by it. What was the weight and prime cost of the 
article ? 

39. The rent of a farm is paid in certain fixed numbers of quar- 
ters of wheat and barley ; when wheat is at 55s, and barley at 33s. per 
quarter, the portions of rent by wheatand barley are equal to one 
another, but when wheat is at §5s. and barley at 41s, per quarter, the 
rent is increased by £7. What is the corn rent ? 

40, A train 60 yards long passed another train 72 yards long 
which was travelling in the same direction on a parellel line of rails in 
12 seconds. Had the slower train been travelling half as fast again, it 
would have been passed in 24 seconds. Find the rates at which the 
trains were travelling. 

41. Aand Brunarace round a two-mile course. In the firet 
beat B reaches the winning post 2 minutes before A, In the second 
beat A increases his speed by 2 miles an hour, and B diminishes his by 
the same quantity, and Athen arrives at the winning post 2 minutes 
_péfore B. Find at what rate each ran in the first beat. 

4%. AandBrunamile. Atthe first beat A gives Ba start of 20 
yards and beats him by 80 seconds At the second beat A gives Ba 
start of 32 seconds, and beatshim by 9,4 yards. Find the rate per 
hour at which A rune. 

* 43. A railway train after travelling an hour is detained 15 minutes 
after which, it proceeds at three-fourths of its former rate, and arrives 
24 minutes late, If the detention had taken place 5 miles further on, 
the train would have arrived 3 minutes sooner than it did. Find the 
eriginal rate of the train and the distance travelled, 

44. The time which an express train takes to travel a journey of 
120 miles is to that taken by an ordinary train as 9 to 14. The ordi- 
nary train loses as much time in stoppages as it would take to travel 20 
miles without stopping, The express train only loses half as much 
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time in stoppages as the ordinary train, and it also travels 15 miles an 
hour quicker. Find the rate of each train. 

45. Two trains, 92 feet long and 84 feet long respectively, are 
moving with untform velocities on parallel rails ; when they move in 
Opposite directions, they are observed to pass each other in one second 
and a half ; but when they move in the same direction the faster train 
is observed to pass the other in six seconds ; find the rate at which 
each train moves, 

46. A general finds that his cavalry with half his artillery and in- 
fantry together, er his infantry with one-third of his cavalry and in- 
fantry together, or his infantry with one-fourth of his cavalry and 
artillery together, make up the same number of men, viz, 5,950; hew 
many men were there in each arm of the service ? 

47. There is a certain number of three digits which his equal to 
48 times the sum of its digits, and if 198 be subtracted from the num- 
ber, the digits will be reversed ; also the sum of the extreme digits 
is equal to twice the middle digit ; find the number, 

48. Three cases of goods cost Rs, 4,000 ; they are sold again ata 
profit of 2, 3, 4, per cent, respectively, and the whole profit is 3 per 
cent. on the total cost ; if the first and second cases had been sold for 
Rs. 5 more each. and the third for what it had cost, the profit would 
have been 2 per cent: what wa; the cost of each case ? 

49. Ina school consisting of 3 classes, fthere were in the second 
class 5 per cent., and in the third class 10 per cent, more than the first 
class. In an examination, each boy in the first class occupied thrice, 
and in the second class twice as much of the examiner’s time as each 
boy inthe third. The examination then lasted 31 hours, In?the next 
year the first class had doubled in number, but each boy only required 
# of his former time, there were 10 boys more in the second class, and 
each boy in the third class occupied ,, hour more than he did ’before, 
The examination now lasted 43 hours. How many boys were there in 
the school at first ? 

50. A person starts from A to walk to B, and after he has gone 
16 miles, another starts from B for A and walks at double the rate of 
the former. Thirty-two minutes after they meet, the slower of the 
two halts for two hours, and then does the remainder of the distance 
in 4 hours and 48 minutes. The other preceeds without stopping te 
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A and immediately returns to B which he reaches 4 hours 24 minutes 
after the other. Find the distance between A and B,and the distance 
from 8 to the halting place. 

51. AandB start from opposite corners of a square and run 
round in the same direction. If B steps fora certain time at every 
gerner he will be caught by A when he is just commencing his (n+ 1)tb 
circuit ; but if B rums continueusly and A stops the same time at each 
corner, A will be caught whenhe is just commencing his (m+1)th 
circuit. Shew that A’s velocity: B’s velocity as 44+n-':44+m-—". 

52. A man purchases some garden land, and reserving ,°; ths of 
it for his own use, sells the rest in such a manner that the actual cost 
to him for his own portion is reduced by ahalf. Had he sold it at 
Rs, 150 more an acre, he would have beena gainer by the whole extent 
of land which he reserved for himself. At how much an acre did he 
purchase the land ; and at how much did he sell it ? 

(S. S. L. C, 1913.) 

53. In repairing a rectangular tank, the length is diminished by 
40 yards, and the breadth increased by 26 yards, The tank is still 
rectangular and the area remains the same ; but the perimeter is re- 
duced by g,th. Form equations to find the present dimensions of the 
tank and solve them ; and check your result graphically. 

(S. S. L. C. 1913.) 

54. Aand B engaged in play: when A had lost Rs. 20 he had 
enly one-third of the money which B had ; but by continuing to play 
he not only wen back his Res, 20, butalso Rs 50 more with it, and 
then found he possessed halt as much again as B. With what sum 
did they respectively begin ? 


Reduce the conditions of the problem to simultaneous equations 

in two unknowns and solve the problem. (S. 8S. L. C. 1917.) 
55. A walks half a mile per hour faster than Band three quarters 

of a mile per hour faster thanC. To walka certain distance C takes 
three quarters of an hour more than B, and two hours more than A. 

Find the rates of walking A, B and C, (Matric Madras, 1899 ) 

56. When the price of sugar rises 50 per cent. and the price of 

tea 10 per cent., the increase in the cost of 3 lbs. ef teaand 4 lbs. of 
sugar, which together originally cost Rs. 3-8-0 is 12 as. What is the 
eriginal price of tea ? (Madras Matric 1897.) 
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57. Inamile race between a bicycle and a tricycle, their rates 
were proportional te5 and4. The tricycle had a minute’s start, but 
was beaten by 176 yards, Find the rates of each. 

(Bom, Univer. Ent., 1892-93.) 

58. The gross income of a certain man was £ 40 more in the 
second of two particular years than in the first, but in consequence ef 
the inceme-tax rising from 4d.in the pound to 6d. in the pound in 
the second year, his net income after paying the tax was unaltered. 
Find his income in each year. (Bom. Univer. Ent, 1891-92.) 

59. The forewheel of acarriage makes 12 revolutions more than 
the hind-wheel in 240 yards ; but only 4 revolutions when the circum- 
ference is increased by one-fourth and that of the hind-wheel by one- 
fifth. Find the circumference of each wheel. 


60. Three motor cycles, A, Band C leave Pfor Q. B starts 40° 
later than A and travels 5 miles an hour faster, C starts 50’ later than 
Band travels 10 miles an hour faster. If they all reach Q at the same 
time, find their respective speeds as well as the distance between Pand 
QO. 

61. A marksman firing at a target 600 yds. away hears the bullet 
strike the target 7°7 seconds {after he fires. A by-stander 500 ydece 
away from the target and 8(0 yds. away from the marksman hears the 
bullet strike the target 5 seconds after hearing the report. Find the 
velocity of sound. 

62. A manleavyes home at 6a.m. and walks to an adjoining 
village which he reaches when the clock in his friend’s house there 
indicates 7-40 a.m. He spends half an hour there and returns home 
by a route % as long again as the route by which he had gone, ata rate 
24 times as fast as he walked and reached home at 9a, m. By how 
much was the clock in his friend’s house wrong ? 


63, A carrier charges 6 as. for transmission of parcels not ex- 
ceeding a certain weight and on heavier parcels demands an addi- 
tional charge for every seer above that weight. The charge fora 
parcel of 25 seers is 11 as. and that for 35 seers is twice that fer a par- 
cel of 19 seers. Find the scale of charges. 


CHAPTER XXVIII. 
QUADRATIC EQUATIONS. 


192. Quadratic Equations are those into which the second power 
of the unknown quantity enters, with or without the first power. 

‘It the second power of the unknown quantily Bans enters, such 
€quations are called Pure Quadratic Equations : 

thus #@?=26 and w? ~)=7, are pure quadratic equations. 

If the first power as well as the second power of the unknown 
quantity be involved, such equations are called Adfected Onacratic 
Equations ; thus #?+24=3 andaaw?+la=c, are adfected quadratic 
equations. 

193. Pure Quadratic Equations are solved in the same manner, 
in every respect, as simple equatiors, except that, at the conclusion, 
the square root ef each side of the equation has tobe taken, The 
signS+and-—are prefixedito the yooi. because the square root ofa 
quantity may be either positive or negative. 

Ex. 1. Solve 127? -16=284. 

l2a? =284416=3090, 
a? = $99 = 25: 
+4a= V7 25= +5, 


1.0, *=>+5, +4=-6,-¥=+4+5 and-w=-5, or-5, 
i. 1€..¥= +6 or—5. 


Hence it follows that when we extract the square root of the two 
Sides of an equation, it is sufficient to put the double sign before the 
square root of the right hand eide. 

Ex. 2. Solve 2ba*+a-4= cx? —54d—bx?. 

. 3ba* = ca*=d-§6=a44 ; 
22?(3b=I)=d-a-—1 ; 
gt d-a-1. 
Bbec 


a8 =+,/ (Ge) 


(cHap, XXVIII, } QUADRATIC EQUATIONS. 361 
Ex. 8. Solve #+ Vx?-a?= See am 
VS x8 — gq?’ 


av wv? —a*+4?-a*=2a?, or a/ 44? — a? =3gt ox?. 
Squaring, #?(4? -a*)=(3a? — #?)?, : 
Or at—a48x?=9at4yi 6a? a, 
or 5ba*xv? =9a*, 
or 54? =9a?, 


2 

or ata te” 
Se 
“al hi 


Su. & Solve O-V 5*- 2, 
b+v b2 — 2 
tes Sb? — x? af bf <= 
a*eet « —2+ 11 of Art. 186), 
° bat ages. bev b*= x? ant 
Oor-=- i) a ah 
Sbe—~x? al 
Vv bt ax? an} 


: “atl 
MRT a-1 
bf py () 
sles z 

b? at+ly 


1-(45)'=, ot 


eon 4ab? 
(a+ 1)?’ 

a ea 4202 
—(a+1) 


EXERCISE 95. 


Solve the following equations ;— 


1, (v+3)?=6"+4+10. 2. a(#+1)+(b—3)(74+2)=4. 
2 2 
ae emo SSG, é y = = . 
Viethen 4. (w+a)?+(#-a)?=3a? 
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5 onl. 52 _¢ 6. b= —=8, 


F i | x 


7 #+2_ +3 g. *2 2, e+? _ 


2b+1 3+] " we2 2-2 
9, Vat+l64Ve?+739, 
10, V4x?+9-v 4a? —7=2, 
ll, V#9*4138-Va?-11=2. 
12. Jitet/l—-4#=,/2. 

na® 
+8 4-3 2-38 
a eS z-] 
Vx+2a- Vv w—2a_ w 
Je-2a+/ 8#+20 ta 


Bu +V 9x? = a 


13. a+ /at+a?= 


17. ri. 


Te ee 
Vatax?4+/b?4+x2 d 
ae he ae 1 a 


a-Va'—x? a+/ a*—xe wy 
22, —_ i SESS SF 
B4+V2—K09 we-V/ 2-4? 
23. 25a} V (l+x?)—«{=3., 


96. oF ae | a? 
x+2 


19%. Solution of Adfected Quadratic Equations. 
I. By completing the square. 


Ea. 1. Solve «*- *+6=0 
Tramsposing we have #*? -54*= -6, 


8x-V9x'—-4 aw aw 
wav iatal_, 19, Var tx? +x _ 
Qnt+V4x2-1 Va?+at—w 
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To complete the square in terms of x add the square of half the- 
ce-etficient of « to both sides of the equation. 


x2 -5#+(3)'=(5) ~6 
a(*- 3) = 


Extracting the square root «- = + > 


*-3= ~4#=8 


5 
dt-_»-= 
and 4 97 5 

« the reots of the equation are 3, 2. 

From the preceding we derive the rule for the solution of an 
adfected quadratic equation :— 

‘‘By transposition and reduction arrange the equation so that the 
terms involving the unknown quantity are alone on one side, and the 
co-efficient of x* is+1; add to both sides of the equation the square of half 
the co-efficient of x, and extract the square root of beth sides,” 

Ex. 2. Solve —3%?+36%-105=0. 

Changing the signs, 3%? — 36*+105=0. 

Dividing by 3, and transposing the independent term to the other 
side =x? ~-12%— -— 35 

Adding to both sides the square of half the co-efficient of x, 


1.0., és i. ¢. 36.'| 
2 


x? —12%+36=36 — 35=1 or (v-6)*=1. 

Extracting the square root of both sides, we get «-6= +1. 
.*%=6+4+1 or 6—1, £.¢., 7 or 5. 

Ex. 3. Solve «?+f4+q=0. 

Transposing, ++f4> —q. 

Adding toboth sides the squareof half the co-efficient of x 


: ‘y p* 
$.0.. G ‘ 6.5 
~—4q 


we have et +peph’ Pog or( oe 
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Ex. 4. Solve #* -2cx=a?’. 


2c\2 2c\? 
nat tex4(=) =a? + =) ; 
or x? —2cv+c*® =a? +c? 
or (w—c)* =a?+c?. 
axeaec=tV/at+c?, 
aueacty ataet 
Applying the formula (A), ee tell i= 


2 


=ctV/c? +a’. 


The most general formof an adfected quadratic equation is 
ax? +ba+c=0, 


This can bealso solved by completing the square as in the 
previous examples. 


Take the equation 
ax? +bx+c=0, 


Divide both sides of the equation by a, the co-efficient of w*, 
thus making the co-efficient of w? unity; then we have 


42 4 O¥ 1 Cio 
aoa 
Transposing the independent term, we have 
yt 4 O¥ sae 
a a 


Adding (5) to both sides to make the left hand side expres- 
sion a perfect square, we have 


b bs b*® -¢ 

+2 . = — 

4 a 4a® 4a? a 

; b \2 _b? -4ac 
1.€., . (+45 _— 4a? 
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Extracting the square root, we have 
b s b? — 4a¢ 
“ tr a+ dar 
_+ vb? — 4ac 
2a 
_ 6b wv b%*—4a 
, 7 ld 2a 
_=—btv b? +4ac 
2a 
« The two roots of the equation 
are Tbe 0 ~— 486 5b = V0" ~ 406 


2a 2a 
This result may be used as a formula to write down the roots of 
the quadratic equation. 
II. By formala. 
Ex. 5. Solve ? -54+6=0 
In this equation a=1, b= -5, c=6. 
Putting these values in the formula. 


y = 7 OTN b* - 4a 


2a 
we have 
ew a tS+V (-5)? -tx6x1 
2xl 
_ +54v] 7 
a 
wo =P! 
1 
33 or 2 


Compare these answers with those obtained for Ex 1, worked 
above. 
Ex. 6. Solve- 31? +367-105=0. 
Hence a= ~3, b=36, c= — 105 
Putting these values in the formula we have 
¢ =~ 36+V@5)*-1x-3x 105 
PPP TS a 
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— - 86+V 1296 - 1260 
re -6 
— — 36+ 36 


-6 


=5 or 7. 
(The sign of the equation may be changed before the application 


ef formula and a, b, ¢ may then be put=3, — 36, 105 respectively.) 


Ex. 7. Solve abv? -—a(a* +b*)+ab=0. 
Applying the formula, we have 


2 ab 
—(a?4+b?)+Vv (a? - b*)? 
2ab 
— (a? +b?) +(a? — 5?) 
at. £eb 2S3 
= 23° 5, 22” 
2ab 2ab 
a b 
Say OF). 
6 r a 
£x. 8 Solve 2<? -7-5=0 
Applying the formula, we have 
a =ltv1+40 
4) 


= Tor- nearly. 
4 #=1°85 or—1°35 nearly’ 
@x. 9. Solve 3%? +24#4+4=0. 
Applying the formula we have, 
-2+vV4-48_ -2t+v -44 


‘c= 
6 6 
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Here since the number under the reot 
woot cannet be found. 


Ex. 10 Solve _*_ 4*+1!_13 
a+1 


sign is negative, the square 


—_—_——— = — 


x 6 
~ Gla? +(e+1)7} = 13%(4 +1). 
~ 6H? +64? +12446=13842 +13. 
—#*—#+6=0, or #7+4-6=0. 
Here=a 1, b=1 and c= -6, 
. 45 ait L+4x 6 _ 7A ag = 2er-3 
2 2 
Ex. 11. Solve x. Pap eee FA 
V—-a2 4—-b wea 
Multiplying beth sides by (x= a)(#- b)(# =c), 
we have (#— b)(#— ¢)+(4#—a)(#-c)=(*- a)(*—b), 
er v*—(b+¢) v+b¢+4? -(2+¢) #+aC="?—(a+b) x+ab, 
Or #? = 2cx+be+ac-—ab=0, 
aw mtetv 4c? - 4(be+ ac — ad) 
2 
=ctV ¢? — be -ac+ab 
=etV (¢=a)(c—b) 
Ex 12 Solve “+! Be rat} Caw 
#—-1l a+1 a@-1 ayl 


[by formula (A) .] 


Putting y» tor? +} and b for eth 
w=) a-1l 
1 1 
we have y+_=b+ PS 
ay xf b+ )yti= 
tht Cory _ oshe( 0-1) 
i -— a == e zi 


2 a+1+x-1_a+1l+a-1 er #+1+*-1_a-1+a+1 


“#+l=-a4+1 a+l—-a+l s+l—-v+1 a-l-a-l 
o8=4 OF #= -a@, 
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Ill. By factorisation. 

Ex. 13. Solve (3#- 1)(44+1)=0. 

The equation (8 — 1)(4~+1)=0 states that the product of the two 
factors (3a—1) and (4v+1) muet=0; and itis required to find what. 
values must be substituted for * to produce this result. 

Now it isevident that if ove only of the factors be made equal 
to 0, then the product of the two must=0, whatever the other factor 
be; hence, if we can find those values of « which make each factor 
separately equal to 0, both of those values will be roots of the equation. 

Therefore, to solve the equation, 

(i) put 3x--1=0. » 8val, % w=}h. 
(ii) put 4a+1=0. . 4vn=—1. » wah. 

That is, } «nd- 4 are the two roots of the equation. 

Generally, if an equation can be put in the form (x—a) x 
(x — b)=0, the roots of the equation can beat once determined by 
putting each factor separately = 0. 

Ex. 14. Solve V #+84¥V «+8=5V w. 

Squaring both sides. 

a+ 3+x+ 8420 (e+3)(«+ 8) = 250. 

Transposing, 2V (#+3)(v+8)=(28« — 11). 

Squaring, 4(# + 3)(*+-8) = (230 — 11)? 
or 4x? +4404 96 =5294? — bo6a+4+121. 


or 52542 —550"+ 25=0 or 214"? — 22~4+1=0. 
or (214 —1)(~- 1)=9, 


s (i) 2la-1=0° . ,wwskh > sae 
(ii) 4 -1=0. * cml, 
Therefore the roots of the equation are 1 and ak: 
a-vV7a+1_5 


Ex. 15. Solve &d intr 

at+Va4+) 11 
_woVatltatvatl 5411 
“4 Veplowewey1 11-5 


ad ae Os 
J/ez+1 3 
2 3e=8V #41. 2 Ow? = 64(a+41). 


29@? ~644-—64=0 or (9448)(4- 8)=0. 
2 #=8 or-®. 
9 
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Applying the formula (A), we have— 


# = St TV (64)? + 86x68 _Gstxo_, | 8. 
ig 18 9 
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EXERCISE 96 


Solve the equations 1 -— 


3 l 
10, ~(#? = 3)= -(y ~ 3). 
4 3) gi* ) 


Solve the following equations by 


Ih, w#?-7¥+12=0. 
12. v*—-¥-156=vy. 
13. #? +a(a+b)+ab=—0. 
14. 4? —aax(b+c) +a%be =0. 
15. 3a? — 1441620. 
16. 307 ~74-56=0. 
17, abe? —a(a+b) +150. 
18. « “7 ish - 19, 
w?-—5 
12 + 32 
5 —— _—_—_—_ = —__ . 91. 
40 5B—-w 4-4 ¥+2 
1 l : 
‘ L =0. 23. 
es a rs 24 +3 
#,a_a,b 25 
m. aa hs 
26. *°+2ax=b?-~gq?, 27. 
28. a?("—b)?=(¥-a)?. 29, 
1 1 1 
ese if. 2/6), 31. 
30. a a a+22 
89 eel tied)" 5 33 
"  (@=4)(b =2) 2 
34 #+a+2b_b-2a+2x 35. 
" g-a-2b b+2a-2x 
aS 37 
36. *-a #-b #-¢ 


factorisation 


ata 


10 both by completing squareand by formula. 


1. w?-2y=4, 2, #9 - 14y=120. 3. #?+432v= 390, 

4. w?+7x=8. 5. #27 +19.—=20. 6. ¥?+11lav=3400, 

Teste 8. 2en4 + 5 9. 2a? +111 (449). 
2 a 


+2 4-4 
a-—1 24 
5a 


#* +a(1+3b)¥43a2h=9. 
1 1 iat] : 
a+a +b CHa 


-b_a(x+a+55 
w-at+b b\x+sazb) 
(+a)? +(¥-b)? az4 p2 
(@a)?— (v= 5) ~ aap 
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Hee pe 2 2 
gg, 7 erat +h 839. abet - (a? +b*)a tab =e. 
a-b w-a ab 
40. ot ac ala tbs". 41, #+a a+b ate_s 
a8 w-a x—-b 4-C€ 
42. vt Green 43, a-2V (x? +a4+5)- 14=0. 
44. V2Qatagevax-—a=v b. 45. JS i8t+94+V w—4av 6x41 
46. MV x+4—V za-Y=V wel. 
47, V/ Bxt44v 2x4¢2=V 10a - 11. 
48. V swt3—-V at+5aV a-7. 
£0) ee 50. “/5—a4+v 5 =———.. 
b Vatatb . pied: JS b+He 
r+1 w+2 x+3 ' 
eS gas... an 
Fr tare ei a-3 
bz wi +2e+2 , wt +824 +8x+20__ x P+4nt6 , 0? 460412 
‘ x+l u++ av+2 Pee es 
3 xw—-2 wel_wx-2 #£-3 
SS eee 54. — = ———— - AS. , 
Pay Sees aoe ect ao8. #1 pak 
8 1-6 
a) 2s 55, l=a4p? = 1 2444 
4 meer + Tab (+4? 4.24) 
56 x+1 w-1_4x-7 
“pol Pel 28=4 
57. min = w+ mit . BB, a+Vat—a? x, 
m2 — 49 (m?—n?)x ga/ pina? @ 


V (144)+¥V (l=) 
VJ (L+a)—v (L— 4) 
Pils le aol mb 

14+V (x?-—1) w#+v (w* +8) 
195. Relations between the Roots and Co-efficients. 
Let a and @ be the roots of ax? +bx+c=0; then 


a= pq O+Y P= dab) 4ab) and = i (-b- -+V b* - 4ac). 


=az,* 


have a+ p=s(- b+ Vb? — 4ac- b=, Wb? = 4ac) sue 
a 
and apa _ (=b4+V b= Had) XZ (= b= — ~~ b? = 4ac) 


1 ; 
ar or is = (bt dao), =f. 
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Hence the following relations :— 

1. When the co-efficient of x? is unity, the sum of the roots=the 
<0-efficient of the second term with the sign changed. 

ii. The product of the roots is equal to the last term 


186 li 4 and @ be the roots of *?+6¥+q=0, then the expression 
#* +ha+q=(n—-a)(v - 9.) 

Since p= - (4+ @) and g=ag. 

* * +petqaa? — (a+ A)x+a6=(v-a)(x- Q), 

Hence we can resolve any quadratic expression into two facters, 
We can also form the equation of which the roots are given. 

We shall work out a few examples on the preceding articles. 

Ex. 1. Find the sum and product of the roots of— 

5xv* -77+9=0, z 

lf p and q be the roots, p+qg=1 and fq =§...(Art, 195 ) 

Ex 2. Form the equation whose roots are—3 and 8. 

The equation is ja = (—3); j= 8{=0 or w°—54-24=0. 

Ex. 3. Resolve into factors 1247 — bu = 3, 

The expression = 12(#%? — iw — 2). 

The roots of the equation +? —§.¥-1=0 are 

Wier 235+ = Keg tig) =2 or=4. 
» the factors of x? -§,4- $ are (#— 4) and (+4). 
. the factors of 12(x2 — $3% - }) are 


12(1w— 3)(3% 
12(%— a)(w = 3) == 382+) gy 3344-1), 
4x3 
Ex. 4 If aand @ be the roots of ax? +bx+c=0 find the values 
Ot a? + @ aud a*+ @%, in terms of a, b, and ¢, 


We know from Art. 195 a+ = a anda @~* 
a a 


a? + @* =(a+ 6)? -249= (-;)- a OF 26 


eee 


a? + 8° =(a+ 6)9 = 3a 6(1+ 8)= (-2)'-3 tre 


Te 
= a ed 
a a’* 


Ex. 5. Given one root of the equation 
(b-c)v? +(c- a)\x+a-—b=0 to be 1, find the other root. 
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The product of the roots is — and one root is 1. 


» the other root is and 
bec 
Ex. 6. If aand @ be the roots of the equation aa*+bx4+c=0. 
find the equation whose roots are 2 &-a, 2a - BF. 
The sum of the roots of the new equation=a + f, 
The product of the roots 
=(2 #-a)(2a - 8) 
=ba #-2(a’+ f’) 
But since a, @ are the roots of ax* +bv4+c=0 


at+f=- 


Sia ~~ 


a B= 
» (2 B-a)(2a- B)=5 4 #-2a* + f*) 
=5 *-2\(a+ A)? 2a fi 


ae b? 2 
@ a* a 
9c _ 26° 
a a? 
_ 9ac— 2b? 
a? 


s The new equation is 
w = (the sum of the roots)+the product of the roots =0 
de. ton (-2)+"5> 
. | i 3 eee 


2 


9 2 
te, xt poh 4 tee 2b ~0 


1.¢., a®x? +abx+9ac — 2b? =0. 

Ex. 7, If one root of ax? +bx+c=0 be three times the other, find 
the relation between a, b,c. Letdbe one root then 3d is the other 
root 


. a+3d or 4d4=- 


tee eee SESH SHE EOP eee eee eee svssusssocvces(ap 


d. 3d Or Ol* ans scthivin 
a 
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From (1) d= - © 
4a 


Substituting this in (2) we have 


3x(-Z)'=2 
4a a 
3b c 


'Téa* ao 
. Bb? =lé6ac, 
EXERCISE 97. 
Write down the sum and product of the rects of — . 
l. w?—5%+1)=0 2. 347+74+3=0. ' 3. 4¥4274+3=0. 
4. 54?+7*=0. 5. (4+ 1)v* +(a* —-1l)a+a?+1=0. 


6. (a? — b*)x?2 4 (6? —c?)w4+c2 —a* 30, 


Given one of the reots of the following equations, state the other 
root and find m. 


7. x*—Tv+m=0,ene rootis 4, 

8. ww? -9x+m=0 ov aye. 

9. a? —34-+m=0 a as &. 

10. ~?-54%+m=0 cs w m4, 

11. aw? + 2a+m=0 = a - Il. 

12. a?+max+ 2=0 i me -] 

13 2e?7+4+ xem=0 A “ -¥}- 

14, 6”?-13¥%+m=0 ha % q. 

15. 5a°?+ma-—- 2=0 re os -/), 

16. 12~? ++mx+3>=0 a * 

form the equation whose roots are— 

17. 4and -3. 18. -—aand b 19. -a+land a+1. 
20. a-band b-e. 21. 24/3 and 2-Vv3, 


If a and B be the roots of ax*+b«+c=0, find in terms of a, b, 6, 
the values of — 


a yt PF gg Fe Digg. 2k 
22. as 23. Be’ 3 . at BF ° ) 4 4 e 
26. a?-aB+ fh’. 27. a?+af+?. 


28. at+a*@’?+ A’. 
If aand @ be the roots of 
29. 34°-wv-2=0, find the value of (24+ 6)(24+a). 
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30. 2v°? -—4¥+1=0 find the value of (2a— 6)(24—- a). 

21. 4a? -—2*+4=0, find the value of (8a+ @)\38 4+ a). 

32. «?+43a-4=0, find the value of (Ba— 8)(3 4 — a). 

If a, @ be the reots of the following equations, find the equations 
whose roots are 

33. a+, a &@ ; 2w* —- 244150. 


ae | 

eo): y2? — 7H 4+12=0. 
a’ B’ x w+ 
1 1 1 * 

35, —+—; —; 3e'-64+2—0, 
ar ap x + 

36. st? ‘25 w* = By +650, 


37. Find the condition that one reot of the equation 
ax*+bx%+c=U may be double the other. 

38, Find the relation between the co-efficients of the equation 
w? ++bx+c=0 when one root is three times the other. 

39. Find the condition that one root of the equation, 
x? +px—q=0 may be four times the other, 

40, Find the value of m 1f one root of the equation, 
ma? —2¥+3=0 is 8 times the other ; find the other reot: 

Resolve into factors :—[See Exercise t7 for more examples]. 

41. (a® —b*)x? 4(b?-—c¢?)y4c¢?2~-aq!?, 

42. w*+(a—c)a+(a —b)(b-c). 

43. (b+¢ — 2a)w? +(c+a-2b)xn4+a4b-— 2c. 

44. a(b-c)x’? +b(c—a)a+cia— bd). 

45. 4#?+(a+b)’?x+4+ab(a+b)?. 

46. w«?+(a—b)?x-ab(a-—b)?. 


Nature of the roote:— 


It has been observed that while. applying the formula for the 
roots of a quadratic equation in Ex. 6, 8 and 9, the number under the 
Square root was an exact square in the case of Ex. 6, was nota per- 
fect square but positive in Ex. 9 (hence the roots are appreximate) 


and in Ex. 9, the number was negative where square reot could not 
be attempted at ali. : 


We thus came across three different sorts of numbers, witha 
sign of square root, viz. (1) numbers whose square reoets can be exactly 


ik) ae 


ae 
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found, (2) numbers whose square roots can be found only “apprexima- 
tely, (3) numbers whose square roots it is impossible to find. 

The first two kinds of quantities are called real quantities and the 
thirds called an unreal impossible or imaginary quantity. 

Of the two kinds of real quantities the first is called rational and 


the second irrational. So the following will make the classification 
clear. 


Quantities. 
| 
Real 
| 
Rational Irrational Imaginary. 
/16 V17 /-16 
Taking the roots of aw? +)~+c¢=0, viz. 
-b + / b? — 4ac 


7 , We observe that they involve a quantity under 
26 


the root sign, and therefore the nature of the reots depends on the 
nature of this expression, 7. ¢., b? — 4ac. 

1. If b®? -4acis positive or b*s4ac the roots are real an: 
different. 

2. Ii 6® —-4ac is negative or b’<4ac the roots are imaginary. 

3. If b?~4ac is zero or b? =4ac the roots are real and equal. 

We have seen therefore that the nature of the roots depends on 
the nature of the expression 4? — 4ac of the typical equation axv?+bws 
+c=0,b?-4ac is called the discriminant of the equation and is 
generally denoted by A. , 

Ex. f. Tofind the nature of the roots 2#?4+2.+4+1=0 without 
actually solving it. 

The discriminant or A =2? -—4x2x1 

= -8 
= -4. 
v ZX 1s negative, the roots are imaginary. 
Ex. 2. To find the condition that the roots of 42+fx+q=0 may 


be real and equal. 
Here the discriminant = p? — 4q. 
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In order that the roots may be equal p*-4g should be equal te 
zero, £é., p> =4¢. 
In this case the expression «?+%"+4q will be a perfect square. 
Ex. 3. Find min orderthat the roots of 25”? -(m+1)a+4=0 
may be equal. 
The discriminant of the equation is (#141)? — 400. 
In order that the roots may be equal 
(m+1)? -400 =0 
(mt + 21)(m1—19)~0 
. m=-21 or 19, 


EXERCISE 98. 


State the discriminant in the following cquations : - 


l. w?+4a-1=0. 2. 2° —~64+10=0. 

3. 7a? +10a—3=0. 4. 64?+ba+a=0 

5. axv*+br+a=0. 6. (w+1)? =3a+2, 

7. a(~+3)=5. 8. (w4+1)(2a —1)=(a— 1)(% +2). 
9. (a+b)x? —-2ba+a—b=0. 10. (#—a)(~« —b)=(%—-c)*, 


ll. abs? +a(a?+b?)+ab=0, 

Find the nature of the reots of the following equations without 
actually solving them. 

12. 54? ~8#+3=0. 13, 34%°4+442=0. 

14, 2n%?-v7-1~0. 15, 4? ~12449=0. 

For what values of # will the following equations have equal 
roote ? 

16. 48? —-v1+m=0. 17, 9*%?4+244m=0 

18, m?nx? +2(m+3)v44=0, 

19. Find the value of m which will make 4v* + v(m+1)4+1 a per- 
fect square, 

20. Finda relation between a,b, cin order that (b- c)a?+(c-a)x 
+(a-b) may be a perfect square. 


CHAPTER XXIX, 


EQUATIONS SOLVED LIKE QUADRATICS, 
197. Equations of the form 0 °8+ big -g=0. 
Ex.1 Solve +! -612~16 
= *~ #'—6%?- 16=0. 
Putting y for *, we have y’? —- 6y-16=0. 
& y=4(6F'26+64)=4(64+10)~8 or -2 
« #*=8 or— 2. 
& #=+V8 or tv —2. 


Ex. 2 Solve #? — 4% 21. 


ee ee eee 


= 4x9 21 =0, 

putts y tor aa we have y?~4y-21=0. 
 =4(AF VY 16 4+84)=4(4+10)57 oF —2. 
2. #97 or- 3, 
Sa #=(7)%or (-3)%, 
Ex. 3. SolveVa+w-2t/atux4, 
nV ata Watu— 420. 
Putting y for 4/a+ x, we have y? - 2y-4=0. 
aysh(2tV44+16)=1+Vv 5. 
& Jatealtvs, 

“a+va(l+75)': #a(1+v 5('-a. 
Ex. & Solve 4°%+42%t! <9 


“ 2°42. 2%-80=0. 
glares y for 2%, we have y?+2y- 80=0 


» (y+10)(y-8)= 
é ae or — 10. 
« 2-8 or - 10. 
% 22=>2°, 
& £03. 


Il. Equations of the form x!*+px"*=q (in which X represents 
any simple or quadratic expression involving the unknown quantity). 


mee Ae 
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Ex. 5. Solve 3174154-2=Va*+5a41. 
. €?+6a-—2 2-1 sx? +5a4+1H=0. 
. £94+544+1—- gv a? +5a4+1-$=0. 
Putting y for V«*+5x41, we have y’-49- 


Sea (ity fs 490 ) 


=s meas ava =p (su »pose). 
Ve? +5a4+1=. 
8? +5041=p'. 
2&8? 45e24+1-6? =0. 
. #=h/-54+V25-41-%)} 
=4{-5 tv (21 +4p*):. 
Ex. 6. Solve (a? +5x)*- 8v?—400"-84=0. 
2 (#? +5x)* — B(x? +54) - 84=0. 
Putting y for *? +541, we have y* —8y-84=0. 
2 (y —14) (y+6)=0. 
. y=l4 or-6. 
“4? +5x=14 or —6. 
. wv? 4+5n-—14=0 or w*? +5446 =0. 
~ (¥+7)(# —2)=C or (¥ 4 2)(x4+3) =0. 
*& #*=-70r2o0r-—2 or-3. 

III. Equations of the form (x +a)(x+b)(x+6)(x+d)=—p when the 
sum of any two of the quantitics a, b, c,d, is equa] to the sum of the 
remaining two. 

Ex. 7. Solv* (*+1)(*#+2,(%+3)(4+44)=24. 

Since 1+4=2+43, we multiply together the first and last factors, 
and the second and third ; 

hence (#7 + 5% +4 4)(a? +544 6)=24., 
Putting y for *«?+5%+4 4, 
we have y(y+2)=24, 
sy? +2y -24=0, 
~ (y¥+6)(y— 4) =0. 
. y=4 or-6. 
x?4+5a+4 =4 or-6. 
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~ #°+54=0 or #74+5x+410=6, 
» #=0 or-5 or 4(-5+V —15) 
Bx. 8. Solve (a+ 3)(* + 5\(a — 4)\% - 6) =286, 
Since 3- 4355-6, 
we multiply (743) and (« — 4) together 
and (+5) and (*— 6) together. 
Hence (a#* - #—- 12)(x* - « — 30) =280, 
Putting y for x? -4- 12, we have »(y—18) - 280 =0. 
*» ¥*—18y+4+280=3. 
* (y¥— 28)(y+10)=0, 
i *~ y=28 or—-10. 
* #*-%-12=28 or-10. 
© #2 —#-40=0 or 7-47-20, 


: o #=h(1+V léljor (1+ VY 9)=3(1+¥ 161), or 2 or-1, 
IVY. Reciprocal Equations. Every equation of the form aat+ 
bw* + ca? + ba +a=0 in which the co-efficients of the terms equidis-- 


tant from the beginning and end are equal is called a rectprocal 


equation, and may be solved as a quadratic by dividing both sides of 
the equation by w?. 


Ex. 9. Solve x! - 319 4+44?- 3741-0, 


Dividing by **, we have «* -3v44-34 19. 
PY 


or w+ 2 +2-3/ *+2)+2=0 
as oY 


or( w+.) -3 ( e+ )+2=0. 
x x 

Putting y for a+, 

we have y’ —3yv+2=0. 


? & (9=Yiy-1)=0 
age t o¢.l, 


% o--2 = orl. 
x 


* #*—24+1=0 or w?~x+1=0. 
. #=1,1,40tv -3) 


“ial w 
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Ex. 10 Solve «t+a* -a#'-a+1=0 


1 
Dividing by #*, we have #*+4-1 ~14+ 550. 


or w#?+ 1 _g4¢—141=0, 
a? x 


or( x2) +( # 2)-1=0. 


Putting »y for +- 1 we have v?+y74+1=0., 
x 
l — 
vy mt eal ven BNE 
ot ) 


err, | =i(- 1+V —3) =? (suppose.) 
& 
 «*=—px-1=0, 
‘ =s0 + p? +4). 

Ex. 11. Solve (1+1)&=16(4° +1). 

Dividing by #+1 we have (w~4+1)'=16(#! -—+* 4+2' -4#+1). 
IReducing, 154! — 204° +104? —- 20% 416 =0. 

., & 


Dividing by 5’, Sy) tere 


or 3(*+5)- a(+ +) +2=0. 
at a 
or 3( w+i)-4 ( r+) +450. 
x PY 
Putting y for x+!, we have 3y? —4y-4=0. 
x 
1 2 
2 y= (4 +8)=2 or-—. 
y= gt =) 3 
i spies Gu, 
EY 3 
Whence we find #=1, 13 (- 1+2/V 2), besides —1 which corres- 


ponds to the factor (+1) which we took out at first. 
V. Miscellaneous Examples. 


Ex. 12. Solve V 2? =—5r $4 $v w? = 4045 8 $]ioie ce cceceeseeeee(A). 
Identically, (#7? — 5444) —(«#* —4%+45) we on [1 he ]),., casccccceas -(B). 


te 


, 


» 
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Dividing (B) by (A), V x? —-ba4+4-V/ x?-4e+5=-1.............. (C). 
Adding (A) and (C), 2/ #? -6¥44 =”. 


. 4(@? - bu +4)—2?, 
. Ba?-—20*%+16=0, 


= (20 +4v 13) =) (10+2v 13). 


Ex. 18. Solve— 

V #4? — 64 +1540 w? - 64413 SV (10) = Vv (8) UEP She Oe (A) 
Identically, (¥* -6v¥+415)—(#? -6%+13)=2=10-8...... ane uecaninecs (B)- 
Dividing (B) by (A), Vw? -6a4+16-V %* —64%413 


BAL (TO (BiicccannssesccercoslOh 
Adding (A) and (C), 2V *? — 6% +15 =2v (10). 
2 #8 = 64415=10. 
-—6a+4+ 5=0. 
& (#-5)(*#—1)=0. 
. £2>6.0¢ }. 
Ex. 14. To find the cube roots of unity, 
Let «>? 1; then #°= 
2 £3-1=0 or (w- 1)(a? +4+41)=0. 
2” @#-1=0. 
. 4>1, Also #?4+2+1=0. 
o#=h(-14+V -3). 


The cube reots are 1, beth er and aioe. 
If =i! be denoted by w, 
Then wea(=*)y = es =3_-1 mak 


Hence one imaginary root 1s the square of the other. 
=14V7 =-3, -l-v =3 
z 


Also l+w+w’?=1 + i 


=l=l= 
The sum of the roots=0. 


The product of the roots, i.e, l1xwxw? or w® 


: = wit8 
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Ex. 15. Solve Vw-a+Va-b4+Vex-c=0, If p+q4+r 
=0, then (fp? +q?+9r?)?=2(p'+q'4+r'). 
Hence (v-a+a—b+4x-c)*? =2}(w-a)* +(x -b)* +(¥- 0)? |. 
2 3x8 —2(a+b+cjw=a?+b* +c? — 2bc - 2ac— 2ab, 


Ex. 16. Solve— 


1 1 
se ee oe 
ix? —Ta42* lan? —lia+6 . in 

1 1 = (2" = 1)(4e= 1) 


ro que pee aed 2 BASE -  ph  Be S e 
(2x-1(3v=2)  (8¥—2)(4e-3 
whim btae~! - ss 1).40- 0), 
(Zw — 1)(8a— 2)(40 — 3) 
OF tebe deans a (2a —1)(44— 1), 
(2v — Lj 4a— 3) 
2 (2K = 1)2(4v—1)(44 — 38) = 2. 
Putting y for 21-1, we have 
y?(2y + I)(2y - l= 2. 
“y8(4y? = 1) 22 
w4y —y?—-2=0, 
9? =UML+ Y 33) 
“Y=+V Hl +47 33). 
A 2v-1L= + 41+ 33), 
ASR Lt E14 33), 


EXERCISE 99. 


Solve the following equations :-— 


vo —2xe3~48. at —Qa3 447132. 


3. 2x!—- 7H? =99, gh 129}: 
VS 4a 


(l+a*)=a(1+a)}. 
T8442 % 74 =63. 


6. a*41=0. 

7. 57446 %5%=775. 

9, 11:*421.%11%*7_143, 
10. x? +bx43/ x? 45a47438=0, 
ti. a(e— 3) 47 2? +9443 =39 = 44) 
12. «* -8%=<2V y? = 8a+10=-65, 


2a - 
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13. 24? -V x? -2¥-3 =4449, 
14, x? -Tx4+V 4? -Tx4+]> 324, 
15, #743527 (vw? — 24 42)42y, 
16, BV x? +5a-+ 28S 4? +5n44, 
17, a(w+1)+30 247+ 644 6 =25-2w. 
18. ww? = +30 (2x? — 3442) = 7+5. . 


19, 3x* -2avw+5=2V (3.0? —2ax+4). 


20. +h _ =4 $ a*—b? 1 ‘) 
24 a’ 12 bP ah 449 


21, bait xt = =(1- 22/8 
22. — 1047 +1204a— 144=0. 
23. + apm +cx? —bx+a=0, 
24. w+ -9n°+8144+81=0. 

25. ere ene 


26. a+, 42 (« +a 


27. 6#+ —364° +62" -— 35146 50 
28. (w—1)(% -—2)(%-3)(#- 4)=120. 

29. (wv —2a)(“% —3a)\4- 4a)(¥ - 5a)=360a'. 

80. 16 a(a— 1)(x- 2)\(¥-3)=9 

31, (w+a)(v+2a)(v+3a)(¥+4a)=c". 

32. (# -3)(#— 4)(% -—5)(# -— 6)= 24, 

33, (#+3)(4 + 8)(~ + 13)(4+18)=51. 

B34. 2a? 42/7 #2? +44 — 5 = 4a? + 8x45, 

35. 16x(a+1)(7+2)(a+3)=9. 35. (w#-1)(x — 2)(a — 3)=24. 
B87. Va* 494 a? -9=V 3444, 

38. Wx? +ax—14+vV x? +bu-1l=Vat+vVb, 

39. a(x +2)(~ +3)(*+5)=40. 

40. (#?+3x%)? —24? -62-8=0. 

41. 2(4e? — 3x)? — 284? +214+5=0. 

42, (#? -5"+47)? — (9 — 2)(a-3)=1. 

43. (#? —*)(~? +441)=42, 

44. VY 3e? +7e-5-V 4? 4+74438=4-2. 


> 
45, 3° +" 49% 108, 46. wt +2094 2e? 4 y=}. 


47. 


48. 


49. 


50. 
51. 


52. 


53. 


54. 


55. 


56. 


58. 


59, 


60. 
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(x +2)(a+4)(a +6) = (24 +1)(3a+ 2)(ba +4). 
an yo 
Qe? -—6a4+3 3a? -—5a4+2 

1 1 _ 28? 49x41. 
ay? ¢llnt 10" Gxt +19x415 180 
(a+-3)® —2(¥? +3)=2a(a+1)*. 
(x? 44-410) (w? +32 +16) =2(20 — a). 
b?—-x* «4 a-m 
bi—m? m a-x 


(« -\(° -“\( = ao alia byw =e). 


v+b x+a_ a o. 


a b «+b wx+ea 
(wv — 4)? -7=2(, . ») 
x 


: aJ/ 4? +a? 
wba th a WM 57, wt-60?48*-3=90. 
V xt v2 pa? 
ee 1 =184*?-9*+1 
15x? —llw+2* 10%? — 9w +2 
- . nt — 8x42. 


w? Sigg 8 pode t 
(w+ 1(w+2) , (@—U)(w— 2) _ (w+ 3)at4) , (x -3)e +4), 


(x—1)(w—2) (wt I(w+2) (v= 3)(wt4) (w+3)(~ +4) 


oe 


CHAPTER XXX. 


SIMULTANEOUS QUADRATIC EQUATIONS. . 


198. Miscellaneous Examples. 
Ex. 1. Solve v+y3=8, ay=l5 
We know (x-— y)? =(*¥+y)* — day, 
Hence (w— y)? =64 -~60=4, 
1 ¥- y= +2 
and x+y=8, 
, - 2#=10 or 6. 
“~*% 35 or 3. 
and y=3 or 5 
Or the value of x in terms of ¥ may be obtained from one of the 
equations and substituted in the other, A quadratic equation in y will 
be got, which can be selved, 
lfw—y and xy be given, we can find the value of a+y from (a+) ® 
=(4#—y)* +409, 
Ex. 2. Solve *«?+y3=25 and a+y=5, 
Hoty? (ay) (x? — xy +y8) 
Hence 35=5 (a? ~—AV+Yy") a2 —49+y? =(7) (1) 
Since st all ie a a act RE 
Subtracting (1) from (2), 3ay =18,. 
wv=6 
and #+y=5, - 
Hence x and y can be found as in Ex 1 
Ex.3 Solve wy=a? ; yz=b? and ev=¢?, 
Multiplying the three equations, 
BY <y2 xX 2e=4°b* C8, 
or x*y?z2 =a*b2c2, 
2. “yz= +abe, 
Hence «= —* —s +>, 
_ aye abe — ab 


_—— 


xz ce == é 
yz abe be 
and 2=@~——-=+4—-= 4 — 
— co CU? 
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Ex. 4. Solve x (xt+y+2) =47- 925 9 (#t+y4z2) =b*-a2 and 
z (v+y+2)=c* Ay. 
We have # (a+ y+2)+92=a'. 
2 @(ety)+2 (a+a)=a?. 
= (a+) (+2) = A? aoe tes wee ee eeeeeres TUT TTL TT Tee eeeeeere -(1) 
Similarly from the other two equations 
we can get (y+) (PZ) SD? ..cecereseeeneeseeneseeneeensnneerscnnestens vowbeners (2) 
AN (z +H) (ZY) S Co rvevererereeseeereranensssersesencemeenene sere peel) 
Multiplying (1), (2) and (3). 
(wy) (w+2) (V2) (9 +4) (B48) (2 +9) =47b%C?*, 
2 (vey)? (p+2)2(2 +4)? =a? bte®, 2 
(ety) (yt+2) (2 ta) = + abc Sep pbeiesbpoeeun eel osigdebee (4) 
Dividing (4) by (1), (2) amd (3) successively, 
we have y+2= + abe _ be, 
eau 2 
A pt. , ac 
e a bt i 
and *++y= 4 PRs Bee: 
a= bee. TOE 
From these three equations, the values of x, 9 and z can be found 
Ex. 5. Solve W(W EIA ZH A> seereeceeneee eeeeeteeeeeceeeeeraerneeeeeeen ees (1) 
Oy ee ie td od eee (2) 
Z(MEYAZ) HC? ce rcececcecesenenenseesereesesenener. censeeeenenen (3) 
(4) 


Adding (1), (2) and (3), 
we have (+4 +2)? =a?+b?+c?. 


Hence #+94+2=+¥V (a°4+b°+c°*) 
Dividing (1), (2) and (3) by (4) successively we get— 
4 a? b? c? 
a = SS 4 = To — = Sine 

Va? +b*?4+c’ —V/ at+b?2 4c?’ tValabiage 


Bx. 6. Solve (SEH) H 14 in. c. cecsscentcencdecessecccsccesvessvessss 
(at z)= AD csc cns 00c60ad besa MEREMS VG5 e600 vos ens anuneueereneeee (2) 


ie ot tk ree gervestes Civecsssecees geo s5dase eusaee (3) 


Adding (1), (2) and (3), 
we have 2(1v +9242") =52 


Hence £9 + PEE SRH 26... 2... ic cscccscateeseess vusesccccees otsesesste (4) 


| MXX.| SIMULTANEOUS QUADRATIC EQUATIONS. 387 


Subtracting (1), (2) and (3) successively from (4) 

we get yz=12, #z=8 and yz=6. 

From these the values of ¥, y and z can be got asin Ex. 3. 
Ex. 7. Solve AV +3(a+y)=11 


*<@matAuasiendntoa toecencences, tet Coveceeeeese(L} 
aia: ga POE 7 ae aL trendeweeeee(2) 
RIEU) VB accrsnche Nida d etSinmninsc lea ae (3) 
From (1), a + Fa+y)+$9=1149=20. 
hh hc deme (A) 
From (2), Y2+3(¥+2)+9=2149=39. 
~ (#+3)(2+3)=30............. RAG Adgp Aneta’ sa nderee ck: (B) 
y From (3), zw+3 (@+4)+9=1549=945. 
.. WPM RED) PS cteee sci ncodic, neenee acct. (C) 
(A) x (B) x (C) is (*+)*(v +3)?(2 +3)? =20 x 30x 24 i 
Me “© (#@+3)(9 + 3)(2-+3)=10% 12x 120....000.00-5..... .-.-(D) 
‘ 3 is z+3=— 26, 2. 23%. 
a B is +3= 7 = A a=] 
z is 943250 5 cS yu? 


EXERCISE 100. 
; ” Solve the following equations :-— 


1, w+y=land v®4y9=1 ~ 364 352, 


—= 3 .3 oo 9 
; 2 #4+y = Zs and #%+y ~ 79! 
3. #+yv=7 and #2? +p? = 95, 4. #-v=b and t=. 
P 
5. B+y=4 and | 4! 1, 6. w-y=2 and xr? —yt—8, 
< y Vv 
7. e+y=12, x2 +? =74, 8, &+y=11, #*4+93=100). 
9. arxys=ax+by, acxz= ax+cz and beyz=by+¢z. 
10. at +y+2)=6, y(4¥+y+2)=12 and z (w+ +z) =I§, 
11, (# + v°)(y? +27) =665, (y? +22) (2° -4?)=130 
and (2? +4*)(7?447)- 20. 
«12, aloe tqy+r2z)=p(p? +92 +12), 
$3 WPx+ qv +7r2)=4(p? +q? +r?) 
; and 2(px+qv+rz)=r(p? +q?+r?), 


13. s(y+2)=a, v(2+2)=b and 2(a+yl=e 


’ 
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14 aypxtyall, zetyte=)9 and za+z+a=14. 
a Re . - whe 
oe gee, 4 0— 4 ees 
® y 2 
16. pla , et +s" =o na* + =¢? 
y?2 etx? vey? 


499. Simultaneous Equations: where one or more may be of a 


degree higher than the first 
We shall work out some examples. 


Bx. 1. Solve #?+9?=25, ay=12. 
From these (x +4)? = 49 and (w - 9)? =1, 
. xeystiT and a-y= +1. 
sf y=7 sty=—7 +9= =< 
Hence 37521) lhe te sage widest 
+ ¢=4,-3, 3, -> and y=8,-4, 4-8. 
Ex 2. Solve «'+¥9'=97, ay =6. 
xi +yta(x? +4?)? —2a?y?. 
2 (w? 92)? — 2% 36 597. 
ow? by? =25 
c (v2 49%) =25. 
2s a2 +y?=4+6 and vy=6. 


From these the values of # and y can be found as in the last 


exainple. 
Ex. 3. Solve s5+y =33, ++y=3. 
5 : 
ls Ae =xtaxsy+n2yP—ay? +y! = 38 ii, 
a+y 3 


or (nAty +20°y?)—ay(x? +y?)— a? y? =11, 
or (x? +97)? — ay(w? +97) — w?°y? =11, 
but #? +9? =9 — 2ay, 
. £+y=3. 
(9 — 2xy)? — xy(9 — 2ay)— a? y? = 11. 
or ba? y? —45a9470=0, 
or a’y? -9ay4+14=0, 
or (ay —7)(ay — 2)=0. 
2 ay=7 or 2 and «+y=3. 
Hence x and y can be found. 
Mote —The following identitres will help us in'’solving similar 


equations. The student will have no difficulty in verifying them. 
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Z, #*+y? =p — 2g 
4 i 
~ at ns br fir, « A t if #+y=6 and *yv=q. 
iv. V5 +95 =p — 5p8g+ 5pg? J 
1. xv? + y?=p8 42% ] 
it 29 yt p24 B69 
lit v'+9' = p> +4p79 429? 
Av. #5 —y5 =p5+5pq%+5pq2 | 
Ex 4 Solve ¥*—y=211 and «- y=, 
We know #° — yo =* +5p99+ 5p?) if a — y=p and ay=g. 
Since #-y=1, # — P=1+5q+4 592, 
* 5¢?+5q¢+1=211 
er 59¢*+59-—210=0 
or 7?+q-—42=0 
or (9+7)(9-6)=0 
" =-7 or 6, 
2.6, wy 7 or 6 and #- y=]. 
Hencex and y can be found, 
Ex. 8. Solve ee ee (1) 
OAS Oars! a Tidh (2) 
From (1), y= 2x — 3. Substituting in (2) 
3x" — 6.4(24 — 8) + (2x — 3) 72). 
*~ 5”?-67-8 30, 


if *—-y=pand wy=@. 


] 4 
“© #=— (6+14)=2 0r - * 
+s: alata 5 


Hence y=1 or~ 2, 
200. Homogenous Equations: when the terms containing # and 
y are of the same degree in each. 
Ex. 1. Solve e+ xy >21, y? -xy=4. 
Let y=vw; then these equations become— 


id |) Ceecceses (1) 
ink) |! Sen ee ae (2) 

; l+yv_ 21 

By division, Mor a 


. 44+4v=21ly?- aly. 
. 2lv*-25v-4=0, 


4 a 4 
& Y=— (25+31) = — or —~+. 
“ 4 (26=31) 3 7 
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Hence from (1), »/( 145) =2h, oF x ( 1-z)=2! 


7 
. s=+3,oraet Te 


l 

Since y=vux, » y= +4 ort—- 

4 qr r bore 

Ex. 2. Solve 5xy-2a' =42 ; 39° +ay= 18. 
Let y=vw ; then these equations become— 


x *(Bv — 2)Se4Dovasesneeese (1) 
4 2(302 $0) =18.cceceees (2) 
2 
By division, ao = : 


2s 6v2?+2v=lbu—-6. 
6v? — 1380+6=0. 


“ae 3.2 
2 US 13 b)s - 5 
dated lane ps 


Hence from (1), (>-? )=12, 0 ut(a2 jae 


Since y=v4, 


. y=+ 4 ort 2. 
= ri 


EXERCISE 101. 

Solve the following equations :— 

Sy 42 47, w _54 

on 8 Ieee 
2. (x? +y7)ay = 30 ;ab+y!=82, 
3. «2 +y2=10 ; (#4+- 1\(y+)=8. 
4, #1 +n2y? +y!=21 | aty=7. 
5. x2+6xy 4179? =33 5 8ay+16y? = 22. 
6. xy-y? +2a—-y=2 ; a-y8=l. 
7. #?+ay—8y =1 5; 4-y=-83. 

1 1 7 
8. avis i ee 
9, #(9—ay)=9(Xy — 36); vy9(3A+4 12y — vy) = 108(x + 9 — 3)- 
10. 49? #3ay — 2? =0, (y—a)(x— y)=(4 + 2a)(w+y). 
ll, #?=2ay=7; 29’ -ay= 3. 


| XXX.) 


35. 


2 gk ee oie. 37, Sy F931 5 
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V+ tat y= 26; d(x +y) Bay, 
ot a 3.4 
6a + ByS-+-+429) > By44y= +- +182. 
“es 4 Y 


IFN #8 -1 S23 x41 4Ve-15_-. 
vy 


wHi sd; yp2 so, 16 28 +y2= 209 y 

y x VY:N¥—y=m:n) 
ee +y? sat; ety=b, 
#-y=l; (a? +uy+y*)(x3 — y3) 361. 
2a+ y= 448; BY=—2v=y?, 
AIP I? BB; a4 — y4 = 6(42 + 3y?)— 27, 
M+ysa; ei +y5 sb, 
(L+m?)(e+ y) = 2m(1 +.ry); (1 +n? \(¥— y) = 2n(1— xy). 
19a" +4 4)(¥? +69) =50(xy +ab)?;(u* = a2)(y* — b#) = 24(bx—ay)* 
wo — yS=31; w—-y=1, 
t(¥? + y?) — bay +3(x+ y) 3750 ; 

3(a? +9?) -2vy + 4(v+y)-47=0. 

34— y=5; 2x? —4ay4+y2?=), 
3+ 2y=5; ba? +9? = 13. 
¥? +ay>126; y?+vy=198, 29, v3 — y3 563; w—y=3B, 
ee +eyty?=84; a/v py ss. 
wh xty? byt a213; w? tayt yt a9, 
Vetv y=6; e+y=126, 
(4? + y?)(v® +5) 45; py a3. 
vw? + 2y2?=47 ; 3x? —5ay+uy? =13, 
ao + uy? sat: y®+ yx? = 59, 


1 
a 8 Bes oe Re 
ar—xyp+y? = 24 5 ¥* — 2ay +15=0, 


a'+ytaldaty? se pyaa, 
a b 

—— +——==l1;¥ = y 

aya hee v+y=at+b 


201. We add a few examples of quadratic equations involving 


three unknown quantities. 
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Ex. 1. Solve atyteaartyt+e2sar ty? tz a. 
Since a+y4+z2=1]. 
ig. arty? $2? 4209 + 92 +2a)=1. 
and a? +9? +22=1 
 2(xy +2 4+24)=0. 
AVA VE EHO ree ceeeeccerree eer eennes (1) 
Again, since a*+y*+2° — 3ay2. 
=(v $y tz2)a?+y® +28 -ay— yz— 24). 
2 1-Bayz=1x(1-0)=1. 
» Bay2z=0. 
PL 21 | Peer (2) 
Now (l-a)(1— y)(1— 2) =1- (wt yt+2)+(y + 92+ 2a) — vy2 
— ee | +0-0=0. 
s one of the factors 1-a«, 1-9, 1-2 must=0. 
Let l1-#=0; then a=1 ; 
2 9+2=0, VHety+2=1 
and from (2), yz=0 
29 =0 and 2=0 


Bx. 2. Solve 1? 4 2yz=13....cc.ccecsecsceesceeeeseeeeenenrenennssaneeeneeee -(i) 
y? +2az=10..... SA chAnghovensvsosoenseesbapeasBenSEBBne $5632 9506 (ii 
AN 22 + 2Hy = 1B... .cecereereerenrerceerereneneneeses sobpsre scenes (iii) 

Adding, #°+9?+42* + 2xy + 224+ 220 = 36. 
REP AZ HB. cece eee censceees (iv) 


Subtracting (iii) from (i), #*—2? +29(2-4)=0. 
2 (w—2)(a+z2 -2y)=0. 

. v$z=2y. 

“from (iv), 37=6. 

ayy y=2. 


* “4+z=4 and from (il), #z=4(10-4)=3. 
. a=8 or 1 and s=1 or 3. 


Ba} 3. Solve a+y4+2=6 ; a9 4 9%4+2°=36. 
and (4+ 2)(v+4+2) =20. 
Since 1+9+z=5, 
x py? 42°43 (w+y)(y + zliz+ a) =216. 
But #? +y%+2* =36 and (1+2)(y+2)=20. 
23643 x 20(a+9)=216. 
22+ y =3. 
22=3, 
va+y+2=6 


— ores 
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From the last equation, (# +3)(y+3)=20. 
ay + 3(a+y)=11. 
“#y=11-9=2and ++y=3 
“«*=>2 or land y=1 er 2. 


 GOl ue 0+ 9-6 Se Biicicincaiasenisvnisdadhbtacesseases sedsdncesoshinneille 
OOP ole IF i re ais cnnccanccnnntannaweniindsouant decabbaonaaa (i1) 
BE th om 068 Sir naa cenccnecescavannect pal ieiiadeasees akan cated (iii) 


From (ii) and (1ii), w? + y? +2? + 2(yz—- w*)=14410. 
 (¥ +2)? — vw? =24, 
% (YRZ+4) (V+2— 4) = 24 ; 
but a+y+2=6. 
“~ ¥+2Z—4=>4 and 44+ y4+2=6, 
~ *=1 and y+z2=5, 
and from (iii), yz=6. 
« y=3 and z=2, 


Bx. 8. Solve £9 — yer a@.ceccreccceccceee (i) 
GY — BBE Bindinecoccedsessse (1i) 
GAGE 8 WY ii dacddinccsssces (iii) 


(4? — yz)? — (y? — wz) (24 — ay) =a? — be, 

~ a(a? + y? +23 — Sayz)= x4 — be. 
Similarly y (a@*4+y%+2°—- $ayz)=b* — ac. 
and z (2°4+4%+2* — 3ayz)=c*# —ab, 


EY y z 


Se ees eee, Ls 


* €ach=— eA 
v(a*—be)? = (b* — ac) (¢? — ab) 
Va 


waa + bY hge ed 8 abc ): 
O°. (Ses) EAS 
WV (a* +b? +09— Babe) 
a’?—be 
= +7 (a? +6" 46° Sab0 
Ex. 6. Solve #9 +4y+y2=19............. swevenneeee (i) 


9° BBE EET veccsccsvceeseossdoes ...(ii) 
SHG 85 4 SBF 2 FG ooo ccccccecescccovcsoece (iil) 


—_— 


4) 


aX 
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From (i) and (ii), #7 -2?+9(a#-z)=—18, 


2. (@ — 2) (M4942) — 18... eee nee {iv) 
From (i) and (iii), y? —-2* +a(y-2)=— 9. 
S(9— 2) (WE YHAZ) = — 9... ccereeeee (v) 
By division, — =2. 
2M —e=2y—- 22, 
pele sd 
49 =—g7 


. 2 
Substituting in (ii), = $5 (8 +2) 422 =387 
«Tz? + 402+ a4? =148, 
and w* +27 4+a5=28, 

Let z=vx ; these equations become 
v?(7v? +404+1)=148....... bee babaseee ‘A) 
and #2(v? +v+4+1)=28.......... bose bbs (B) 


Tv? 8 8B 
By division, wee 
“120? — 9v—30=0. 
* 40? —30-10=0. 
“(U— 2) (4v4+5)=0. 
.0=2 or— §, 
Hence from (A), #?(284+841)=148. 


) a= +2. 


2 
. 2 =+ andy =+tt = +8. 


From the other value of v we can get two more values for each 
of w, y and 2, 


EXERGISE 102. 

Solve the following equations :— 

1. 4? +9? +4+2°=6; ay4+yz4en=5 and avye=2. 

2 a? b2 c?2 

. » —y 2 tee 
3. aty+2=7; a(y+z)=12 and «24 y2422=2). 
4, B° +9? 4+2%=1; aa*+by? 4+c2? =0; 

and bex*® 4+ acyv® +abz? =O 


aad 
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¥+Y+250, (b+c) + (c+a) y+ (a+b) 2=0;. 

and 4° +%+4+2%=3(a—h) (b-c) (c—a). 
V+V+2=6; w?+y?+4+22=14: and HF + yy? +23 — 36, 
VHYFZ=9; W8+y? +27=29; and x24 y3 423 =99, 
#* +9? +2°=36; (+4) (y+z2) (z+4)=60; 

and (+ y +2) (av + 92z+2a)=66, 

ebay ty*=ce; y?+y2+22 = a and 2*4+2x+4%7=b 
(¥ ~ 4) (2-a)=bc; (2-5) (v-b)=ca; (w-c) (y —c)=ab. 
+9+2=50; av+by+cz=0 

and #3 +y?+23 =38 (a— b) (b—c) (c—a).. 
¥(y¥+2—-4) =a; y(w~+2-y)=b and 2(e+y—2) sc. 
a—*?y—*2>a; a—*yz*=b and w*y2z3 sc. 
w?+(y— 2)? =a; y?+(z-4)? =b and 2? +(#—-y)? =c. 
v?+j2>y? +2N=2* +4y>=C. 
A+9+2=A4+b4C; #2 +y?2 +22? =a? +52 407; 


© eee 
and 1+, +,=3- 


V2 2+4 B+y v2? 4+ y? +2? 


gcse ie naa 6  @*+67+c?’ 
we +2yz2>148; y? +2¥2=145 and 2? +4+2ay=148 
wy? + 22? + 22y? 49: v2? +y2? +227 =14 and a(y+z2)=9. 


PHRHZ=1; we? Hy? 427? =13 and 2+ y%4+25=19 


CHAPTER XXXI. 


PROBLEMS LEADING TO QUADRATIC EQUATIONS. 
202. We shall solve some problems which lead te quadratic 
equations, 
Ex. 1, Divide 15 into two parts, such that their product shall 
be 56. 
Let «=one part; then 16 -#= he other part. 
By the condition of the problem, #(15 — «)=56, 
or #?—1l5a4+56=0. 
at ' (a~8)=0. 
. *=7 or 8=one part; and 8 or 7=the other part. 


Ex 2. Dividea given line i nto two parts such that the square on 
one part may be equal to the rectangle contained by the whole and the 
other part. 


Let a denote the line, and # the length of one part; then a—w# is 
the length of the other part 


By the question, a? =a(a— x) or v1? +ax-—a*?=0. 


a 
. #=4(-a +V 5a’) =3 (l1- +5). 
v 
2 5(-—1+4~5) te the length of one part. 


The negative answer is the solution of the following preblem :— 
Produce a given line, so that the square on the given line may be equal to 
ithe rectangle contained by the whole line produced and the part produced. 


Ex. 3. A man buys acertain number of oxen for £ 100; if he 
had bought 5 more f or the same money, each would have cost him 
£ less; how many did he buy? 


Let *=number of oven. 


then! =price of each ox in pounds. 
nw 


If he had bought 5 more, would hay been the price of each 
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By the question, $00 _ 100 1 or 100 (:- = j= 
5B+aw «x g b+ 
or #7+5*-500=0 
* £=20 or — 26. 
« the number of oxen=20. 


The lat ‘er root must be rejected. 

Ex. 4. The length of a rectangular field exceeds its breadth by 
33 yards, Its area is one acre ; find its dimensions. 

Let a=the breadth in yards ; 
then #+33=the length in yards. 

By the question. a(v+33)=4840 (one acre equals 4840 square 
yards.) 

Or #7 +33a—-— 41840=0, 
= —88 or 55 

The negative value must be rejected. 

The breadth=55 yards and the length=88 yards. 

Ex. 5. Aand B started at the same time for a place 300 miles 
distant. A travels a mile an hour faster than B, and arrives at his 
journey’s end 10 hours before him; find the rate per hour at which 
each persen travelled. 

Let «=number of miles per hour that B travels , 


then «+1l=number of miles per hour that A travels. 


Now 300 nd a aenete the time in hours taken by B and A res- 
x x 


pectively. 
tion. — =.= ]9 
By the ques pe 


or 30 (;- Sia ah 
rs # #41 
- #7 +4a=30=0. 
. (w+6)(a—5)=0. 
2 #=5 or-6. 
The negative value must be rejected. 
. B’s rate is 5 miles per hour ; A’s rate is 6 miles per hour. 


Ex. 6 A person sells a horse fer £24 and gains as much per 
cent, as the herse cost him ; what did the horse cost him ? 
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Let «=the cost price of the horse in pounds : 
ne eee ey 
then his gain=ax 100 100" 


»2 
By the question, w + *_=924, 
y qu T 100 


. w®+100e—-— 2400-0. 
or (w+120)(#-20)=0. 
. x= — 120 or 20, 
The negative value should be rejected. 
The cost price of the horse is £20. 


EXERCISE 103. ‘ 


1, The difference of two numbers is 4, the difference of their 
“squares is 40 ; find the numbers. 


2. Find two consecutive numbers whose product is 420. 
3. The difference of the cubes of two consecutive numbers is 217: — 
‘find them 


4. Find two numbers whose sum, product and difference of 
‘squares, shall be equal, 

5, Find two numbers each of which is the square of the other. 

6. If three feet be taken from one side of a rectangle and added 
to the other side, its area is doubled ; the sum of the sides is 7 feet ; 
find the sides. 

7. There isa rectangular field of 1 acre, whose length exceeds 
its breadth by 66 yards ; find its dimensions. 

8. There is a rectangular field whose length exceeds its breadth 
‘by 16 yards and it contains 960 square yards s find its dimensions. 

9. The area of a rectangular field is 74 ac_es and the sum of the 
lengths of the two adjacent sides exceeds the length of either diagonal 
by 110 yards ; find the length of the sides. 

10, By selling a horse for £25 I lore as much per cent. as it cost 
me ; what was its prime cost ? | 

1l. A person bought a certain number of oxen for £240 and after 
losing 3 sold the rest for £8 a head more than they cost him, thus 
gaining £59 by the bargain ; how many did he buy ? 

12. A person bought 2 flocks of sheep for £15, in one of which 
there were 5 more than in the other ;: each sheep in each flock cost as 
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many shillings as there were sheep inthe other flock: how many 
were there in each ? 

13. A and B distribute £5 each in charity ; 4 relieves 5 persons 
more than B, and B gives te each 1| shilling more than 4; how many 
did each relieve ? 

14. Find three numbers, such that if the first be multiplied by the 
sum of the second and the third, the second by the sum of the first 
and the third, and the third by the sum of the first and the second, the 
products shall be 26, £0 and 56 respectively. 

15, [have to walk a distance of 144 miles, and I find that if I 
increase my speed 1} miles per hour, I can do the journey in 16 
hour$ less thanif I walk at my usual rate ; find my usual rate of 
walking. 

16. There are two square fields, the greater of which is 4 times 
he less, and the eide of the greater is 20 yards longer than the side 
of the other ; find the area of each field. 

17. The sum of the reciprocals of two numbers is rz and the pro- 
duct of the numbers is 12 ; find them, 

18. A number of soldiers are formed into a hollow Square of 3 
deep ; if 324 men are added to the centre they will form a solid 
square ; find the total number of men. 

19, If a number consisting of two digits be divided by the sum 
of the digits, the quotient is the first digit, and the remainder the 
last ; the product of the digit is 21 ; find the number. 

20. The sum of the fraction and its reciprocal is 239 ; but if the 
numerator and the denominator be each increased by unity, the sum 
would then be 24; find the fraction. 

21. A beat’s crew can row both up and downa stream 16 miles 
long, flowing at the rate of 3 miles an hour, in 10 hours ; find the rate 
of the crew it still water. 

22. A number consists of three digits whose sum is 14 > the 
square of the middle digit is equal to the product of the extreme 
digits, and if 594 be added to the number, the digits are reversed: find 
the number, 

23. The united ages of a father and son amount to 64. Twice 
the father’s age exceeds the square of the son’s age by 8; find their 
ages 
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24. Two kinds oj oranges are sold in the market, two more of 
one kind being given for a shilling than of the other ; a score of the 
inferior sort costs 4d. more than a dozen of the superior sort ; ind 
the price of the oranges, 

25. kind two numbers whose product is equal to the difference 
of their squares, and the sum of their squares equal to the difference 
of their cubes. 


26. The floor of aroom contains 40 square yards, its height is 
5 yards, and the length is 3 yards more than the breadth; find the 
area of the 4 walls. 

27. A man buys a horse which he sells again for £56 and gains 
aS many pounds in 100 as the horse cost him; how much did he give 
for the horse ? 


28. AandB started at the same time for a place distant 150 
miles. A travels 3 miles an hour faster than B and arrives at his 
journey’s end 8 hours 20 minutes before B; find their rates. 

29 Aperson bought oxen for £33-16-0 which he sold again at 
£2-8-0 a hand, gaining thereby as much ase one ox cost him; how 
many oxen did he buy ? 

30 Divide the number 30 inte 2 parte such that their preduct 
may be equal to 125. 


31. A and B set out frem two towns 247 miles distant from each 
other. A travelled at the rate of 9 miles a day, and the number of 
days at the end of which they met was greater by 3 than the number 
of miles which B went in a day; find the number of miles each tra- 
velled. 


32. The fere-wheel ofa carriage makes 64 revolutions more 
than the hind-wheel in passing ever a mile: but if the circumference 
ef the fere-wheel be increased by 1! inches, it will make only 40 
revolutions more than the hind-wheel in the Same Space; find the 
circumference ef each wheel. 

33. One man can reap a fieldin 5 days less than anether, and if 
they werk together they can do it in 6 days; find in what time each 
could do it alone. ; 

34. A man has to travel a certain distance; when he has gone 
20 miles he increases his speed 1 mile per hour; if he had travelled at 
this increased rate during the whele ef his Journey he weuld have 
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arrived 40 minutes earlier; but if he had kept on at- his first rate he 
weuld have arrived 20 minutes later; find the length of the journey. 

35 Aand B engagedto reap equal quantities of wheat, and 4 
began half an hour before B; they stopped at 12 o’clock and rested an 
heur, observing that half the work was done, B’s part was finished at 
7 o'clock and A’sata quarter before 10. Supposing them to have 
labeured uniformly, find when they began. 

36. A cask P is filled with 60 gallons of water, and a cask Q with 
40 gallons of wine, w gallons are drawn from each cask, mixed and 
replaced. Thesame operation is repeated; find # when there are 
8% gallons of wine in P after the second operation. 

37. Divide a given line into two parts such that twice the square 
on one part may be equal to the rectangle contained by the whole 
line and the other part. 


38. Find that number whose square added to its cube is 9 times 
the next higher number. 


39. A'farmer wishes to enclose a rectangular piece of land con- 
taining 1 acre 32 perches with 176 hurdles, each two yards long; how 
many hurdles must he place in each side of the rectangle? 


40. What are eggs a dozen when two more in a shilling’s worth 
lewer the price one penny per dozen? 


41. A person rents a certain number of acres of land for £84; he 
cultivates 4 acres himself, and letting the rest for 10s. an acre more 
than he pays for it, receives for this portion the whole rent £84; find 
the number of acres. 


42. A set off from London to York, and B at the same time from 
York to London, and they travel uniformly: A reaches York 16 hours 
and B reaches Lendon 36 hours, after they have met on the road; find 
in what time each has performed the journey. 


43. A vessel can be filled with water by two pipes ; by one of 
these pipes alone the vessel would be filled 2 hours sooner than by the 
other ; algo the vessel can be filled by both pipes together in 12 houre; 
find the time which each pipe would take to fill the vessel. 

44. A persen buys a quantity of wheat which he sells so as te 
gain 5 per cent, on his outlay, and thus clears £16. If he had seid it 
at a gain of 5 shillings per quarter, he would have cleared as many 


26 


* 


402 ALGEBRA, [CHAP. 


pounds as each quarter cost him shillings ; find how many quarters 
he bought, and what each quarter cost him. 

45. Two workmen, A and B, were employed by the day at 
different rates, A, at the end of a certain number of days received 


£4-16-0, but B, who was absent six of those days, received only 
£2-14-0. If B had worked the whole time, and A had been absent six 


days, they would have received equal sums; find the number of 
days, and what each was paid per day. 

46. Aand Bruna race round a twe-mile course. Inthe firet 
heat Breaches the winning post 2 minutes before A. In the second 
heat A increases his speed 2 miles per hour, and B diminishes his as 
much ; and A then arrives at the winning post 2 minutes before B, 
find at what rate each man ran in the first heat. 

47. A person bought twe pieces of cloth of different sorte ; the 


finer cost 4 shillings a yard more than the cearser and he beught 10 
yards more of the coarser than of the finer, For the finer piece he 


paid £18, and for the coarser piece £16 ; find the number of yards in 
each piece. : 

48. A merchant sentto his agent a certain number of bags of 
coffee for sale, expecting them to realize £250, and after the agent's 


commission of 4 per cent. was paid, to yield a prefit of 20 per cent. 
on the original cost. On the way 5 bags were lost, but the rest were 


sold at 10s. per bag above the estimated price. This raised the net 
profits £76-17-6 per cent. although the agent now received a commis- 
sion of 5 per cent.; how many bags were there at first ? 

49. The relative value of two sorts of mixed metals consisting of 


gold and silver is as 11 to 17, If the proportion of gold to silver in 
each had been doubled, their relative value would have been as 7 te 


11. The value of gold to that of silver being as 13 to 1, find the pro- 
portion of gold to silver in each of the mixed metals. 

50. A person bought one horee for £¥ and another for Ly, he 
sold the first at a profit of # per cent. and the second at a loss of y per 
cent., and thus received 4 as much again as he would have, had he 


sold the first at a profit of y per cent, and the second at a loss of » per 
cent. If he had bought «# horses at £4 each, and sold them at # per 


cent. profit and had bought y horses at £y each, and had seld them at 
y per cent, loss, he would have gained altogether £1,520; what did 
he give for each horse ? 


CHAPTER XXXII. 
Graphs of Quadratic Functions. 


103. Graphs of linear algebraical functions have been already 
dealt with and in this chapter we shall deal with graphs of functions 
which involve the second degree of the variable. The simplest of 
them is y=. 

Ex. 1. To draw the graph of y=x?. 


The plotting of the graph representing y=x? may be done eon 
the same lines as those adopted in the case of linear functions. A 
table of values of « and the corresponding values of y May be made 
thus : 


Points (0,0), (1,1), (2,4), (3,9), (4,16), (- 1,1), (-2,4), (-3,9), (—4,16) 
are plotted and joined free hand. The figure thus obtained is shown 
in the diagram. In this case the same unit, viz., 0°1” is used for beth 
x and y. 
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It must be noticed that we get the same value of y for two 
values of x which are numerically the same but opposite in eign, Or 
putting conversely we may say that for any particular value of y we 
get two values of w which differ in sign. 


From the equation 1? =¥y we see that w= + yy 1. €., ./9 is either 
positive or negative. Thus the present curve may be used to find the 
square roots of arithmetical or numerical numbers, It is to be noticed 
that the curve is symmetrical about the y axis inasmuch as for every 
point on one half of the curve, there is a corresponding point on the 
other half, the two being equidistant from the axis ofy. This curve ie 
called a parabola and the line about which it is symmetrical is. called 
the awis of the parabola. We also notice that this curve turne, i, é., 
changes the direction in which it has been meving ata certain point 
which is the origin in this case and this point is called the turning 
point or the vertcw of the parabola. 


From the table of values of w and y it can be observed that as a 
increases numerically the value of » also increases but much more 
rapidly. The curve drawn in the diagram appears to be rather 
narrow and by taking different units for 7 and y,it may be made 
breader without changing its shape. Sometimes a portion of the curve- 
can be made to appear almost asa straight line. 


The curye may be plotted for values of 4 between + land - b 
by taking fractional values of w: 
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Let. the unit for * and y be an inch, 
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We can plot the curve by taking a large unit for + anda small 
unit for y, for example, the unit 1’’ for wand °‘1"’ for y. Taking the 
table previously made we have : 


ALGEBRA. [CHAP. 


406 


‘AlItou 9.g+=xl a elojolay yy 
‘AlI¥ouU 9.2 - pur 9% + 91% o894E ‘syutod 
9894} JO #2}¥UTPIO-05 + ayy IO VSSJOSQe Oy} Jo 
$q}3U9| 24} Yo proy ‘d pure VN s8juyod zg uy aArno 
24} 8309 poaonpoid usym [oj[vsJed stqy ‘earns 
94} J90Ul 0} 8]xe ¥ O43 0) JoL[eIEd MIP }f wosy 
PUE UTZ}Jo og} Wer; wil jujod & oyvy ‘a 4 ‘s}IUn Z 
8}U98e1d01 yorum sIxe & UO YjySuZ] & ayR] 


‘SNY} 17 Weds Yo 
P¥Ol 9q BLO / JO Joo! otenbs oy] : ojdmexe 304 
‘6 0} dn stoquinu oq} JO 83001 olvnbs 94} puy 0} 
Ajywoyuaauos A3gA Pesn oq UO dAINO spy T 


+ 


S660 GSERS SLECe ete 


Suraca Sbou0 Geez 
EPEC EERE 


EIT AEPESEETE 
Tw TT 
eee Ee 


74 
Hy + 


cece 


j 


407 


GRAPHS OF QUADRATIC FUNCTIONS. 


XXXII.] 


9-2 5-2 v-2 2-2 1-2 
— aa seer awane GBB ee — ——— Boece EBEEE CAHSEE BSIES DOSS Seas i 2 


Hua ee Bai 
aa iat test 
a El 


*91xv & 94} UO ,,[ PUL sIxXe 


¥ 9} UO Jian T JuDsetdes 0} Uoye; 9q Avul ,.OT pur 'e pue Z UIBMjOq 8at{ joor oseNnbs pornbas oy} sv 
(p'z) 98 poyivul oq Avul UTsTIO OT, “LZ pu g O1¥ Sa}VUTPIO BSOYM sjurod sureyuoo YOTYM A[ufeUl dAINS 
93 Jo uOT}IO [ yeu) UTM pIUtIZ0NUO) 91IV OM J PUL Q JO Joo! 91vnbs 9u1 JUBPM OM SB PUY SIx¥v 4 9} UO 


puy S8]Xe ¥ 9g} WO Usye} 0q PjNoys s}JuN s[quyIns AjuO ("98d SHOTAdId QU} UT Je} OF IV[PWITS OIqNb st 
Q9vo stu} ut sInpoooid oy) ‘*s[eUIIOOp om} 0} yOOIIOO ‘L “g JO Joo! oivnbs ey puy oL—7¢dmnorg7 


408 ALGEBRA [CHAP. 
When read off as usual from the graph, it is found that 


Vv 5=2'25 numerically 
V6=245 2... 
To draw the graph ef y= — x? 


As before make a table of values of y corresponding to different 
values of # as shown below :— 


We notice here alsothat for every value of y there are two 
corresponding values of # which are numerically equal but opposite in 
sign. 


Pletting the points given by the above table, we get the graph 
shown below, 


It isto be noticed that, since every value of y is negative 
corresponding te any value of # whether positive or negative, all the 


ordinates are negative and consequently the graph lies entirely below 
the # axis. 
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From the graphs that have been treated above the following 


points are noticed: 


ax? represents acurve symmetrical about the axis, passing 


¢hrough the origin. 


(i) 
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The curve which is called the parabola changes its direction in 
which it has been going at a certain point called the turning point er 
the vertex of the parabola. 

(ii) The vertex of the parabola y=aa* is the erigin. 

(iii) The curve represented by y=aw? lies entirely above or be- 
low the x axis according as a is positive or negative. It ie steep or 
flat according as a is an integer ora fraction. 


EXERCISE 104. 


Draw the graphs of :— 

1, (i) p=2x?, (ii) 89 = 2?, (ili) y= 5a?, (iv) y- a? =O. 

2. Draw the graph of (i) y=«? from a= -3 to #= +3. 

(ii) y=a? from a= —4 to w= +4. 
3. Use the graph of 2 (i) to find the values of (i) (1-5)?, (ii) (2°4)*, 
(iii) (1°8)? 
and the graph of 2 (ii) to find the value of 
(i) V'3, (ii) 10, (iii) 12°, (iv)v 13°6. 

4. Draw the graphs of y=** to suitable scales to find the value 
of— 

(i) V7 correct to two places of decimals 
uyZ12 ee 
(iil) V18 «3S two, ij 

5. On the same diagram and to the same scale draw the graphe 
of y=x? and y=3a+4 and read off the co-ordinates of the points of 
intersection of the two graphs. 

6. On the same diagram and to tne same scale draw the graphs 
of (i) y=4a*, (li) y= 3at+1. Read off the # co-ordinates of the points of 
intersection of the two graphs. . 

7. Find the ce-ordinates of the points of intersection of :—(i) 
y=2x? and (i1)-y = 32-1. 

8. Find the abscissz of the points of intersection of the graphs 
2y=a? and #+2y=2. 

9. On the same diagram and to the same scale draw the graphs 
ef y=mx?. 

When (i) m=1, (ti) m= 2, (141) =. 
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10. Find the co-ordinates of the points of intersection of 4y=«* 
and 5ba-4y=6. 
11, Draw the graphs of :— 
(i) y= — 2a, (it) 29= — 3x2, (li) 2y + %? =0, (iv) y +37 =0. 
12, Draw the graph of :— 
(i) y= —«? between s= +3 and #=—3. 
(it) y= =x |,, w#=+4and w= -4. 
13, Inthe same diagram draw the graphs of :— 
y+x?=0 and y=3- 2x and read off the co-ordinates of the points of 
intersection. (The scale should be the same in the case of the two 
graphs). 


14. In the same diagram and to the same scale draw the graphs 
of (i) y= — 44”, (ii) y+3a+1=0 and read off the « co-ordinates of the 
peints of intersection of the two graphs, 

15. On the same diagram to the same scale draw the graphs of 
yaar’, 

When a= — 2,-4,-}4, 3,-4. 

16. Find the co-ordinates of the points of intersection of 


(i) 2y+a*=0, (ii) y+ou=3. 


Graph of y=ax’?+bx+c. 
Ex. 2. To draw the graph of y=? +2v. 


As before a table of values of « and corresponding values of y 
has to be prepared y=w? + 2x. 
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Plot the points (0, 0), (1, 3), (2, 8), (3, 15), (— 1, —1) (— 2, @( - 8, 3), 
{— 4,8) (-—5, 15) and join them freehand. 


The graph obtained resembles one of the equation y=aa*. In 
the latter case the graph lies entirely either above or below the w axis 
according as a is positive or negative while in the former a portion of 
the graph is above and the other below the w axis, the graph opening 
upwards, 

In both the cases since the function of « dees net contain a term 
independent of a, the graph passes through the origin. But in the case 
of the graph of y=aw* the vertex or the turning point is the origir 
while in the case of the graph of y=x?42a, the turning point is a 
point other than the origin. In both cases the curve is a parabola and 
symmetrical, The y axis is the line about which the curve is 
symmetrical in the case of y=ax? while the line of symmetry in the 
other case is a different line altogether, 

It is to be observed that, when the graphis partly above and 
partly below the axis of 1, some of. the ordinates of the graph are 
positive and others are negative, and the ordinate at the turning point 
is is algebr aically the smallest. As the ordinate or y represents the 
function +? + 2a, it can be said that the value of the function is least or 
minimum when # takes that value which is the length of the abscissa 
of the turning point of the curve. 

In the present graph since the algebraically least value 
of yis—1, the minimum value of the function is said to be-1 and it 
is so when 4=-2, This means that though the function #*+2. may 
take a very large number of values, it cannot take a value which is 
jess than — 1 whatever value may be given to «x. 
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This is also observed fromthe graph as # has not descended 


below the turning point (—2,—1) and for any value of # other than— 2 
the graph only ascends, 


Ex. 3. To draw ‘the graph of y=2x?-—3x-2, Make a table of 
corresponding values of wand yand plot the points whose co-ordi- 


nates are given by it and join them freehand :— 


Let 247—34-2=y 
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Tate 0°4" as unit for # and 0°1" as unit for ¥. 
The following points are noticeable with regard to the graph 
-shown above. 


(i) The graph is a parabola and dees not pass through the 
origin (the function contains a term independent of «), 


(ii) As in the case of the graph of *?+42w some portion ef the 
-gtaph is above and the other below the w axis, some of the ordinates 
‘being positive and others negative. This means that the function is 
“positive for certain values of w and negative for other values, as 
‘ordinates represent different values of the function. 


That portion of the graph, which lies between the points of 
intersection of the graph with the « axis, is negative and the rest of it 
is positive. Or the function is negative for all those values of « which 
lie between 2 and — } and positive for other values, i. ¢., for values of x 
which lie outside these values, and vanishes when += 2, = = 4. 


(ili) The graph does not descend below a certain point and 
‘begins to ascend agatn from that point, This means that there is an 
algebraically smallest value of the ordinate for a certain value of the 
abscissa or that the function cannot take any value 


less than a 
particular value whatever may be the value of », 


In the case of the present graph, the graph turns at the"point, 3, 
~ 3°1 and does not go below it. The minimum value of the graph ig 
31 (nearly when *= or °75, 
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To determine the turning point graphically the portion of the 
graph in the neighbourhood of it must be carefully and accurately 
plotted by taking values of * very close to each other, intermediate 
fractional values also being taken into consideration. 


The ordinate becomes zero at two points on the graph, that 1S, 
at those points where the graph cuts the x axis. This is the same thing 
as saying that the function (as y represents it) becomes zero twice for 
two values of « which are given by the abscisse of the points of 
intersection of the graph with w axis. Since 2%? - 3x=—-2=0 becomes 
zero for two values of x as noticed from the figure, viz. *=2 and += 
—}, 2 and—} are the roots of the equation +’ - 34-2=0. 


Generally, therefere, to find the roots of the equation ax*+bx 
+c=0, draw the graph of the function ax? +bx+c and observe at what 
points y becomes zero, in other words where the graph cuts the # axis 
(y= 0 represents the « axis.) This graph enables us to find the value of 
the function corresponding to any values of « and the values of « cor- 
responding to any value of y- To solve any equation of the form f (*) 
=0, f (¥) standing for any function of x of any degree, draw the graph 
of f(z) and read the values of ¥ or the abscissz at the points of 
intersection of the graph with the # axis. If y=f(«), this is the same 
thing as solving the two equations:—y= f (x). 

y=0. 
which is done by drawing the graphs of the two equations and finding 
the}values of the abscissz of the points of intersection. 

Thus to solve the quadratic equation 

ax* +bx+4+c=0, draw the graphs 
of y= ax? +ba+e and 
y=0 (the » axis itself) 
and find the values of the abscissze of the points of intersection of the 
two, i. ¢., the intersection of the graph with the # axis. 


Ex. 4. To draw the graph of 3+2*-2%?. 
Let y=3+2%—-x* 


Prepare a table of corresponding values of # and y. 
ya=342e— 2? 
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If # 
— 4? 
+24” 


| 
| 


+3= 


s= 


EE 


— wx? 42443 


Fe A 


Q°1"" 


05" and for y= 


Unit for # 


In this case the graph cuts the w axis at twe points making the 
ordinate or the function zero, and the abscissz of these points ane 3 


aad —1 


-. The roots of the equation 3+ 24 —4?=0 are 3 andel 


The erdinates that lie between these peints are all positive, 


Therefore the function is postive for values of a which lie between 8 


and 1 and is megative for those outside 3 and —1. 
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It is to be noticed that the graph does not rise beyond a certain 
point and that the ordinate is algebraically the greatest there. There~ 
fore the function attains its greatest or maximum value when « has 
the value that is given by the abscissa of this point. Thus the function 
3+2a— 47 18 maximum when *=1, the maximum value being 4. 


It has been observed that in the case of the function 2a? — 3-2, 
we were able to find the minimum value of the function, while in the 
case of the function 3+2*-—w4?, the maximum value is obtained. Thus 
generally when the coetticient of ¥? 1s positive, the minimum and when 
it is negative, the maximum value of the function can be determined, 
The function av? +b*+c is negative or positive for those values of « 
which lie between the roots of the equation axv*+bx+c=0, according 
as a, the co-efficient of +’, is positive or negative and vice versa. 


204. To find the roots of the equation 21? -54—3=0 graphically : 
First method :—Draw the graph of the function 21? - 57-3 as 


in the previous examples and read off the values of the abscissz at 
the points of intersection of the graph with the w axis 


When «= | | 1 mI 3 4 \|-i 2 |-8|. 
24? = ie 2 8 | 18 32 2| s une 
-te-3= |-8 -s|-ra|-ss|-aal 2 | al. 
eS os a =A rh 0| 9 | 4} 15 30 | 


Unit for #=0°4'', and for y=0°1"" 
27 
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seveer ene 


A 
cae 


P= 


Second Method (Double graph method), 
2x? —5a—-3=—0 
ed =5a+3 
Let each side= 4; then we have the fol'ewing equations:— 
g=On® oo. oan 
y=5x4+3B eo « © (il) 
Solving the equation 2+?—5a#—-3=0 is the same thing as solving 
the two equations 
yn? and y=54+3. 
Draw the graphe of the fabove and find the values ‘of abscissze at 


the points of intersection of the two graphe. Equation (i) represents 


a parabola and (ii) 2 straight line. 
y= 2%? 
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When a= 0 1 2 3 j-1\|-2 -s | 
y=| 0 2; 818 2 | S| 15 
y=5a+3 
: eh | a 
Whens=| 0) 1/ 2) 3|-1|\-21-3| 
ba Aes om! <= 
yx>=dv+3= 3 5 | KB | 18 |-2 l_7 |_12 
| 
Let the unit for. w=10'’ gale 


y=0'l’’ in both the cases 


Therefore the rootsfof the equation 
2a? — 54% -—-3=0 are 3, — 3. 
The equation 2#?-5”-3=0 may also be solved by drawing 
graphs of different sets of equations, ¢. g, y= 2a? — 5x and y=3. 
or y= 2a? -— 34 and y=2x+3 and so on. 
To draw the. graph of the function 6= 7a#—-— 5a? and use it to find 
the roots of the equation : 
5a? —- 2x-—7=0 
Let y=6—7¥—5x?. 
y=6- Ta — 54? 
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i! 2 8 |-1| -2) -8 


When x= | | | 0 | | 
| ; 
=|. ee 6 6 | ce 6 | 
msec i eT ee | 
| - w= | 0 -7|-14)-21) 7] 14/421 
2 a rare 
~ 02° = a By o|-5 _ 901 - 45\ = 56 | — 20 ~ 45) 
| | 
i ag i ny one 
y=6-7#=5e2?= 6 ie 6 |—-28 -60| 8 0|- 18) 
Unit for «=—0°5" and for y=0'1”. 
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The graph cuts the w axis at two points whose abscissz are+% 
and-2, Therefore the reots of the equation 6-7*-5x%27=0 are @ 
aod — 2. 


Since this equation is the same as the equation 54#74+7*-6=0 
the reots of the latter equation are also+ 3 and — 2 and can be obtained 
by the graph of the function 6-77 —-5.?. 


Though the graph shown in the figure does not represent the 
graph of the function 547+7*—-6 yet the abeve graph can be used to 
find the roots of the equation 54*+4+7«- 6=0 as the graph of 547 +4+74-6 
is the same as that of the function 6-7-5? only inverted. The two 
graphs cut thew axis at the same points, therefore, the points of 
intersection of the graph of one function with the a-axis will give not 
only the roots of the equation formed by putting it equal to zero, but 
also of the function with its sign changed equal to zero. 


To use this graph to find the roots of the equation 5x? - 2% -7=0 
This is the same as the equation — 57? +2%+7=0 or 7+2%—547=0, 
The left-hand side expression can be written so as to contain 
the function whose graph should be used to solve the equation : 
thus 6 — 7% — 547+9*7+1=0 
2 6—7Tx-5e?= —-9x-1 
Let each side= y, then the above equation is the same as the two 
simultaneous equations. 
y=6uTae5be? . ... (ij 
y= -9x-1 Sarpy i «| | 
To solve these two equations, the two graphs should be drawn 
and abscissz at the points of intersection of the twe graphs will give 
the values of « which satisfy the equations (i) and (ii) or the given 
equation. But the graph of the first equation is ready for our use and 
so the graph of the second equation y= -9x%-1 should be drawn in 
the same diagram with the same units, 
y= -9x-1 


of -2|. 


If «= | 0. 1 2 


———— 
. 


“lad of 


y= fet 
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The graph of this function which is a straight line is drawn in 
the same figure, and the abscisez at the points of intersection of the 
parabola and the straight line are found to be-1 and+{. 

Therefore the roots of the equation 5%*-2*-7=0 are - 1 
and+{. 

It has been observed that in the case of the graph of aa#*+ba +c 
the minimum or the maximum value of the ordinate or the function 
can be obtained according as a (the co-efficient of #?) is positive or 
negative. At this value of the ordinate the parabola turns and begins 
to go in a direction different from that in which it has been going. 

In the case of the present graph the maximum value of the 
function (i. ¢., the ordinate) is 8°5 nearly, and the corresponding value 
of « is—-7 nearly. Great care must be taken in plotting the portion 
of the graph that lies in the immediate neighbourhood of the turning 
point when the student has a rough idea of its position. 

205. The maximum or minimum value of a function can be 
found algebraically also in a very simple manner, 

Ex. 1. To find algebraically the minimum. value of the function 
2x*— 3a —2, 


3x 
Qn? —3v-2=2 (#-F-1 ). 
9 9 


_— +2 3a = i 1 } 
=fe>+i6-ie- : 


25 
={(e-9-7h, 
25 


Thus by the above process the function is so written that it 
consists of a perfect square anda constant term by completing the 
Square ina. As saidabove, the given function consists of an expres- 
sion in x which is the variable part and a constant term. 

Since # is a variable quantity (#-4)* is the variable part of the 
function, 

.. The value of the function depends on the value of (#— 3)?. 

The function decreases as (w~— 4)* decreases and it is least when 

(x — %)* is least. 
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But (#- })? is a perfect square and is, therefore, always positive 
for all real values of v; and the least value which (#— 4)? can take is 
therefore zero, 

- The function ts least when (4#-= {)?= 

or when #-4=0 
e re w=} 

In that case the variable part vanishes and the function is equal 
to— %. 

«the minimum value of the function= - #2 or- 3). 

Then the value of w=}. 

Therefore the turning point of the }grapo of the function is 
(i, — 35). 

That is what was o>served graphically. 

Ex 2. To find the maximum value of the tunction 6-—71-5x? 
algebraically. 

As before put y=6-—T7x—5x? 
y= — (5a? + 7x — 6) 


F 1 49 49 
== a — ; flag ate | . 
5 ( +5 ** 007 100 ) 
pane 2 ; 7T\2 169 ) 
ae {( #+55) 100 5° 


é \? , 169 
«5 2 5 tesa 
( #+i5) + 30 


The function consists of two parts, one variable and the other 


\) 


constant. So the value of the function depends on the value of the 
variable part. 


-5( et)? is the variable part. 


( #+i5) 18 a perfect square, it is {positive for all real 
values of x. 


“ns ( oe is essentially negative for real values of * 
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The maximum value of a negative quantity is zero. 
«The function is maximum for the maximum value of 


i 2 
5 ( vt tie, when ~ 5( +t) =0 


i.é,, when #t ii =0. 


i.e, When w= — i or -—0°7. 


9 
The value of the function when «= - R is equal to ae 


169 


«The maximum value of the function= = or 85 nearly 


when «= -—0°7. 


Therefore the turning point of the graph of the function 
6 = 74-54? is (—0°7, 85) as was seen from the graph of the function. 


For the sake of clearness the procedure to be adopted in finding 
out the minimum or maximum value of a quadratic function of the 
form ax? 4+bx#+4+c may be summed up as follows :— 

(i) Divide the function by the co-efficient of x and multiply it by 


the same, ¢¢ , write it as 
a ( wey “= +2). 
aoa 


(ii) Complete the square withthe terms inw by adding and 
subtracting the square of half the co-efficient of w as 
( yop Oe, 6? _ be | cy 
(yaaa) ant ay: 

(ili) Transform the function so that it may contain two terms, one 
of which being a square and the other a constant term as 

( b\? 6b? -4ac 
7) ( +t 94 4a? : 


era ( a es 
2a 4a 


a 


When #=- e. the minimum or the maximum value of the 


; b* — 4ac : 
function is obtained Oe ee according as a is positive or 


negative. 
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The principles iavolved in finding the minimam and maximum 
value of a function are chiefly (1) that the square of a real quantity 
is essentially positive and (2) that the least value of a perfect 
square is therefore zero, 

206. To find algebraically the limits between which x must lie 
in order that the expression 2x*-3x-2 may be (4) positive, 
(2) negative. 

Writing the expression as shown above by completing the square 
in terms of w and factoring it further we ar 

2a? — 3N—2= 2) ( *-5 a 
l 16 3 


c(t) (tt) 


=2 (w~+4) (#2). 

Evidently the function vanishes when w= —}3 or w=2. 

. -4 and 2 are the roots of the equation 247? -34-2=0, 

Writing the factors as x- one root and #—the other root, we have 
the function 2”? —-34-2=2 (# - — 4) (*— 2). 

The function is positive when 

(i) beth factors are positive, or 

(ii) both factors are negative 

That is when both of them are of the same sign. 

(i) Both of them will be positive when # is> — 4 and also >2. 

But when w is >2, it is also>-—4, So wecan say that both the 
factors will be positive when w>2. Then the product and conse- 
quently the function is positive. 

(i1) Similarly both factors will be negative whenwis <-—} and 
<2, : 
But when « is<-—4it willbe also <2. So wecan say that the 
two factors will be negative when + is < -}. 

Hence their product and therefore the function is positive when 
gis 2-4. 

Combining these two we have that the function is positive when 
a2 is <—} and > 2,i.¢., forall values of * which lie below -4 and 
abeve 2. 

Again the function is negative when one factor is positive and 
the other is negative. This happens when # is > -4 and <2. 
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Therefore the function is negative for all values of # which lie 
between—4 and 2. 

It has been seen that the function vanishes for the values — 4 
and 2 of « since the sign of the function changes trem the positive to 
the negative and from the negative to the positive again, 

Summing up the results we have that the function 2#* -3*—-2 is 
posttive fer values of « which lie outside —} and 2, negative for those 
which lie between— 4 and 2, and zevo when a= — 3, and a=2, 

207. To find algebraically the limits between which x must lie 
in order that the function 6-7x-5x’ may be (1) positive, (2) 
negative. 

Writing the expression as one containing a perfect square and 
an independent term as shown at fe and factorising further we have 


6- iw — bat = —6 (a7 +2 ra x :). 


=3 {( *0) sone? 
< oa eta * 10 Bt ip vat *ti5 To to) 3 
= 8 (+2) ( 73) 


=-65 (x-—2) ( n=): 


Evidently — 2 and 3 are the roois of the equation 
6- Tease 40; 

Following the same argument asin the case of the previous 
function we see that the factors will be ot like sign when # is>#2 and 
<-2. ” 

..The product of the two factors will be positive when «x is 
>? and< - 2, 

Since there is a negative sign before the product the function 
is negative when # is>* and  -2, 


Again, both factors will be of opposite sign and hence the pro- 
duct will be negative for values of # which lie between -2 and 8, 

As there is a negative sign before the product the function is 
therefore positive for these values of w. 
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It has already been observed that the function vanishes when 
z= -2 and «=§. 

Summing up therefore we have that the function is positive for 
values of * which lie between —2 and 3 (the roots of the equation 6-7» 
— 54° = 0) and negative for those So hiaih lie outside — 2 and 2. 


Generally, therefore, taking the function ax’ +bx+c which can 
be written as 


a («- =a =) ( po On BR mics 


Ya 2a 
we can see that the function vanishes when 
Pied Ake -—4ac and # = —-b- / b?—44¢ 4ac 
2a 2a 


which are the reots of the equation av*+ba+c=0, 

It is positive or negative according as a is positive or negative 
fer values ef x which lie outside the roots of the equation 
ax? +b2+c=0. 

And it is negative or positive according asa is positive or 
negative for values of # which lie between the roots of the equation 
ax? +bs+c=—0. 

208. Circle. It has been observed in Chap. IX, that the distance 
of any point P whose co-ordinates are x, y from O, the origin, is given 
by OP? =#?+y? i, ¢., OP=V a? +y?. 

If this distance is constant, the point moves on a circle whose 
centre is O, (the origin,) and radius is Vw? +4y?, therefore if a?+y?= 
a*, the graph represents a circle whose centre is the origin and 
radias is 4, 

To draw the graph of the equation #? + y? =25. 

Describe a circle with the origin as centre and radius equal to 
5 units, 

Take any point P on the circumference. Its co-ordinates are 3 4 

2O P?=9+416=25. 

+ The equation ts satisfied by the co-ordinates of any point 


The graph of the equation +? + 1?=25. 
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The equation of a circle whose radius is¢ and the centre the 
Origin is a? +y?=c*, 


Solve graphically the equation, 


wy 8 100.008 Oa ‘t) 


The graph of equation (i) is a circle whose centre is the origin 
and radius “100 or 10 units; and the graph of equation (ii) is a 


straight line. The values of a, y are the values of the co-ordinates of 
the points of intersection of the two graphs. 


The graph of *+y=14 may be obtained by finding the in- 
tercepts on the # axis and y axis by putting «=0 and y=0 respectively 
in the equation; the intercepts are 14 and 14. Mark these points and 
join them by means of a straight line. 


It can also be drawn by making a table of corresponding values 
of x and y and plotting the points thus obtained, 
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an 
ah. 188 


sri 


Che points of intersection are P and Q, P is found to be (6, 8) and 
QO (8, 9) 
. #£=6 or 8. 
y=8 or 6. 
ZERO AND INFINITE VALUES. 


209. Twointerpretations of zero. (1) It has been seen already 
that zero or 0 ts such that+a-w.=0. That is, if from a bag containing 
Rs. 15. all the Rs. 15 are removed, nothing will be left in the bag; we 
say that the bag contains zero rupees or absolutely nothing. 


(2) Again if isa variable quantity and takes the values 1, 10, 
100, 1000, 10,000,...........- ...thens —1, +1, 001, “0001, "00001 , ++ seee+- reece 
That is as « increases, l decreases and when x becomes very 

x 


large without limit or infinitely large, 7.¢., a quantity larger than any 


430 ALGEBRA. | [CHAP. 


that we can name, | becomes very small or infinitely small, It 
a 
becomes so small that its value becomesa negligible quantity ; and this 


value of t is also treated as zero, it is not actually zero as im the pre- 
x 


vious case but is so mall that it can be altogether neglected, 
The symbol to denote an infinitely large quantity or infinity is «. 


Therefore Tee =e when w# is infinitely large and is equal to zero 
x 


as seen above, Conversely 1 when wis infinitely small can be re- 
# 


presented as ; and is equal tox. 


Hitherto we have regarded+0 and-0Oas one and the same, but 
according to the same interpretation 


a 


a a 
—_ = «x and “—=- and convyersel 
rt + n wo “x Vv y 


+ «x 


= +0 and 


_% =-0,+4+aand - a denoting infinitely large positive and 


-«x 
negative quantities. 
210. To draw the graph of ay=1, 


Put the equation in the form y=l 
EY 


Make a table of corresponding values ef w and yas shown 
below :— 
(i) Positive values of #. 


| 


When «= : 0 1 


) 


s bong 1 


(ii) Negative values of x. 


a 


When a= 
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Plotting the points given by tables (i) and (ii) and joining them, 
we notice that we get two distinct branches of the graph, the first 
lying in the first quadrant and the second in the third quadrant, the 
two branches constituting the entire graph representing ay=1. They 
are not two separate graphs but only two branches of one and the 
same graph, Such a graph is called hyperbola. It can also be noticed 
from the figure shown below that neither of the branches cuts the x 
axis or y axis and as we go on they approach them nearer and nearer. 


These axes are known as the asymftotes of the curve hyperbola. Unit 
0:5’’ in beth axes. 
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The graph of xy=—-1 also consists of two branches one lying in 
the second quadrant and the other in the fourth. 
To solve graphically the equations 
Shyss 6 «ww fi) 
PSR ap. «0, Gl} 
The graph of equation (1) isa straight line and that of equation 
(ii) is a curve similar to the one treated above. 
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EXERCISE 105. 
1. Draw the graphs of the following functions and in each case 
state the turning point :— 
(Unit for *=0°6" and y=0°1".) 


(i) 2e* + 3x. (iv) #®+24+1. (vii) 3-24-<2°, 
(ii) w? +4. (v) 2a*-3a+1. (vili) # (444-3). 
(iii) #? — 2x. (vi) 2-—w -—8x?. (ix) # (1 — 3a). 


2. Draw the graphs of the following functions and find graphi- 
cally the minimum value in each case:— 
(i) w? -—4149. (ii) w®=4a- 1. (iii) 44° = 20449. 
(iv) 4a?-—124-17. (v) 24? —8w-3. (vi) 2a? —4a-3. 
(vil) #? —6a+9. 
3. Draw the graphs of the followingjfunctions and find therefrom 
the maximum value in each case :— 


(i) 14+2a-4?. (ii) —(#*+44+48). 
(iii) 1-— 10% -—5a?. (iv) # (2-4). 
4. Draw the graphs of:— 

(i) w? —4a+4. (ii) —(#? +2441). 


Show that (i) is always positive and (ii) is always negative. 
5. Draw the graph of 3a-2-.4? and determine the value of # 
when the function is maximum. 
6. Solve graphically the equations : 


(i) #7 -a#-2=0. (ii) a? -#-6=0, 
(iii) 2a? -5a—3=0, (iv) a (7-—2a)=0. 
(v) 3—2a—a47=0. (vi) 2—54-34?=0. 


7, Find the graph of y=(*#+1) (w+3) and find the minimum value 
of (v+1) (*+3); also find the values of x for which y=0. 

8. Show graphically that the function #?-44#+46 is positive for 
all values of #. 


9. Draw the graphs offy=#? and y=#+2;fhence find the roots of 
the equation #? =#+ 2. 


10. Draw the graphs of y=4* and y=4a—3; hence find the roots 
of the equation #? —-4%43=0, 


11. Draw the graph of y=”* and use it; to solve; the following 
equations, 
(i) #? ~344+2=0, (ii) w? +4-2=0. 
(iii) - 24° - 5442=0. (iv) 27? +-a.1=0, 
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12. Draw the graph of 224+ and use it te find the resis ef the 
equation 247+*#-6=0 

13. Draw the graph of 2x? —» and use it to selve the equation 
2v?+4-6=0, 

14. Draw the graph of w?+27-3 and use it te selve the 
equation a? +2¥4+1=0. 

16, Draw the graph of 3+5~%- 2? and find for what value of « 
the function is (1) maximum, (2) zero. Use the graph fer finding the 
roots of the equation 2¥*-5a~3=0. Shew graphically for what 
values of w the function 34+5x— 2x? is, (1) positive and (2) negative. 

Find algebraically the maximum value of 345«£—-2¢?. 

16. Draw the graph of 2#?+*#-1 and use this te selve the 
equation 2a? -3a-2=0. 

17. Draw on the same diagram and to the same scale the graphs 
of y=«* and 2y~3x%—2=0 and hence read off the roets ef the equation 
2a? —- 3x -—2=0. 

18. Draw the graph of y=(2-—%) (3+) and find the maximum 
value of (2-4) (3+); and hence use this te solve the equation 
6—-a4-v?=4. 

19. Show graphically that the function 2x? — 3”~—9 is positive for 
all real values of a which lie outside «=>~§j and x=3. Find the 
minimum value of the functiun. Establish this algebraically. 

20. Find graphically between what limits # sheuld lie in order 
that 2—+—a? may be positive. Find alse the maximum yalue. Verify 
algebraically. 

21. Draw the graph of 2n?-~4#+41 and deduce from it the nature 
of the roots of the equation 2474+1=a4 Verify algebraically. 

22. Trace the graph of 4%?-124+9 and deduce from it the 
nature of the reots of the equation 4%?-12449=9 Verify algebrai- 
cally. 

23. Show graphically that the equation +?4+24+3=0 cannot have 
real roots, 

24. Show graphieally that the function «* -2%43 is positive for 
all real values of # and find its minimum value, Verify algebraically 


25. Trace the graph of — 1:25+*#-.4* and shew by the aid ef this 
graph that the function is negative for all real values of x. Find its 
maximum value. Verify algebraically. 
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Solve the following pairs of equations graphically and|verify in 
each case by substitution :— 


26. 


28, 


30, 


32. 


33. 


men can doin 10 days; from it read off the 


Y=RP- 4 27, 


y=2a+1. 


we? +y8=25 29. 


v-val. 


a+y=4 Si, 


ay =3, 
w?+ 9? =121 
avi4. 


you? ev 2, 
9+3e=1., 

x? +9*=100 
wtyoli. 
a-y=38 
ay=— 2. 


Construct a graph from which we can read off the time re- 
quired by any given number of men to do a piece of work which 10 


5 men can do it. 


number of days in which 
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ELIMINATION. 
“11. Take the two equations ax +b=0; and a,4+b,=0. 


lf these two equations are satished by the same value 
then=2=— "1:56. a,b=b,a: 
a a, 
This relation is called the Eliminant of the two equations. 
Similarly, if we have three equations involving two unknown 
quantities and if they are satisfied by the same values of the unknown 
quantities, we can find a relation between the other symbols involved, 
and the process of finding this relation is called the Elimination ef the 
unknown quantities from the given equations. 
Ex 1. Eliminate x from the equations 
av? +ba+c=0, a,x? +b, e+0¢,=0. 
{tf a be the value of w which satisfies both the equations, 
must have— 
aa*+ba+c=0 ) 
4,4*+b,a+¢,=0 5 
Hence, by the method of cross-multiplication, 
a e l 
be,—b,¢ a,c —ac, 4b, a,b. 
06, — bye _ faye ac, \? 
ew al Bs eer ; : 
* (@,€—ac,)*=(ab, —a,b)(be, — b,c), 
which is the required Eliminant. 
Ex.. 2. Eliminate x and y from 
ax +by+c=0, 4,«+b,"+¢,=0 and w24y? =], 
From the first two, by cross-multiplication, 
v y 1 


be,— b,c ca,—Cc,a ab, -a,6b 


of x, 


then we 


ea Pi Pe. » cata 
ab,—a,b’ ab, -a,b 


Substituting these values in the third, we have — 
( eas) + (5 —C1a Mack 
ab,-a,b ab,-a,b 
or (be, = b,¢)® +(ca, +¢,a)? =(ab1—a,b)*, 
which is the required Eliminant, 
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Ex. 3. Eliminate «, 9, 2 from the equations 
a? +y? scary, y? +2% =ayz, 27+" =bsx. 


We have* +2 =<, Vy % aa 21 Fp 
y @ a 4.2 
By aie eyes together heen Been ats we get— 
2 2? 
y dts +5 +2. 


2 y? xe 


satin (: 2 +(e ‘y+(: a ote 
~abc=c? +a* +b? —4, which is the required Eliminant 
Ex. 4. Eliminate wand y from 
a? — 9? =ax—by, 4ay=ba+ay and a?+4+y?=1. 
From (1), «9 -—+y? =ax? — bay (- 
From (2),44y? =bay+ay® 5° 
a2 43ay?=a(a?+y?2)=a, v a? pye= 
Similarly b=9% +347. 
satb=(v+y)® and a-b=(a-y)’. 
» (a+b) +(a- b)g=(e +9)? +(x — 9)* =2(a? +y*). 
. (a+b)? +(a- b)? =2, which is the required Elimimant. 
vz _ Z+nu 


Ex 5. Eliminate a, y, 2 from—““=a, -——=b, ajar’ en 
y= % Z—H v= 


abc=*. +2 
= 


ITEP 2 ats 


From (1), 
yte2-—y+z aoL 


. ee 

“2 u= 1 

Similarly from (2), 5 : wet? 
at+1 > 


and f 3) = aes 
rom (3) = 
i2yty% —t+1, b+) ctl 
‘# ey y aw-l O-1 Cel 
2 (a#1) (b4+1) (C+1)=(a—1) (6-1) (c-1), which is the required 
Eliminant. 
Ex. 6. Eliminate a, y, z, from 
x2(y+2)=a*, y*(z+a)=b", 2? (w+ 9) Sc", ayz=abe. 
Multiplying the first three equations, we have— 
a?y?2z? (w+y) (vy +2) (2+a)=a*b?c?; but a®y22? =a*h*c?, 
& (@+y) Ky+2) (e+a)=1.. 


Cee eet eeeeee eee eeeeeeeteree sree ccccccvec(A) 
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Again, adding the first three equations, we have— 
v(Y+2)+y?(2+4)+22(v+y) =a? +b? +4c* and 2xyz=2abc. 
2¥*(Yb2)+y"(Z+0) +27(v+y)+2ayz=a? +b? +0? + 2ab-, 
(BAY) (YAS) (2) BF 4+D2 4.62 +2adC....rcrecccercecceccesce cocese (B). 
«from (A) and (B), a2+b?+c?+2abc= hi 
Ex. 7. Eliminate x, y, z from the equations 
ag a CF. 
2 y9 w 2 » 
Adding, a+b+c ~*~ }-+ ya? ~ #) +a(e8 = y#) 
wy2 
_ (*¥~9) (¥=2) (2-4) 
ay ; 
Similarly a-b-c= 79°? —2°)— (2? — 4”) — 2(4? - y?) 
avyZ 
_(#+y) (2+) (y —2) 
uy2 ; 
b-aaca *ty) (y+2)(e- x) 
uye 
can bath ta) ley) 
wyz 
» (a+b+c) (b+c- a) (c+a—b)(a+b—-c) 
mie (v? — 27)8(2? — v7 )8 (42 —y*)? 
* AP ae 
“ty Iz x\2 z_ i (<-2 2 
remit =) - 2 y # 
= -—athtc?, 


» (@+6+¢)(b4+c-a) (cta=—b) (a+b—c) + a?b2¢?=0 which is 
the required Eliminant. 


EXERCISE 106. 
Eliminate * from the equations :— 
l. ax? —be+c oa 


2. px? —-g=0} 
bu+a=0 ree a s=0)° 
343 473 498 
3 op ged birh r ra +9") 
“pw? +qu+r=0 )° j 


| 
38+, =4(69 +4") ‘ 


— 


b=0) 6 Tes tans 
pa? —g=0 5° xta=0$° 
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$8. 
r a+ is ] pvt laa | 
_— 1_ g pati =b 
ane ve) eae hae 
‘. axe+butc=OX 9 Pe®t qar+rsOt 
* a,a3+b6,84+0¢,=0) ' Jat tment? +n=0} 
4 a 2b de 
1), av+Aabe+B=cx4+C. 12. ——— — = 


xa? w? +b? aw? +cé 
Eliminate « and y from the equations :— E 
13. X+y=a, #°+y929=b8, a5 4+ y5=¢°, 
Pape ae ppt Pe (a= Ot ys c*, 
15, ax+by=0, #+y+xy=0, x? 4+y92=1. 
16. 4(v? +9?) =an+ by, 2(u? — y?)=av— by, ay=C°- 
17. ax? +b?ysay?+b?x=c*, w+y=c, 
18, #-yv=a, KP —y? =h?, wPe yP aC. 
19, a+y=a, v?+y? =b*, at+yt=c!. 
20. platy)=q, ¥- y=k (1+ ay). avp=r. 
Eliminate «, y, 2 from the equations :— 


14. 


haat =a, 7 =b, ae see 
yt2 2+4 v+y 
98,8 a LI 


by+cz cz+ax awty 
230 w+y+z=p, Wayty2ter)—q*?, a2 py%4+22=r*, BxyzHs°*. 
24. x? (y—z)=a, y*(z— a) =b, 22(4+ y)=C, ayz=d. 
25. ay+be=2, az+cu=y, bz+cy=x. 
26. (x+y)? =4ayc?, (y +2)? =—492a", (z+4)? =42xd*. 
27. (x— gz? =c3, (v—z)x2 =a, (z—a)y?2? =b8. (x= 4) (v¥—2) 
(e— a4) = Babe. 


99, OF? EEA) TY i us) 
a* O° c abe 

Med Bn a ye ay2= abc, 
vse, o Fre 


and #? +9? +2°4+2(ab+ac+bce)=0. 
30. (w+y—2)\(w+2—49)SayzZ, (V4+2—y) V+Z— *) Cay, (V+2— 24) 
(a+av— 2)=bxre. 
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Miscell aneous Examples Worked Out, 


Ex.1 If v(b-c)+y(c - a)+2(a-b) 0, 
then wi!02~ 6" _¢v— az Ain be 
b-¢ C-a a-b 
We have u(b=c)+y(c-a)+z2 hal say 
identically, a(b~c)+b(c—a)+c(a—b)=0 


wa b—c C-a A= 
by cross-multiplication?~° — ¢7 = b 
¢ 


.b2-Cy _cx-az _ay= ba 
Yisgaedo a anb 


Ex. 2. If N==C +62, y=az+cw and 2sbatay ; 
f ay? _ aya zg? 
shew that cat io er ? 

From the given equations, we have B= ty ~ Bs 0.6. kof BI 
CH YP +AZ=0..00c0ce0(2 
bX + OY —250...004..4(3) 

-. by cross-multiplication from (1) and (2), 

x y E z v y id \ 

me ot a OE _ = = 2 A 

-ac—-b =—-be-a -1+¢C? ac+b be+a 1c? ta) 


x v 2 
<_ 8 hence cccccvvccssevere * B 
meee (5) sn l-a’® ab+c ac+b at 
- - al = y i wii a eeeneceresccccssccteevee( Gr 
From (1) and (3), abac i ~ be) een ) 
2 2 
B bi Mae ae pA ty 
x? - 
“Trae Ws" 
> a i. ' gtr 
From (B) and hit anabaa (l—b*) abo) 
ye? y? 
l-a? “3-6? 
2 2 
Hence — y : ° 


# an 4 Sg baer y=: 
I-a* Yup! lc? 
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Ex. 3. If s+ 9+2=0, ax+by+cez=0, 
and (b-¢)a+(c -a)y +(a —b)z=0 
then shew that a? +b? +c? —ab-bc-—ca=0, 
We have #+9+2=0) 
ax+by+ez=0 
. by croseanultip! ication, —* = 7 = 5 —= (suppose). 
Substituting the values of «,y,z in the third equation, 
— kib- 0)? +(c—a)* +(a- b*)(=0. 
2 (b-—9?+(c- a)? +(a-b)?=0, 
2s a*+b*% +c? -ab-ac—bc=0. 
Br. 8 42-9) B-m, b-n 


yew we. A 
shew that” 2” 4.7" =”. 
° Cc + da ab 


Subtracting the second from the first relation, 
-b a-b_1 1 _a-b 


ee have" — "+ af Eng — pare | 


a0 *a-" abv 


i ab 
Adding the given relations, 
a4b-2m .at+b+2m_1 ,.1 _a+b 
es, SP ee, ES ; 3 
c d boa a 
but from (1), sth yor 2 oe 


d ab. 


S er. 
d ab 
Adding (2) and (3), ~~" 4*7"=* . 

ng (2) and (3), : os d ab 

Ex, 5. M2z4+v=1, ax+by=c,a°’atb*y=c'*, 


Again from (1), —+ 


[CHAP, 


then ar a+bry=cr, 


We have #4+-y-1=0) 


ax+-by-c=0. § 
= by crose-muitiptication, -*— =" = — ‘ied ssalnlaaie 
- -- -a 
Again 47-1 at 
a?*2x+b*y —c?=0 


- 
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fi Bea oes Ode aeceeecnssnccse ces cesccccce (2) 
c —¢? - a 2_@? 
From (1) and (2), Foe ea eiand A =a 
- b+a=b+cand b+a=c+a. 
» @=b=e¢. 
» anx+bay=cox+eny= ca (v+y)=en, 
(+ #+y=1) 
Ex. 6. If #=a(y+2), y=b (z+x), z=c(x+y), 
wu? NES 2g? 
ae be) bil—ca ~ el ab)’ 
X~- ay —az=0........ Stak <Resrpanman drenne ne dle dbs ase pens (1) 
Bat Pe Ga Dance cccce Pineda cnmnacuakedde ee | a ee -(2) 
CWO BIE iriece ccadcneccecesnnvien Setainnaweddane:<¢c4eses (3) 
~ : x fe y z 
From (1) and Lair 7 wey a Sry | Saghwag grees © 
x v Z 
ones “Rar agp eters veo(Al) 


- ax = ine Gee 
From (2) and (3). inte rae c(l+b) 


trom (1) end On ie a te 


Shas “alee ial cis cree 
' A d wu? 2% 22 
From (A) an (B a+b = be) el +b)(1 =ab) 
“7 2? 
“ a(l = be) qk b)’ 
tr m (3) and (C) a ar y? 
4 ; ’a(l+c)(l—be) (1 +c)(1 —ac) 
r} Fant B 


1° “a(l=bc)  b(L—ac) * 


* 


wv? = y? is 2? 
gamer era PT =e) ei—aby’ 


ExT. If (w° +? +2?)(a? +622) =(ax+by+cz)?, 


then® = y= f 


theists (w? + y? +27)(a? +b? +c?) 


= ax +by+cz)? +(ay— bx)? +(az~cx)* +(bz—cy)?, 
but (#7? + y?422)(a2 +568 +¢?)=(ax +by+cz)?. 
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2 (ay — bx)* + (az — cx)? +(bz—cy)* =0. 
Here the sum of three positive quantities is zero, 
Therefore each of them must=0, 


Hence (ay-by)?=0. « ay-bx=0. » ay =bs, 
(ag—cx)®=0; 2 a8-cea0. 2 atace, 


(bzecy)?=0. +« bzacy=0, « bz-cy, i <=% 


If the sum of the squares of two,or more real quantities be zero 
then each of the quantities must —0. 


Ex.8 Ifavl—-y? +yV1l—x*? =a(w? — 3); 


and ay—V (l= #?)(L—y?) =b(w? +9? — 1); shew that x ths =. 
a 
We have aV l=y? 49/1 -w? =a(w? = y*)....(1) 
Identically, #°(1—y?)—y2(L—a*)= 48 —y2 cc ceeceeee (2) 
Dividing (2) by (hav Tay? —yv inant =) ovenabbWb in sae sp baw (3) 


Again, ay—V (l—-a? \(1L—y*)=b(x? 4y2—1)....(A) 
Identically, HP ye a (1 or v*\)(L—¥4?) =" +9* =] L.bsapposes(3) 


Dividing (B) by (4). xy + (1 a8) — 92) = sss vesitbesbon fC) 


Squaring (3) and (C) and adding them, we have— 
w?(1— y8) + 9%(1 — 2?) — Quy (1 8*)(1 — 9?) +0? 


(L-w?)(L— y2 ac AOati obi Scale 
+ wv? )( Y?)+QayV/ (1 w?)(1— y?) sates 
Reducing, we get R + A ok, 
a> 6® 


Ex, 9. If a+b+4+c=0) 
a® +684 ¢5 _a*+b%4¢? at +b? +c? 
& Togs nl Ce Tae - x ~ ——-—— 


{hen 


Since a+b4c=, 
= -(b+¢). 
2 a5= ~(b+c)® 
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» @ +b5+c8 = — 5b4¢ -10b%2 — 102 9¢3 — Bbc. 
= — 5bc\b* +2620 + 2bc? +¢3) 
= — 5bc}(b*+c*) + 2bc(b+<)} 
= — 5bc(b+6)(b? +c? +b) 
s a 5 
=5abc ee +n) (v b4+¢e=- a). 
ge +6 Pn ta all 
5 2 ) 
a*+b%+c* at+b? +c? 
p= Spb Be  gecsellal E AR_S 
3 2 
[+ a%?+b*+4+c% = sien ae a}, 
Ex. 10 If v+y+z=1, ee ut + 
& ¢ aab 
and ax+by Ma are 
find the value of a*%+b*y+c#z. 


From the first two, M4 47% a(x +y+2)( wh i+) 
abe a xb ¢ 


‘1 | B.S) 
af -+- _+.- = —— p= O. 
(;+:)+ o(-+:)+ (° +7) : 
 A(D+C)a + (C+ a)y +6(A +D)Z = Orecercereree (A) 
From the third, (a+b+4c)(ax+by+cz)=ca+b+c)’. 
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a*x+b?y+c?z+a(by+cz)+b(cz+ax)+c(an+by)=(at+b +c)”. 


. a?u+b y+c2z+a(b+c)a+ b(c+a)y+c(a+b)z=(a+b+4+c)? ; 


but from (A), a(b+c)a+b(c+a)y+c(a+b)z=0. 
. a?at+b?y+c?z=(a+b+40)?. 


Ex, 11. hes = J ee 
mb+nc—la) m(nc+la—mb) n(la+mb— nc)’ 
slew that insane = ee as ‘iat 63 : 
a(by+cz—ax) yleztax—by) 2(aN+by— C2) 
re y Ban 
Ve have L m " 
mb+nce-la ~ pe+la— -mb— la+mb— ne 
pu OE zy 
“each equals | m _ m n as moi 
276C 2la 2ntb 


,matly _ nytme _ lz+nx 
ee a a 
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_ maztlyz_nxy + mv _ley+ney 


ce an by 
seach <= MettWetnsytmae-laytnaye, s Smee 
ce+an— by ax +c2z— by 
Similarly each 1. da and = Bae san Le 
ax+by-cz by+cz-an 
: igs «2 ae 4 yey 


“by +cz—ax axtce—by ax+by—cz 
Divide each by ayz 
4 l § m os n 
“a(by +cz—ax) ylaxtez—by) 2(an+by—cz ) 
Ex. 12. Solve 414+744!-4+%=10. 
We have 4.4%4+4.4-*=10, 


2 
2 2.4%4.-=>6 
ti 


1 2°4%a — 5 4a+? =0. 
4% =1(5+3)=2 or 3. 
“ 22#=2) or 2-1, 
. 2e=1 or=1, 
. xw=tor —4$. 


Ex. 13. Solve aaty=yiaand y*+y=24, 


aty a 
4a x+y 
From the first, + =¥y and from the 2nd, « =y 
v+y a 
4a w+ 
1k =X 
3 Oo eB 
“4a ey 


a (vty)? =4a?, 


(CHAP. 


. +9=2a Substituting this value in the first, v*a=y‘a. 


. x=y?, 
“. a+y=y*?+y=2e 
 y?+y-2a=0. 
. y=h(- 1+ 8a+1). 


| » ite Se 
a= 2a —}(-14+¥ 8a+1)=4 (4a4+ 14 8441). 
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Ex. 14. If «bea proper fraction, shew that— 


ar =a5G = wera +?) +43) .....- 
Let (1—)(1 —#9)(l—#5).....=@ ; 
(1+ )(1 +4%)(1+4°).....- b: 
(1+%?)(1+4)(L+4°)....;- e: 
and (1 —#?)(L—.24)(1—4#§)...... ad; 
Then (l—*«?)(l-—2 eMac ft «2 ab 
and (1 — w4)(L— ¥§)(L— #*°)...00 saéd. 


s (l= w?)(L — v4)(1 = #9)(L = #8) (1 - $*) eee abe" ; 
but(1 — w?)(1 — #4) (1=w8)(L=95)(l- 42°)... = 
s abcd=d, 
ote 
a 
: 1 
* (1= a) - #9)(1— #9)... 
Ex. 15. (a) The product of the mth and nth terms in the 


=(L+a)(1+0?)(1+%) aankedensees 


quotient of 1 divided by 1-* is! , shew that m* +23 =0. 
i wv 


We have by division 4 =l+0+ 4? +v%+04+&c, 


It is plain that. the mth term = am-) and wth term =«n-1 
- the product of the mth and nth terms=am-? x ya-1 
= am n-2, 


mtn Ty ee 
2 


By the question, + - 
- m4+n—-2> —2. 
. m+n= i 
~ (m+n)(m? = mnt +n?)=0. 
2 me +n3=0, 
(b) The quotient obtained ne dividing the r t# term by the (27) th 


. 1 
term in the quotient of er is si ; find r 


i a tad + (47)? + (47)? + &c. 

The r th aeunl (vr)r —+ and (2r)th term= (sr)*r =, 
Ther thterm _a7{7—*) _ y #2, 
The (2r)th term ~ar(er) 
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zie 


SOF se 
Ex. 16. If the H.C. F. of -— 
ax*+bx*?+(a+b)x+1 and an®+(b+1)a*+(a+b-l1)a4+2 be a 
binomtal, shew that (b+1)(a+b-— 1)=(a+2b)?, 
av ax® +bv? +(a+b)e+1 jv? + (b+ I)av? +(a4+b— Vx +2] 


axns+  —_ bxw*§ + (a +b)x 41) 
; 5 a —- + x 
p O¥" Ge" as a 
sn x?(a+b)+bx+1 | a+2b 
v?(a+b)—a(atbit-a+b 
“(a+2b)-(a+b—-1) y2 -at+b—1) | 
. ry aed | 
Fok shetty te er. 
a+2b 5 
ae eT 
a+2b)? 
| (MU | (a+b~1(1 45)' 
1 $20, i (a+2b)2 
elorhe IB) Oem aia 
(a+2b)2 * 
If x(a +2b)-(a+b-1) be the H.C. F., the remainder must 


vanish. Therefore G+b- Wilt, 
(a +2b)2 ; 
Hence (a+b- 1)(b +1) >(a + 2b), 
Ex. 17. Shew that 4°—2y44.42 j¢ divisible by 36. 
We have a — Qat 442 = (ya_ w)? Saye a 1) 
; ; 
= (4 = 1)a(a+1)ie. 
The product of any three consecutj i 
ye nu isi 
Pa mbers is divisible 
“ ("= 1)x(74+1) is divisible by (1x23) or 6 
o S(a@— 1)a(~v+1{? is divisible by 6? or 36. 
Ex. 18. Shew that ar=nan—le+(4—l\an is divisible by 
{a= a)?, ; 
We bave the given expression . 
= 07 = Qn = nan—1(% — qa) 
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=(e = a) [wal $ x— 26 + 4-7 A? + ore eee +aan—2 +qn—1—nar—/\. 
(a — a) | u—1 + wa—2a +wi—3a? +... +-xa0—2 —-(n —1)an—!), 
We have here #— 1 terns and (n+1) times qn-—!, 
Take an—/ along with each term containing 4. 
=(# - a) jan—l— an—1+4a(an—2 — an—2)+ a*(an—3 — au—3)+ 
Sess .+an—2(%— a)‘. 

= (1 — a)(x— a))(at—2 +4 —3a + eee an—2 

+a(an—3 +4 40-4a + 2.00. $ AN--3) +e ecceeee +an--2}, 
Hence the given expression is divisible by (¥- a)’. 


Revision Papers. 
I 


(1) It is known that oe" ts greater than = lf # is an in- 


teger, find the smallest possible value of 4. 


(2) Determine the values of a, b, c and dso that at+bd(w= 1) 
+¢(u — 1)(x — 2)+d(x —1)(¥- 2))v-3) may be identically equal to 
443 — Ou? +a+5, 


(3) Eliminate a,’ given a=a + »: y? =a? + Ha 
a a 
(4) Show that the roots of (1+h*)a? - 2(1 +hkl)vn+1+l?—0 are 
imaginary 
(5) Resolve into facters :-- 
(b—c)(x? -ax+ a?) +(c—a)(v? + bx +b?)+(a—b)iv? +on +07) 


(7) ifxska=-b-c; y=kb-c-a,z =kc-a-b, prove that 
x24 y3 429 — Sayz=(k+41)?(k— 2a? +b° +0°— 3abc). 
(8) ABC Disa rectangle having AB =7" BC=3"; E, F are 
points on BC, CD, such that CE=} DF =x". 
Express the area of ABEF in terms of «. 
Draw a graph o{ this function, and find from the graph the 
ABEF is a minimum. 
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ll 
(1)If «: y=5 : 6 find the value of (a)"+3(p)* +9* 
ty nw? -%4* 


(2) Show that the expression 4#!+4x”°—-— 8? -6.-1 can be put in 
the form (av? —bx)* —(cw+d)* ; determine the values of a, b, c, d, and 


solve the equation 44'+44a% -81?-6"-1=0. 
(3, If a+y+z2=0 , show that «? -4yz is a perfect square. 
Hence show that (2c~a-—b)* ~4(2b—c—4(2a—b—c) is a perfect square, 


(4) Two variables v and y are connected by the equation y=px* 


+7 where # and qg are constants. When *=3, y=3} and when «=> 
x 


~3, y=4}. Find the values of pandg and also the value of y when 
p= — 2, 


Vv 1 l " 
(5) +21, Saba! *+y=m, find a relation connecting ], mm 


and #1. 
(6) Resolve into factors :— 
UPA ZAI (ZA) + ZA(W +9) +.2(x2 9? +922? 4220?) + 4 wys(n ty dz} 
(7) When a man is standing on a plank bridge, its tendency to 
break is measured by the quantity - (b-d)d where b feet is the length 


of the bridge, a lb. is the weight of the man and d feet is hig distance 
from one end. 

If a man weighing 135 Ib stands on a bridge 15 feet long, draw a 
graph of the function connecting the tendency of the bridge to break 
and his varying distances from one end and find from the graph where 
the man is when the bridge is most likely to break, 

(8) Two rectangles of equal area have their sides in the ratio of 
a:b and a® ; b® respectively and the perimeter of the latter exceeds 
that of the former by 2 (a+b), show that the area of either is 

aehs 
(a —b) ° 
Ill 
(1) If a=p*?-q? and b=(24+44Q) g,show that a? +ab+b? isa perfect 


square. 
(2) Express 5 («+ 2y)(3w— 4y) as the difference of two Squares, 


- 
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(3) Express (w— 3)(w-4) in the form (+ —- 2)? +q(w— 2)+r. 
(4) Resolve into factors :, 
wty?s? + ay? (x3 +y? +2? +1) +u7y? +72? +2747, 


(5) Solve :— 
*,. 9.8 g 2 iM w 2 
=. +— =12,- -  =8,—-+-=10, 
at3ts gts 6 213 


(6) Simplity : p*(p +5)? +pq(p? +q° - 6)+4°(7+5)?, where # and q 
' are the roots of the equation v7+5.-8=0, 

(7) The expression 9v4-12v%+aw? -12¥+9 is a perfect square; 
find a. 

(8) A boat which can row 6 miles per hour in still water, takes 3} 
hours to go toa place 10 miles down the river andcomeback, At what 
rate does the current flow ? 

lv 

(1) Lf »* —5axv—- 4b be divisible by (~-4)?, show that a5 =5+. 
fh, ; 1 1 1 
j (2) If the expression /w? +mv+n takes the values BBG “ke 
_ when » takes the values 0, 1, 2 find the values of J, m, n and prove that 

when #=k+2, the expression is equal to rt 
(3) ~Find the H. C, F. of w* - 4%? -4e-8 and «8-16 and resolve 
it into two quadratic factors. 
(4) Simplify :— 
pren - a e a ig 
(@—b)(a-c)\w-ay) (b-—c(b-a)(a—b) (c-ayc—b)(% -c) 
(5) Resolve into factors :— 
(1) 30? — Lday -— by? +54 +4+7y—2 
(2) 64? y? — 7xy? - 3y4 
(6) Eliminate x, y, 2 from v+y+z2=a; x? +y?+429-=b?; wF+y2 428 
— 3xyz=c* 
(7) Express 8° - 3~+2 as a function of 2¥+41. 
(8) Draw the graphs of y=? and y=3*+10in the same diagram; 
hence find ihe roots of the equation «2? =3¥+4+10, 
Y 
(1) A man receives ; of £1 and afterwards 3 of £1; hethen gives 


away £2. Show that he does not Jose by the transaction, 


29 
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(2) Im the expression 3a*-=*-2, put 9? -y for #; arrange your 
result in powers of y, and resolve it into its factors, 
13) Hes=u+ft and S=ut+}it.? show that v? =u? + 2/s. 
(4) Find the factors of :— 
(241)(7+3)(v+5)v+7) +16. 
(5) Find the equation to the straight line joining the poinis 
(-—3, 4) and (-4. 3) 
(6) Solve :— 
(1) WBxtatv 8x-5=9 
(2) sy=aty; az=2(x+2); y2=3(¥ +2). 
(7) Uf (a-b)w? +(c—a)w+b-—c be a complete square, show that 
2b=c+a., 
(8) A rides at the rate of 8 miles an hour; B walks at the rate of 34; 
B starts first, and after a certain interval A sets off to overtake him, 
When he had ridden 14 miles, his horse broke down, and he had to 
walk on, which he did at the rate of 4 miles an hour, overtaking B in 
14 miles more. What start had B ? 


VI 

(i) HM p=(b-c)\(a—- 4), g=(¢ —a)(b — x), =(a — b)(C— x) show that p*+ 
gq? +9r* =3p0r. 

(2) Find the co-efficients of «? and «inthe product (5#*+3*+45) 
(2e?4-3%44b). Find for what value of b the two co-cificients will be 
equal. 

(3) Factorise :— 

9x6 y? — 5769? — 4x9 + 25647. 
(4) Express 8v*-4.? —6”+465 as a function of 2~ -1. 
(5) Findthe H.C. F. of ;— 

2x5 — 8yt 4120? — By? +24 and 345 — 6054+ 3a, 


{6} solve :— 
d s—] 
(1) ote eho ae a--y>1 
ee J y 


(2) xry=w—y, H2=3(N+2); y2=2(y — zB). 
(7) Draw the graph of the function 2a?-3%4+5, and find frem it 
the minimum value of the function. 
(8) A cask which held 270 gallons was filled with a mixture of 
brandy, wine and water; there were 30 gallons of wine init more than 


er. 
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of brandy and 50 of water more than there were of wine and brandy 
together. How many were there of each ? 


vil 


(1) Pactorise: y*-60?-wxy+7w+y—=-2. If the expression=0, 
draw the graphs of the two straight lines and find their point of 
intersection, 


. =a -— 
(2) If—- ck. and a =o then a*—b*?_ ab 
a“-y a Yrz b g—_K c , 
(3) What must be added to \w— a)(4+4)(~ +3a)(~¥ +54) to make it a 
perfect square ? 


Oy if oe eet Show. that 
Za-b+2¢ 2b-c+2u %w-a+2b 
2e+2y—2_ 2y+22—% _ 2242-9 
ar b c 
(6) Selve :— 
2 2 
(1) wty+2> « a ay 
Pee, re 


(2) 8447 - 20455 

(6) Eliminate a,bc from (a+b)? —4ax’*; (b+ ¢)? =4bc2z? and (c+ a)? 
=>acy’. 

(7) Find the H. C, F. of v5 +60°+6 and 3w! +1207+117, 

(8) A sets off trom Madras to Bangalore and B at the same time 
from Bangalore to Madras and they travel uniformly. A reaches 
Bangalore 16 hours and B reaches Madras 36 hours after they have 
met on the road. Find in what time,each has performed the journey, 

Vill 

(1) Divide 1+2» by 1-34 to 5 termsin the quotient, 

(2) Express 3v?-5x¥+4+1 asa function of ++2., 

(3) If w>a(y+z2), y=b(2+2), 2=c (w+y), show that ab+ac+bc 
+2abe=>1. 

97 
6 


(4) Write down v!+—v? +1- te +1), as the product of four 


factors. 

(5) Pindtke L. C. M. of w'+4~? -6 and 249+? — 8x45. 

(6} Find the condition that x +ax? +bu?+¢2+41 may be a perfect 
square. 
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(7) Simplify :-— 
8 _2a+156_ 32 18(2a +15) 
Qa-3 4a°+9 2a+3 8i-J6a4 
(8) Draw the graph of 3%? — 2-1 andiuse it to find the roots of 
the equation 1+2a-3a?=0, 


ix 
_gttrt=p? -._ po -(qr)* aty 
Q)Ifw=7 Te PO tye PTW"! find the value of > ** 
rt: igeragt ee N be ag 


(2) Prove that 
(x+y +2)\x* +y2 +22 -(y—2)*—(2- 9)* = (v— 9) *| =Bayet 
(ype x)(w+e— y)(x Hy - 2p 
(8) Solve -— 
(1) c(lax+by)=bay 
c(ba - ay)=axy 
(2) a(x? +1)=a(a? +1) 
(4) Find the square root of ;— 
a?b? 3a’ 38ab, 9 
eR yey Se 
(6) Reduce to its simplest form 
(a? +b?)(c+ad)? + 2(ac — ba)(be — ad) 
(6) 1f axn+by+gerha+ by +fz=ga+fy +cz=0, show that 
abc-+2fgh— af? — by* =ch? =0, 
(7) Construct a homogencous and symmetric function of second 
degree in «, y which takes values 31, 208 for (1, — 2) and (+ 2,5) ofjafand 
y respectively. 
(8) Find algebraically the maximum value of v-#? and verify 
graphically. 


a*+a*b+ 


x 


(1) If e=ptgtE-2 and gat Ft 4 fF prove that (a - 9)? 


-(y = 9)’ =9° 
(2) Find k when #?- 9? 48942y+k is resolveable into two linear 
factors. 


(3) If (a? —y*)z=(y*-—2?)a, then ae 
- y 


e- 
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Eliminate «from «3+ tis (ero and «? ~.3 w-li, 
a x Pz) 


(4) 


(5) 
(6) 


(7) 


(8) 


x 
Solve :— 
(1) vw? +aysa? ; x? -wy=b? 
(2) L+a)\(1+y)=10; 2? y +4? 318, 
Find the L. C. M. of 644 ~7x?42 and 24% +642 —-x-3. 
Find the square root of 


ee a pig aie i 
v0 4-6 (» +) +16(# +2) -20. 


Find the values of p and q in order that the expression 


2a*—3a%+pa?+q may be divisible by a? -3a+2. 


[ bought a horse and carriage for Rs. 750 ; I sold the horse at 


@ gain of 5 pec cent. and the carriage at a gain of 20 per cect., making 
on the whole a gain of 16 per cent. Find the original cost of the 


horse, 
XI 
(1) If (w+y+z2)*=3(ey+az+yz), amd w, yand z are real, show 
that «= y=2. 
(2) Resolve tnto factors :— 
(1) 3(642 +5a)? — 10(6a? +5a) -—8 
(2) (a+h)?(a? — b?)4+(b +c)?(b? —c?)+(c+a)?(c?- a4) 
(3) Show that (x? + y*)(6? +97) =(%p+yq)? +(*q — yp)? 
Can the right-hand member beexpressed inany other form ? 
(4) Find the H. C. F. of at-5a?+44 and a® ~-1lla+410. 
(5) Selve the equations ;— 


(6) 
(7) 


(1) pau+qy=2pq, qv-py=q*? -f? 
3a-4 wl 


2 -_———— ™" fe 
( api Ba +4 3 
2 2 2 2 
feof. eth Ye pee = ——find/in terms of x. 
7 2-w x 2-2 sey’ y 2-x% 


The expression ax? +bw+c takes the values 1, 2,5 for 0,1, 2 


ef x» ; find a, b,c 


(8) Draw the graph of 3~?-2« and use this to find the roots of 
Bat -x-4=0. 
Xi 
(1) If f(y)=3e?-y+1 show that f(y 41) -2f(y) + f(y = 1) =6 
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(2) | Resolve into facters ;— 
(1) 2a2-2Qlay -—lly*—a+34y-3 
(2) 2(w® +498) — aga? +9? \(2ay - 38a? +3y*) 
(3) Express #§-6%+65 as a function of «—2 
(4) (a) Write down the most general form of a rational, integral, 
homogeneous, symmetrical function of the second degree in #, and 2. 
(6) Such an expretsion has the value 11 wren w=0 y=1, z=-—1 and 


‘ 


the value 28, when w= —-1, y=2,2=1, Determine the expression. 
(5) Simplify (a+b+0(*+y+2)+:\b+¢-a)ety—x)+(a+b—-C) 
(w+9—2)+(c+a—b)\z+%-y) 
(6) Selve :— 
-—2a,y-4b 
Pear eer: 3b 
v+2a_y+5b 
ata 490 
(7) Vind the square root of (w? 4+ y?)(p? +9°)+2(afp+ 9q)\ag — yp! 
(8) A man buys 570 oranges, some at 16 for a shilling and the 
rest at 18 fora shilling ; he sells them all at 15 for a shilling and 
gains 3S; how many of each sort does he buy ? 


XIll 


(1) If w*+aa?+ba+c be divisible by #°+*+4g, show that 


Pip-aj=q-b. 
(2) If a+b+4c=0, id hte oa had — by) =clax+by cz), 


— that a+yv+4+z=0, 
(8) If p and qg be the roots of the equation — ayo nd + Cia 
v= 


=2 


ited Bad a-t . 
nd the goth ol a)(q — a). 
ay Seive aie (p — a)(q - a) 


*+9+4+2=3, axn+by+cz=a+b+c and bex+acy+abze=ab+ac 


+ be 
(5) Simplify :— 


be(w— a)? acla — hb)? abix—c)? 
(a-bj(a-c) (b-ajb—c) (c—ajc—b) 

(6) Find algebraically the equation {o the straight line which 
joins the origin with the point of intersection of the straignt lines 
represented by 2%- y=1, and a+2y=8 

(7) Factorise :— 


tA od pot — (xt yt a2)(xt+y% 429) 4 (wy Hart yeliw? +p? 42°) 


er 
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(3) Draw the graphs of y=a?+4 and y=2a+1; hence find the 
roots of the equation #7 +4=247+ 1, 


XIV 

(1) From the one 
2 + 

j-3 Toa (em = 

(2) Eliminate « and y from the equations 


———(y —3)=0 find the value of 


o6. = byt i, q and w+— =F. 
a bs wy 


(3) ° Selve :-— 
3a—-2y=15 
z2-2v=1 
aty+2=5 


(4) Extract the square root of 
a*(a? +b? +c7)+2a(b+c)(be- a*)+b*c? 


(5) If tp teal, show that OF eg AE, 
ee +Y YH? La ara zw-1l y-l 


z-1 
(6) Assuming that (v+y+2)3-—w*— y? —22 =a(xe +y%+2%) 
+d(x2 yay? +y2z+yz? +22 +207) +cryz, where a, 6, ¢ are 
constants, determine the values ef a, b and c. 
(7) Find the H. C. F. of :— 
5x3 + 38x? — 1957-600 and 4° = low? — 384465 
(8) An officer can form his men into a hollow square 4 deep and 
also into another 3 deep. If the front in the latter formation contains 
16 men fewer than in the former formation, find the number of men. 


XV 


(1) A is 27 years old, B is 7 years old, What is the least number 
of years after which the ratio of their ages will be less than 3: 1.? 
(2) Resolve,into partial fractions :— : 
~ 18% +66 
Midge 
ay if (+2); (3+ a er z(=+2), show that each == 
¢ ee + id #yz 


+ 
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(4) Draw the graph of the function 24+3~-2w*; find from it the 
roots of the equation 2~?-3*-2=0, Find also the maximum value of 
2432-228, 

(5) In the function av? +2bay+cy*, put s=m+n and yom—wn and 
arrange the result in descending powers of m. If the function=pm* 
+2qmn+1n*, show that pr—q* =4(ac—b?). 

(6) Solve :— 

(1) (w —2a)8 +(# — 2b)* =2(%-—a—b)* 
(2) (w—9)(w— 7)(w~ —5)(# — 1) =(a — 2)(~ — 4)(~ — 6)(w — 10) 

(7) If 2s=a+b+c, and 2S* =a*+b* +c*, show that (S* — a*)(S* — b*) 
+(S? = b°)(S* = c*) + 6? = c#)(S*® — at) = 45(s— a)(s— b)\s—c). 

(8) A person leaves £12670 to be divided among his five 
children and three brothers, so that after the legacy duty has been paid, 
each Child’s share shall be twice as great as each brother's. The 
legacy duty on a child’s share being one per cent., and on a brother's 
share tl ree per cent.; find the amounts they respectively receive. 


CHAPTER XXXV. 
ARITHMETICAL PROBLEMS TREATED GRAPHICALLY. 


If the cost of 1 copy of a book is 5 annas, the cost of 2 copies is 10 
annas, of 4 copies, Re. 1-4 as. etc. The cost is directly proportional to 
the number of copies, that is, if the number of copies increases, the cost 
increases and vice versa, If the number of copies be #, the cost is 5x 
annas ; and if the cost is denoted by y we have then y= 5x. By drawing 
the graph of the equation y= 5, we shall be able to find the relation 
between the number of copies and the cost. Since x denotes the 
number of copies and y the cost, we can use the w axis to measure the 
number of copies and the y axis to measure the cost in annas. 


Since the equation does not involve an independent term, it passes 
through the origin (O, O.) This means that the cost of zero number of 
cepies is zero number of annas. We have to determine another point 
on the graph ; this can be got by giving the value of 1 tow; then y=5 
Plot the point |, 5. 


In pletting this point suitable units for the axes must be chosen 
and the graph must be made as large as possible. 


Since the negative side of the axes is not necessary, it need not be 
shown, the axes may be marked as shown in the figure below, 
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Here we notice that as « increases slowly ¥y increases more 
rapidly. wecan, therefore, use a larger unit for a than for 5. 

Let 4 inch denote 1 copy. 

ae rs 1 anna. 

The point (1, 5) is plotted and joined with the origin as itis also a 
peint in the g:aph:° 

Thus the required graph is obtained. This will be useful to find 
the cost of books up to the number that may be denoted on the axis, 
and also to find ihe number of copies that can be bought with a given 
number of annas. This may, therefore, be considered as a ready 
reckoner to find the cost of a given number of copies and vice versa. 

For example, suppose the cost of 4 copies is required. At the 
point P on the v axis which stands at the number 4 indicating the 
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number of copies, erect a prependicular P M to it to meet the graph at 
M, The length of the ordinate measured in the umit chesen represents 
the number of annas, # é., the cost. 


Conversely, if the cost is given to be 15 annas the number ol 
books can be read off by marking a point Q at 15 en the y axis and 
erecting a prependicular to it to meet the graph at N, Tne abscissa 
represents the number ol copies. 

Note.—The student should not forget to state the units chosen 
clearly and graduate the axes before the points are plotted. It may be 
once more urged that the units must be chosen with reference to the 


size of the paper used and the correspordiig value of the quantities 


involved. 


Conversion Graph 


ae Sr 


i++ +— a 
bis eRe EE 
it Saas Absa orocc eg eps 
fi. AGN LI] ae ian oats 


Ex. 1. Given that 10 litres =2.2 gallons; draw a graph to con 
vert gallons to litres or litres to gallons, 
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Express : (1) 14 gallons in litres. 
(2) 12 litres in gallons, 
Since 10 litres = 2:2 gallons. 
22 
Pak A age 


; 2.2 
If y denotes the number of gallons in # litres we have Jae 
The graph representing the equation passes through the origin 
and when w=10, y=2.2. Therefore the graph can be obtained by 
joining the point whose co-ordinates are 10, 2.2 with the origin, 


Let the w axis represent litres 
and the fy ¥ gallons 


Take 1” on the # axis to 10 litres 
As ” b 7) I gallon, 
14 gallons=7 litres approximately. 
12 litres +26 gallons a 
The graph should be made as large as possible, It may be noted 
that we have represented the two quaniities invelved in the question by 
the two axes and the relation between the quantities given in the 
question is denoted by plotting a point ; this is joined to the origin. 


As the graph is used to convert one quantity to another, it is called 
a Conversion graph, 


Ex. 2, A man walke at the rate of 6 miles an hour: drawa graph 
to show the relation between the time and disiance. Find from it (1) 


how far he will go in 2 hrs, 20 min. (2) when he will reach a place 
which is 22 miles from the starting point. 


Takes O x and C y two straight lines at right angles to each other, 
Measure time along Ox (1.2” for 1 hour) and distance in miles (1” for 
10 miles) along O y. Since the distance ig directly proportional to the 
time, we can get the graph by joining the point whose co-ordinates 
are 1, 6 with the origin (which will be a point on the graph as the 
equation is y=6x). In drawing the straight line care must be taken 
to see that it is accurate by plotting one or two more points, 
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It can be seen from the graph that the distance done in 2 hrs. 
20' = 14 miles. 

Time taken to walk 22 miles=3 hrs. 40 min. 

(The correctness of answers may be verified by arithmetical 
calculation). 

Ex. 3. In an examination marks are given to candidates witha 
maximum of 120; these will have to be raised so that the maximum 
may be 200. Show that this can be done by drawing a graph and 
read off from it the altered mark of a candidate whe scored 60 before 
alteration and also the mark before alteration if the altered mark is 
60. 

Take two straight lines O a, O y at right angles) to each other, 
Measure old marks on O « (40 marks=1”") and new marks on O y (40 
marks— 1") 100 marks before alteration correspond to 200 after it. 

So plot the point 120,200 ; join this with the origin as O, O is also 
a point onthe graph. The straight line thus obtained is the required 


graph. 
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and y, the 
5 


: 200. vie 
cerresponding mark in the scale, the equation 1s a) ned a doe 


If « denotes the number of marks in the old scale 


(This passes through the origin) 60 marks (eld scale) =100 (new 
scale) 
60 marks ‘new scale!=36 (old scale) 
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EXERCISES. 

1. If 10 articles cost Rs. 1-14 drawa graph to represent this, 
and find from it the cost ef 32 beoks and also the number of articles 
that can be brought for Rs 1-2, 

2. Draw a ready reckoner to show the price of sugar at Re. 1 per 
viss. Read off from it the price of 24 visses. 


3. The selling price of an article includes a gain of 20 per cent on 
the cost price. Daw a graph to represent the relation between the 
selling price and the cost price of anarticle. Also find from it the cost 
price of an article whose (1) C. P.=Rs. 1-8. (2)S.P. =Rs. 2-4, 


4. Given that £ lL=ks. 15, draw a graph to convert pounds to 
rupees and vice versa, Also find from it the English money equivalent 
to Rs. 24/- 

5. Given that,a Madras maund= 25 tbs, draw a graph to convert 
Madras maunds to tbs. a.d wice versa. Find from it the number of 
(a) ths. in 24 maunds, (b) maunds in 87} tbs. 

6. Given that 56 cem=221n (approximately', draw a graph to 
express any number of centimetres in inches or inches in centimetres. 

Express 2 in. in centime.res and 3 cms. in inches, 

(Take one inch as unit on each axis.) 

7. Being given | kilogramme =2°2 Ibs, roughly draw a conversion 
graph for expressing kiiogrammes in pounds and vice versa, Express 
10 kilograins in Ibs. 


8. Given that the wages for a day’s work for 8 hre is 6 annas, 
draw a graph to find the wages for any fraction of a day, Find ap- 
proximately (to the nearest pie) what should be paid to men who work 


2, 3%, 6 hrs. a day respectively. 


9. A man walks at the rate of 6 miles an hour. Represent the 
relation between the ime and distance by a graph and find from it the 
time taken to go 2 miles and the distance walked in 2 hrs. 22 min. 


10. A man starts {rom P to walk to Q at a distance of 36 miles 
from P and reaches Q in 44 hrs. Find by means of a graph, his rate 
of walking in miies per hour ; also find how far he will have gone 
from Pin Lhr. 20 min after starting. 
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11. In an examination the highest mark gained is 80 ; the marke 
gained by candidates will have to be raised so that the maximum may 
be 100. Draw a graph to show how this can be done and read off 
from it the altered marks equivalent to (1) 64, (2) 44. 


12. The papers are marked in an examination with a maximum 
of 210, the marks gained by candidates will have te be reduced so 
that the maximum may be 120. Draw a graph te represent how this 
can be done and find from it the reduced marks of a candidate who 
gains (1) 140, (2) 100, originally. 


Statistical Graphs. 


@x. 1. The daily sales of a merchant are given below : Exhibit 
them by means of a graph. 


Re. 
Monday soe bets Sie 42: 
Tuesday wos pve pol 50 
Wednesday ... ane iv 45, 
Thursday ooo coe sys 56 
Friday ose ves ove 56 
Saturday ave ons a 60 
Sunday wee wy" my 58 


Draw O « and O y two straight lines at right angles to each other. 
Represent days on the # axis and rupees on the y axis. Take 5 small 
divisions to represent each day on the # axis and one small division to 
represent one rupee on the y axis. Thus the sale on each day may be 
denoted by a point and from the given data all the seven points may 
be plotted as in the figure. Join the points thus plotted successively by 
means of straight lines, The broken line is the required graph, _ 
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this graph enables us to see more clearly at a glance the rise and 
fallin the sales and also the days on whic’ the merchant has the 
highest and lowest sales. We see that the level indicates that there is 
neither rise nor fall on Friday wit: reference to Thursday sales. 


[t is to be observed from the figure that no graph lies below the 
point 42 on the y axis an | all the space of the squared paper is wasted, 
This waste we can avoid by not s:owing the divisions below 42 and 
beginning with 42 at the origin itself as we do not require the portion 
below 42 which is the least number of rupees in the data given, 


We can also mark Monday at the origin so that the origin will be 
(Monday, 42) and 5 divisions after, Tuesday and so on. By this 


30 
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arrangement se much paper is savec andjthe graph is lowered as in 
the figure, 


In the previous chapters on the subject we were given the equa- 
tion of our graph or the relation with which the co-ordinates of the 
points on the graph ‘are connected. Sometimes though we were not 
given the equation, we were unable to determine the equation and 
thus to plot as mazly peints on our graph as we pleased by choosing 
values of # and y that satisfy the equation. 

- In gome cases we have to deal with only a limited number of corres- 
ponding values of the two variables that are obtained by Observation or 
experiment. We have in such cases to depend only on the data given 
for the correctness of our graph as there is no means of finding some 
more points onthe graph. The data will be plotted by points which 
will be joined in succession by means of straight lines. We will then 
have a breken line as our graph to represent the variation in the 
values of the variables. For example, the temperature ef a reem 
observed al intervats during a certain period of time may be represen- 
ted by a graph by plotting temperature against time. 

In experimental work also we obtain a series of corresponding 
values of two variables, such as the length of a simple pendulum and 
the time of oscillation, we can plot one variable against the other and 
obtain aS many points as are allowed by the data, These points are 
joined successively. 


In beth the above cases we cannot assume that the data given 
are absolutely free from error and irregularities as the dataare after 
all the results of experiment or obServatien, 
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Cheretore the position of a point cannot be supposed to be ex- 
actly determined. Generally, therefere, to exhibit the relation bet- 
ween such variables we draw a tree hand continuous curve lving as 
evenly as possible between these points The curve is said to be a 
smooth curve It will pass through some of the points. while s0me 
ef them lie outside it on one side and some on the other side. 

Ex 2 The temperature of a :oom taken at every hour from 
S$ A.M. to5 P. M is given in the fellowing table. Construct a graph 
to show y the variat ions of temperature 


| 
| 12 LE | | 
| hasan LPM 2 P.M 3PM/4PM 5PM, 


| } } i } 


brime. § 
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) : } | 


‘Temp,| 528 
| 


hoa tax 
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ee | 592 | 692] 658 


Take Ow and O y at : rignt angles to each otner to represent 
time and temp-rature revpectavely Take 3 small divisions to repre- 
sent | hour on O wand 2 .maly conan (o represent 1 degree. 

The origin is marked 8 4 M, 


548 | 53° 


642 | 62° | GOR 


a - Sct sae 


Piss 
aanma OA aa eet anece acne Aaa Ae L 


62h bbls | aaera G28 OSRN8 dae = 
‘ ele) de i P| INE Pe Be BS en 


Ge 
iat L and aa gay say OP) eae 
oan aa en of | BERG EO Je 


5 (al 
SES GMG © 40m SOMES ones aes eeeeeaeeee 
anes y 
gaia ¢iagag secna aaa i) FRY 0, Bt 
Pe Ce Cee LL ie Oe NL Bebe 
GCE RIE GO sa 26S SEGRE WLI OY NC 
Het an/iicase geaun to 283 7oaimceoa2 coe 
a 
EEEEY ie OSU Ae Bu aaava SE ck ert Baten 
die (gesitaiete Saag deal d suasa tees 
2s DRS See Ts wee a Cones 


S/igag a3 25a cazae Gaeea gnu sezyeuaaea 


aa 054 sues sats joeateiesicaga eet: 


Buea adesd sasee eeaa saueasegeaaeess 


OQ 
= 
> 
a) 


468 ALGEBRA, 


w 

a 
-aa8 Serpette 
Rae ew | aa be 
HHH aS [3] a 


“RG Rae 
BGG 27.68 BERS See 
SEE SAG SERES CoRR ae 
ROMS |. SERS Weeos SORA eRees ae 

She 46088 aX ia cosmn eaeEe ue 


AH 
Ate 


a seaerazfesestaats cass tatit 
OGG OG CORO SEEOw Ol aoe Oe 
SSG58 40080 CG0Se COGRS ut ROBBED 


Soe 


All the given data are marked by means of points which are join- 
ed by straight lines. We thus get a broken line for our graph as 
shown in figure (1) to represent the variations. 


Unlike in the previous example, we can infer naturally that the 
changes in the temperature cannot be abrupt but should be only gradu” 
al. If'for example the temperature at 12 noon is 65 and that at 2 P.M. 
is 64, we can na‘urally infer that the highest temperature will be some- 
where between these hours. Therefore the graph or the curve may be 
made to rise to the highest point between these hours as shown in 
the figure. 


We can use this graph to find the temperature at any intermediate 
“meas in the case of a straight line, The student should note that 
such an interpolation is simply absurd im the case of the ‘graph of 
Ex. 1’ (regarding the sales) which is only a matter ef accident. Boys 
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sheuld remember that they should label the graph. the axes should be 
graduated and the scale clearly stated. Without these the graph be- 
comes utterly useless It should he the aim of the studest te make the 
graph as large as possible by using suitable units without unnecessary 
waste of paper. In choosing the scale, the student should do it with 
reference to the data given and the [required thing in the given 
question. 


EXERCISE. 


1. In the successive months a boy secured the following marks 
in Elementary Mathematics out of a maximum of 25, 
8, 12, 13, 6, 15, 10. 4, 8, 12. 


Exhibit this by means of a graph. 
2. The following table gives the population of a country in milli- 


ons. Make a chart to show this graphically ;— 


) 
|» Year 1851 | 1861 | 1871 1881 | 1891 1991 | 1911 
) 
PLEA Ae SUE, TR DEA LO RELI Ese Ra 
18 | 25 e| is | 2-2 29 | 3°5 
) j 


a la 


Population. 


3. The foll»wing table gives the population of two countries A 
and B in millions Exhibit the variation in the population of the two 
countries in the sime diagram : — 


1 Se) Se RS a PR SS 
Year | 1831 | 1841 | 1851 | 1861 | 1871 | 1881 | 1891 | 


A} 28} 20) a4 | 31} 39] ga] 49 
=" CE, ly) Sa x 4) : I 

: B | 3% 39 42) 40| 36! 30 | 37 
. 4 J 


—---—_—————————— 
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4. The height of an individual at different ages are given by the 
following table :— 


) | on 
| Age 2 + 9/12;16)18 20 $0 | 
ee 
| mn 385 | 40 | 50 ; 65 | 64 | 68) 69 | 69}, 
| inches . 


as SARs MO Re Seu a 


Draw a graph sho ving the growth of, the individual. Find bis 
probable height at 14 years of age. 


6. The following table gives the areas of circles with given dia- 
meters. Draw a graph showing the relation between the area and the 
diameter of a circle :— 


| ah Lo ye ee te a 
‘Diameter | 2 3 | Paes 8 | 
{ H : 
Area of a | a | 4 La | 
perie 31 | ro 126 | 196 | 252 
; \ 


——— eee 


Find the area of a circle whose diameter is 4} ft. 


_—_eoo Se -—C— 


QUESTION PAPERS 


OF 


SECONDARY SCHOOL LEAVING CERTIFICATE 
Public Examinations. 


1911. 


1 What is the remainder when a rational integral function f (2) 
is divided by a binomial #+a>? 

Find without actual divi ion the remainder when x?— 3a*+2e—p 
is divided by +4 For what value of p will the expression be exactly 
divisible by +4 ? 

2. Determine p and q so that the terms contiintng x? and x} may 
disappear in the expansion of 

(l+px + gu?)\(1+a)2, ; 

Determine r so that 2x? 4+3vy+2n- 2-7 may be expressed as the 
product of two lineir factors, 

3. If 4v-5=A (w+3:4+B(x—5), find A and B; and hence by re- 
solving the denominators into factors, express — = _ as the sum of 

ae -2a— 
two fractions each with a binomial denominator. 


4. TI recently sold 4 of my wet and 1 of my dry lands and my 
assessment is reduced 1n consequence from Ns, 21&t) Rs. 156 If the 
rates olassessment on these two kinds of land are respectively Rs. 8 


and Rs. 1} an acre, find the extent of each which I now held ; and 
check the result graphically, 

5. A cvclist started on a 16-mile journey ; but after an heur his 
bicycie broke down and he had to walk the rest of his journey, which 
he did in 14 hours, after the accident. Had he accident happened 
atter 12 miles’ cycling, he would have reached his destination 18 
minutes earlier. Find his rates of cycling and walking. 

6. Astene projected vertically upwards ascends in every quarter 
second 2 feet less than in the previous quarter-second. If its ascent in 
the first quarter-second be 21 feet, find ihe height to which it rises in # 
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quarter seconds. Draw a graph showing the variation in the height as 
n increases, Also find the greatest height attained by the stone and the 
time that elapses before it attains that he'ght 


1912 


1, Simpify :— 
ipxtviqthy- 1{e- (w+y*)iq— pre 
p?xt+rpy—i 
and find the values of « and 9 so that the result may be exactly divisi- 
ble by (¢- 1/9 +2) 

2. Express «*-5x?4+10’-10 as a function of p arranged in des- 
cending powers of p where f=a-—1. 

If A (w—1)(w—2)+Biw — 20 —3)4+C\x—3)(x—- 4) 

=8x1—8; determine 4, B and C, 

3, Given that s=2f-—land »+5=24t-16t? express y as a func- 
tion of #; nd find graphically the value of # for which that function 
ts a maximum and the value for which it vanishes, 

4, The expenees of a hostel are partly constant and partly depen- 
dent upon the number of boarders. The total expenses in a month 
when there are 42 boarders amounted to ks, 425 and in another month 
when there were 36 boarders to Rs. 370, Draw a graph to represent 
the expenses in a month for any number of boarders and find the ex- 
penses for the month in wi ich there were 40 boarders. 


5. A proposed railway line runs right through a rectangular field 
cutting the longer sides at on angle of 30° and taking up 2 acres or 032 
of its entire area If the sides of the fieldarein he ratio of 5; 2 find 
the length and breadth of the railway intercepted by the field. 

6. The strength of an intermed ate class is 90, and the student 
may, in the matter of fees due from them for aterm be divided inte 3 
classes namely (1) those w! © pay Rs. 58-12-0 in instalments, (2) those who 
pay Rs. 50in advence, (3) these who pav at a concessional rate of 
Rs, 29-6-0 If the number of theese : lasses of students in order specified 
above arein A. P., find them if the total amount of collection its 
Rs. 4,587-8 As. 3 


“4 
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1913 


1. Carry the division of 2+*° by 1-34? w?to 4 terme in as- 

cending powers of x ; and wiile down the remainder. 
Hence find the value, correct to 3 places of decimals 

of —2+*" when #=01, 
1-34? -— 2% 
Il. Inthe expression ax?4+2bay +cy* put m=-n for x and m+n 
for y;andifthe 1esult =pm?+2qmn+rn?, show that 
pr—q? =4 (ac— b?). im 
111. (1) Prove that three quantities a, b andc are in A. P. or G. P. 
a-b_aa 


according as__—__ =— or... 
bec a b 


aif "1, ! arein A. P,, show that p*, m*, n? are 
m+n n+p p+m 
also in A P. 

iV. Aman purchases some garden land, and reserving yi ths of 
it for his own use, sells the rest in such a manner that 
the actual cost to him for his own portion is reduced by 
a half. Had he sold it at Rs, 150 more an acre, he would 
have been a giiner by the whole extent of land which 
he reserved for himself. At how much an acre did he 
purchase the land ; and at how much did he sell it ? 

V. In repairing a rectangular tank, the length is diminished by 
40 yds and the breadth tmcreased by 20 yds The tank 
is still rectangular and the area remains the same ; but 
the perimeter is reduced by jth. From equations to 
find the present dimensions of the tank and solve them 
and check your result graphically. 

VI. The price of a bax of mathemaiical ins'ruments is 12 as. more 
at one firm than at another If aheadmister is able to 
get 45 boxes more at the latter firm for Rs. 150 than at 
the former, what is the price of a box at each firm ? 


1914 


‘ (1) Factorise completely. 
Bat +4a%— 19"? — 84+ 12, 
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(2) If the co-efficients of #4 and w in the product (2#* +382? + 
ax — 10)(3* - aw* - 10a+4) be equal to one another, 
tind the value of a 

il, (1) If the sum of 15 terms of an A. P. of which the first term 

is 10 is 195, find tug common difference, 
(2) Simplify. 4-{1+24 5 +...4n). 

(fl. Two pipes d and B running together can fill a cistern in 
5 Fa minutes ;and, when running separately B takes 
two minutes longer than A to fill it.’ How long does 
each pipe running separately take to fill the cistern ? 

IV. (1) Prove that (a- 2)(a+ 1)(a+4)(a+4+7)+81 is a perfect square. 

(2) If A (¥+1)(~+2)+ B(x —2)(v —B=C (x- 1)+1, find A,B, &C. 

V. The perimeter of a rectangle is 44 inches, If its length be 

increased by 3 inches and ils breadth be diminished by 

2 incres, the area will reman unaltered, Form the 

equations to find its length and its breatth, and selve 

them. Check the result grapically by plotting the 
equations. 

VI. A cyclist starts at 2 Pp. mM. and travels at 11 miles an hour 
A motorist travels at 16 miles an hour but starts 2 hour 
40 minutes later than the cyclist. Draw a graph te 
repre-ent the motion of each of these, and read off from 
it when and after how many miles from the Starling 
point the motorist will overtake t e cyclist. Verify the 
result algebraically, 


1915, 
t. (1) Prove that if f(*) a rational integral function Of « is 
divided by »- a, the remainder is f (a). 
(2) Resolve into factors :— 
a*(b —c) +b %(c — a) 4.05(a — b), 
If. (1) Find the equation of Straight line passing through the 
pots (3, 4) and (=1°5, 2), 
(2) If ajy+2) +b(2+4%)+e(e+y)=e4942=0, 
prove that oer ie = J. _8 


-C ¢=a a-=-b 
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Ill. (1) Write down a rational homogeneous expression of the 
most general form of tne second degree in a. y and z. 
(2) If the expression ax*+y?+bz2’ +2a9+4+292+4+c2" be sym- 
metrical with respect to #,y and z, findthe value of 
a,b,c. 
IV. (1) If lla+7iA (a-3)+B8 (v+7), find the value of A and B. 
Hence express 1 halo the sum of two fraclions each 
a? + 4a-21 
with a binomial denominaior. 
(2) If a, bandc bein G. P, and w# and y be the arithmetical 
means between a, b and b, ¢ respectively show that 
a, ¢— 2. 
a 

V. Twotowns 4 and B are 55 miles apart. A cyclist rides 
from A towards B at 6 miles an hour starting at 2 P.M: 
Another cyclist starts from B at 3 pM. and rides towards 
Aat the rate of 8 miles an hour. Draw a graph to 
represent the motion of each of these and read off from 
it when and where they meet. Also how far apart will 
they be at 4-20 p.m? 

V1. The forewheel of a carriage makes 6 revolutions more than 
the hind-wheel in going 120 yds. But if the circumfer- 
ence of each wheel be increased by 3 ft. it will make 
only 4 revolutions more than the hind wheel in the same 
distance. Find the circumference of each, 


1916. 
k. () ya fayette? ; prove that f (s)=.. 
(w-a . 
(2) Prove that amxan=am+4n where mand n are positive 
integers. 
Assuming the result interpret a°. 
1, (1) Simplify *_ and arrange 
v 
1c awe 
9 
Qa gh 
a 2x 


the result according to ascending powers of #. 
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(2) Find a. 6,c and. dso that a? -4*° 46-4 may be ex- 
pressed in the form a(a#—1)* +b(~— 1)? +¢(# -1)4d. 
(3) If 2s=a+b+4c evaluate s*—(s-a)®-(s—b)? -—(s—<c)?. 

II. Draw the graph of y=8-4v— 42, thence find the roots of 
the equation 4%?+4v-3=0. Show that the expression 
3- 4v—- 4? is povitive for all the values of # between 
0 5and—15 and negative for all real values outside 
these limits. Also find the maximum value of 3-4a-4#°- 

Also obtain a!gebraically the roots of equation 4424+4*-3=0 
and maximum value of the expression, 3—4¥- 4°. 

{V. (1) If a?,b?,c?, be in Arithmetical Progression prove that 
ek ad =.¥ are in A. 
b+c’ c+a’ at+b 

(2) Find the terms in a G- P. whose sum is 64 and product 8. 
V. Two trains star! at the same time one from A te B, the 
other from B to A. When they meet, the train from A 
will have travelled 60 miles more than the train from’ 
B, The former train reaches destination 44 hours and 
the latter 8 hours after crossing. Find the distance 
between 4 and Band the rates with which the trains 
travel, 

‘VI. A certain number of three digits exceeds the sum of the 
digits by 252, The number formed by reversing the 
digits exceeds the same sum by 450, If the number 
and that formed by reversing the digits be in the 
ratio of 4 :7, find the number. 


1917. 


IT. (1) What is the remainder when a rational integral func- 
tion f(x) is divided by ‘a+a) ? 
Resolve into factors -— 
a%\b—¢)+b%(c—a)+c%(a—b), 
(2) Prove that :— 
(2a+a4)(2a—x)(2a— 34)(2a —5a)4 16a! ig a perfect square. 
Il. (1) kind tte co-efficient of x2 in the product 
(1 -34a+4+44°)(3a — 2a? 4643). 


ey b i 
2) Simplif et) when ban OT” and ya 
(3) Re l-—«y l—ab , 1+ab 
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Lf (1) An employer its given the eption of being paid at a cons- 


lV. 


V. 


vi. 


tant rate ef hs. 50 a month or of starting with «s. 35a 
menth and receiving an increment of Rs. 3 to his pay 
monthly Find for how many months he must serve in 
erder that he may get tie same amount which ever 
mode ol payment he chooses. 

(2) If the arithmetic mean between a and b is twice as great 
as the geometric mean, show that 


a ] 
- —=7T+44V 2. 
5 + 3 


(1) Draw the graphs of y=’ and y= 20+ 15, 

Hence find the roots of the equation 7? —- 2~-15=0, 

(2) Express — vr** as the sum of two fractions each 

w?+za—)]od 
with a linear denominator. 

A railway train, after travelling for one hour, meets with an 
accident which delays it one hour ; after which it pro- 
ceeds at thiee-filths of its former rate and arrives at 
the terminus three hours behind time. had the 
accident happened 50 miles further on, the train would 
have arrived | hour 20 minutes sooner. Required the 
length of the line and the original rate of the train. 

The expenses of a tostel are partly constant and partly de- 
pendent upon the number of boarders The total ex- 
penses in a month, when there were ‘4 boarders, 
amounied to Rs. 599, anc in another month, when there 
were 48 boarders, to Ks 533. Drawa graph to repre- 
sent the expenses im a month for any number of board- 
ers ; and find the expens¢s for the month in whicn there 
were 50 boarders. Kind also the value ot the constant. 


1918. 


(1) Find the remainder when f2++5%5 — 9x? -axv—-C¢ is divid- 
ed by 2v? - #-6 ; hence find the values of a and c for 
which the divisor is a facier of the dividend, 

2 2 2 2 
= hae os és oe eh, fie Ss 
relation between a and «. 
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Il, (1) If at+anv*+hx?4+cex4+d is.a perfect square. then 8&c= 
a (4b-a*) 2nd (4b-a*)? =64d. 
(2) Preve that the sum of three fractions 
ae 8" slew. dake F equal to their product, 
l+bc 1+ca’ 1+ab 
II]. Draw with the same axes the graphs of y=2v+4+38 and yout 
«* and write down the values of # at the points of inter- 


section of the graphs to one place of decimals, 
IV. (1) If a=a? -y2z, b=y*? -24, and c=z? — wy, show that a*+b% 
+c*—3abc is the square of v3 49% +429 — 3xyz, 


(2) Solve at+yt¢e2=0 
ax + by +cz=0 
a’x+b' y +c%2z=(a —b)(b -c)(c—a). 

Vv. The number of soldicrs present at a review is such that they 
could be formed into a solid square and also could be 
formed into four hollow squares, each four deep and 
each conlaining (wenly-four mere men in the front 
rank than when formed with a solid Square. Find the 
whole number of soldiers, 


VI. A student goes daily from Mylapore {to the Law College, a 
distance of five miles. He walks at the rate of four 
miles an bour until a tramcar, whose speed is 10 miles 
an hour, overtakes bim ; then he goes into it and com- 
pletes the. journey. Obtain an equatiou connecting (x) 
the number of minutes occupied by the whole journey, 
with (y) the number of minutes occupied in walking, 

Draw the graph of this equation, specifying the scales neatly with 

axes If on a certain day tne whole journey takes 33 (thirty-three) 
minutes, find the distance he waiks on that day. 


1919, 


I. (1) Determine a and cso that the terme containing +?and » 
may disappear in the product of i 
(l+%)) (§}+an+cn2), 
(2) Resolve into factors ; 
(a — b)(a +b = 2c)? +(b=c)(b += 2a)? 4. (c —a)(C +a—2b)*. 
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ng 11." (1) What must be added to— 
(24 — 3) (2a +1) (2a+3) (2a+5) to make the expression a 
perfect square, | 
Give the square root of the resulting expression, 
(2) Find A, B,C D s0 that a#3-44246,%-4 may 
be expressed in the form 
A (w—2)°+B (w-2)?+C (x-2)4D. 

ill, A wire six feet long is bent so as to enclose a rectangle, If 
one of the sides is w feet and y the corresponding area 
in square feet, obtain y in terms of 4. Draw the graph 
of this equation, and find from the graph the values of 
ato one place of decimals which mak: the area one 
square foot. Check the result by calculation. 

iV. (1) If wsa(y+2), y=b(z+4), 2z=cla+y) show that 
ou. 2 _ caw + ne ch =}. 
l¢+a 1l+od Il+e 


(2) Solve :— o+e+ o=], 
@ ob ¢ 


a+ y+2=a+b+e 
ax+by+cz=a?+b?+4¢e3 
a, b,c being unequal. 

V. Three motor cars leave Madras at 9, 9-30 and 10 A.M., travel- 
ling along the same road at uniform rates. The second 
travels three miles an hour faster than the first, and 
the third five miles an hour faster than the second. If 
all the three meet at a particular instant find the 
distance ircm Madras of the place ef meeting and the 
rates at which they have travelled. 


VI. Imaschool hall a certain number of boys are seated on 
benches of equal length. If there were ten more 
benches, the boys might be accommodated by seating 
them ene less on each bench. If there were 15 fewer 
benches, two boys more must sit on each bench. In 
each of these arrangements the same number of boys 
are seated on each bench, Form the equations to find 
the number of benches and the number of boys on 
each bench, and solve the equations graphically. 
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1920. 


[. (1) Substitute y+3 for w in the expression vi -w?+24a°-3 
and arrange t e result in descending power of x, 
l+a3 7x" — 5x5 

() -a,? “(l= a)? 
and use this re-ult to evaluate the left hand side correct 
to four places of decimals when #=0'01. 

II, (1) Given that (v+4) and (20-3) are factors of the expression 
6x* — llw?— 121%? +106%+4120, find its other factors and 
hence find the values of « which will make the ex,»res- 
sion equal to zero. 


(2) Show that = 142a4+80°+4+52°+ — 


2) tfe= “+! and y= "+" find in its simplest form the 
n+ 1 ttn +1 
phioe we eT 
atyv-1 
Hi. 1) 1f wa+94+2=0 and #+4+3y-4z=0 show that 
eI. 
=~7 6...8, 


given also that pr+qy+trz=0, prove that 7p=5q 4 2r, 
x, y,z not being zero. 
(2) Solve the equation. 
x—35_ 3xe-1°5 
2e+6 2v—1 
Verify your solution by actual substitution. Explain any peculia- 
rity you may note in the process. 


IV. Transform into algebraic language the following geometric 
problem : ‘given the hypotenuse of a right angled tri- 
angle and the sum of tne sides containing the right 
angle, find its sijes’ Solve the preblem algebraically ; 
hence or otherwise construct the triangle. 


V. Two motorists driving uniformly but at different rates start 
at 10 o'clock, one from / to OQ and back and the other 
from Q to P and back. They meet at 2 o’clock for the 
second time at a point distant 20 miles from P, If the 
distance from P to Q 1s 60 miles, find when and where 
they meet for the first time. Give a graphical solution 
and check your result, 
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VI. A tenant rents a certain number of acres of land for Rg. 1,080. 
He cultivates 3jacres himself, and letting the rest for 
Rs. 10 an acre more than he pays for lit receives fer 
this pertion five-sixths of the whole rent. Obtain @ 
quadratic equation to find the number ol acres rented, 
and hence findjthat}number. 


1921. 


I. (1) Find the remainder when the xpressjon— 
&° — 7#8 — 565 — ly 942%? _ By +3 is divided by *-4 


(2) liza Ly express in terms of z the expressions 
nw 


1 1 
x? — — and a4 
x 7) 


(f. Extract the square roots of — 
(1) (2a? +34" ~35)(642 - 434 +77)(3a? + 44 — 55) ; 
(2) (a? +6? +6?)(4? + y2 422) ~ (02 — cy)? —(cx — as)? — (ay — bx)®, 
‘{I. (1) Selve the equation— 
2e—-1_ Sa+7_4v+1_ 444, 
#+1 2e-8 3443 w-4 * : 
(2) If the straight line whose equation is ate =1 passes 


through the points (2,-4) and (-3, 32), find the values 
of 1 and k and verify graphically. 


IV. Prove that (+) - (CS) =. 


Obtain from this formula a geometrical method of extract. 
ing the square root of any number, Use your methed 
to find the square root of 7 to two decimal places. 

V. Inan action between two battleships A and B, A fired 24 
times as many shells as B. The total number of hits 
was to the total number of misses as 3: 25. The number 
of B’s misses was 390, and B’s hits exceeded 4’s hits by 
65. Find the number of shells fired, and the number 
of hits made by each, 


Vi. The distances between two towns by two different routes 
are 84 miles and 1034 miles. A meter jcar) taking’ the 


31 
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longer road travels 5 miles an hour faster than another 
taking the shorter road, and dees the journey in ten 
minutes less. Find the rate of each car. 


1922. 


(1) (1) Tf f (a) 2a? _-8y. write down f (#41) and f (#+/t); and 


simplify Aa fe 


- 


_a-b 
~ b=c 
(2) Given that (i) v=# +fi (il) s=ut+ ft? 
derive, by eliminating ¢ from (i) and (ii) the result 
vt =u* + 2fs. 
Also obtain an expression for sin terms of 9, f,and ft. 

(3) (i) Show that 14+3* +a? is the square root of 1 +a(x+1)(4¥+4+2) 
(#43), Assuming this result, write down the square root of 1+ 
(w+ 2)(~+3)(« + 4)(e +5). 

(ii) Prove that 
at+a2b? +b4e (a? +ab+b*)(a* — ab+b*) use thie identi- 
ty to resolve a1 +947 +81 into twe quadratic factors. 
2  #+2 


a ae and verify your 


(it) re show that “ 
ac b c 


4. (i) Solve the equation os wn 


solution. 

(ii) An accountant in entering a eum of # as. y ps.in a column 

of figures writes it down by mistake as. Rs ay as, with 

the result that the column adds up Rs. 14 8 as. 4 ps. too 
much, Find x and y and verify your solution. 

(5) ABCD is a square of side 8” P isa point in the side AB, distant 
»’ from A. Squares are described on AP and BP within the given 
square. xpress in terms of « the area of that portion of the square 
ABCD which lies outside the squares on AP and BP. Tabulate the 
values of the area as # varies from 0 to 8, and represent the results on 
a graph. Also find the position of P fer which the area is greatest. 

(6) The length of a seat in a tram car is 18 ft. I1f3 persons mere 
than the prescribed number are seated, each person gets 3°6 ins, of 
space less than he ought to. What is the prescribed number ef persons 
fer the seat ? 
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1923 


(1) (i) Find the co-efficient of «4 in the preduct of 1-2y¥—43— 7#4 
and 3+5%+2wv? —6»*, without actually multiplying the 
two expressions, 

(ii) Show that x(y? — 27) +4 y(z? — #7) +2(4*—y?) is Wunaltered in 
value, if w,y and z are each increased by the same 
quantity. 

(2) (i) Li wst+1, and y=t?+1/, express y a8 @ function of » only, 
For what values of ¢ are ~ and y equal ? 

(ii) Find the values of p and q so that 2! lla*+ px? -qav+6 
may be divisible by x*~4%+4+3 without a remainder. 

(3) (i) Facterise :— 

‘4 (a) (a? + %)*® — 22(v?2 +4)+40, 
4 (b) at2—h12 
; (ii) Find the L.C, M. of #?+4a-6, 24747443 and 2x2 — 3x -2. 
(4) (1) Define index, and prove the index law (aja =ama 
m and n are positive integers. 
(ii) Find the square reet of — 
4a* — 1249 +294? ~ 300425, 

(9) (1) Given that the two variables R and S are connected by the 


» where 


relation S=a+bR+— where a, b, ¢ are constants, and 


that when R takes the values 1, 2,3, S has the values, 
4, 1:5, 0 respectively, find the value of S when Rav =}: 
(ii) A dinner was ordered for a certain number of persons, 
the cost being Rs. 67-8-0. As three failed to come, each 
of the remaining persons had to pay Rs, 1-2-0 more, 
How many were present ? 
(6) Draw the graph of the function (*- 1)(¥- 4) for the range #=> 
—1 to,~=6,; read off from your figure the least value of the function, 
and also thejvalues of v for which the function is equal to 2. 


1924 


(1) (ij)gWhat integral value of « makes 3¥-1 greater than +5, 
and also 4-7 less than »+7 ? 
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(ii) i at ae 4 find the value of _—#9+9" | 


3a+9 w* + ay + 9% 
ti lone 2 l+n? 
(2) (i) Simplify wap —- $52 


(ii) Prove that the dtcioe of the cubes of two consecutive 
even numbers is greater by 2 tham six times the square 
of the intervening old number. 

(3) (i) Factorise (a) #4+64y4 

(b) a&4b%4c8 — 3abe. 

(ii ) Show that a-land »#—2 are factors of «*+(a-3)v*=- 
(3a -5)~*?4+(2a—9)a+6 for all values of a, Find the 
value of « if a4+1 is also a factor, andin this case find’ 
the remaining factor, 

(4) (i) Find the square roots of 

— 404-645 44472412449, 

(ti) Find the H.C, F of 6%4—%°-8x'-4x%-3 and 2at+5r7 
+4? ~—140—16, 

(6) Two parallel chords of a circle on the same side of the centre 
are 8 ins, and 12 ins. in length, and the distance between them is 
2 ins, Find the radius of the circle; correct to ha of an inch, and 
the distances of chords from the centre. 

(6) (i) Solve, graphically, the equations y=a#?-w-2 and Qa ay 

=3, and check the result by an algebraical solution. 

(ii) The diameter of the back wheel of a moter car is 7 ins. 
greater than that of the front wheel, and the front 
whee] makes 240 more revolutions than the back wheel 
ina mile. Find the diameter ef each whecl 


(take r-=2 
1925. 
(1) (i)glft a= rt yetice"4.. snow dist fie fleas 
+m a*—m1 2 a? 2 
(ii) If fw=s find the value of f (a)+f (9)+/ (2), given 


that 28, #9+ee+yeull), agen” 
at v4+9+2 Ay + ae) 1 xyz ié 
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(2) Resolve inte factors :— 
(i) a(b* —c*)+b(c? —a?)+c(a* — 58) 
(ii) 64? — wy — lly? 
(3) (i) Find the L. C. M. of :-— 
4v?+ 160% — 34-45 and 10a? +4634? +1194 +60. 
(ii) Extract the square reot of :-— 
a — 16a5 y+ 88a0+y? -194a%y2+ 16002 y4— 2dyy® +6 
(4) (i) Prove that the difference of the squares of the greatest and 
the least of four consecutive numbers is equal to three 


times the difference of the squares of the ether twe 
numbers 


(ii) Selve 
6a+l3_ 8v-1_9¥+13_ 10¥-i 
2a+4 44-1 Ba4+4 54-1 


(5) The expression «° — v4} +ax? + bx* +ex+2 is divisible by each 
‘of the factors w—1, ¥-2. and «+1, Determine the values of a, 6 and 

_ ¢,and find alse the remaining factor of the expression. 
5 (6) ABCD isasquare. Points E, F, G and H are taken in the 
_-sides BC, CD, DA and AB respectively, such that BESCF=DG=AH 
=6 ins. Show that EFGH isa square. If the sides of the squares 
_ABCD and EFGH are in the ratio 7 : 5, find the length of aside of the 

_ square EFGH. 


1926. 
A 


1, From (u? +v)(v? +) subtract (w? +u)(v?+v) and find the value 
- -of the difference if w+v=a and uv=b. 

2 Find the continued product of *+1, *+2, v+3, 42-1, #-2 and 
x-3 by employing any standard identities or formulae. 

3. Divide 1 by (i-2)? soas to obtain a quotient in ascending 
spowers of w. What is the remainder after four steps of the division 
thave been performed ? 

4, If a*+6%+c*=3 abc, prove that either a+b+c=o0 or a=b=<c, 


5, Express (a? +67)(¢? +d”) as the sum of two perfect squares. 
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B 
6. Simplify :— 
(a= Wat +a4) 5 (b-1)(b* Hb+1) 5 (c~ Wet c+ 1 
(a —b)(a—c) (b -c)(b— a) (¢—a)(c— b) © 


7. Resolve 2x? +5a9+4+30? — 14% —179 +424 into two linear factors. 
Hence find graphically the co-ordinates of the point of intersection of 
the pair of straight lines represented by the equation 2a? +5a9+3y9° 
— 14a-17y+24=0. 

8. If 12? -562*+64 is written inthe form A (#-—1)*4+B (#-2)* 
+c¢(#— 3)? find the values of A, B and C. 

9. Two persons F and OQ start at the same time from one extre- 

mity A of a diameter A B of a_ semicircular field ACB, P walks 
along the circumference, and QO along the diameter, so that they reach 
B the other extremity of the diameter in f;hours after starting, Then 
P walke along the diameter from Bto A, and QO along the circum- 
ference BC A both interchanging their paths. How many hours, start 
must P give QO so that both of them may reach A at the same time? 
Assume that the radius of the semi-circle is » miles and that the ratio 
of the circumference to the diameter is I]. Frame an equation and 
selve the problem. What ie your remark on the answer ? 

10. A BC isan equilateral triangle. Points D, E, and F are taken 
in BC,C A and AB respectively such that BD=CE=AF=12 inches. 
Show that the triangle DEF is equilateral. If the sides of the 
equilateral triangles A B Cand D E F arein the ratio 5:/7, find the 
lengths of their sides, 


— 


18. 


21. 
22. 
24. 


26 
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ANSWERS TO EXERCISES. 


PART I 
EXERCISE 1. 
14; 21; 128; 96; 18; 0. 2. 
2; 7; 0; 4; 3; 254. 4. 
13. Gy ..7. T.. 6 
lh 14, 33. 12. 3435. 
103%. 16. 517. 17. 
EXERGISE 2. 
54,000; 2,520; 0.4 2. 
222; 33123; ast, 4. 
pe eer ay wae 1. 
2.G9. 10. 29 44 
58 14. 17, 45. 
3592. 13 642, 
EXERCISE 3. 
20, 6; 30; 6V 6.) 2 
14; P33 ¥ 25 3. 4. 
4, 7. 394, 8 
0. mm. 9. 12. 


3. [/“a#-2 should be Vv=2.} 


76; 536. 16. 60, 
50. 49. 174%<. 20. 


4; 1; 8; 16; 625; €, 
0;°0; 02:0. 


8. 47. 


13. —444. 


43. 


18. 


12. 


16... 3. 


ti ros 3; 240. 


3.5 
— 108. 
4. 


9, [4/b(v+y)2 should be £7b(x +4)? j. 
24, 44. 64, 84, and 104. 


4, 134.4, 0 and -}. 23. 
4, 64, 8, 24,- 1g. 


5. 


55, 
9. 
13, 


25. 4, 3, 6,9, 18. 


9. 
414, 


» 402, 


59, 


1452, 


17. 38| Vv v~y should be 8/4 —y] 
0. 
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28. 
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See | j 
| 
x 0 | 1 | 2 | 3 | =p +B 
re mA. Kee 
Ly “3 4] -8| 18) =28 -48 
| coe of } 
; Se oe 
Poe kee Pay ee 
| 
| yg | -12]-26 -6' -8 | -18 
6. * 30. - 9, 21. 
-9, 21, 
0 
Substitute 11 instead ef 10 fer y. 
p? shouldjbe #°*. 
EXERCISE 4. 
8a;- 6b; 2a, 2. 37ab; 13a’b. 
23a —29b, B. 12x-12y- 122, 
6a? — 8ab+11b?, 6. 34ab+5bc— 4}. 
21? — 3h ay 4 5hy?. 8. 115 -—1]51a%+48}by—- Tab. 


Alyn? + 29% — 20m? + 21m. 


6at47hH%— 11¢8, 11. 
1842 + 3544-27. 13. 

EXERCISE 5. 
0, 2. 
7b. 4. 
3(a+b+c+4+d), 6. 
192? + 755° + 130° + 5d’. 8. 
2ax— 4by + 2cz, 10. 


4a® —ja?w+ Tax? + 348, 
3a® +36? +3¢? — lab+2ac — 2he. 


EXERCISE 6. 
2. 6ac—Tayv+10ay* 4+9ay8, 


3b-—8a’b+4-10ab?. 


40a — 25. 
8a? +1209 4+ 1602 — 2292, 


+2b. 

— xs\54 2. 
2a+2b+2c+2d. 
—5a!'—a*+6a? +2. 
2a44+12a? +2. 


124%+44—-65. 4. 25a°4+7b%*423a'b+ab?. 


a oo 
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2m* + 2n* + 2/8 — 8mn+3in—3lm +1. 


4a+b+c-x—y, 17. y*(a+b+c)+cy +e. . 
2(a* +? +27), 9. 6a% —2a*b- 3ab2 — 22ac? —c? —7b3, 
84a— 5$5b+434¢-32td. 44. 38a-—13b+,55c+4d. 

3+9x? +44%—- 11h4. 13. —#?-ggy? - 274393, 


4*+3a*b+3ab?+6%+a*42ab+b2 +045. 
4+ 4u% y+ 6uey?+4ary%+y!. 16. (a+b+¢) pies. 


(¥+3y+5z) rupees. 18. (26+3q¢+44r) pounds. 
EXERCISE 7. 
8,-3,-17. 2. 3¢e-2d, 6y+4x,-9x+48z. 
c+d—a-—b, 3x—-6y, 34 -14e—6c. 
2a— 2b. 8. 44+5y— 62. 
—a*+ab+2. 7. -x°-—7w? +2442. 
— 6a*b—2b3, 9. 8a%b+8ab® ; 624. 
gu —4a+teb+ty. 14. —a+10b-ic+44bce. 
— 2hy — }ha- ty. 13. 19a —16b% — 2c. 
a+24b+14. 15, a*-a’?+2a-14. 
a+b+d., 17. 2x2. 


— 4a? + 5ab — 7h? — 8be, 

6a* ~ 12a?b? + 2x? ya — Tyab? —9absy. 
3a” — 3ab—9b?. 

Iu? — Bey +4y? — 104 -12y-13, 

5a? —4uy —Syz4+11y?. 

a? +y? +22 —2ey— 22 — Qew. 

2%. 25. —-10. 
+5 lakhs, ~5 lakhs, 


EXERCISE 8. 


0. 2. 0. 3. 6b. 4. = 4G §. v. 
et a, 4. 6b. 8. 2%. 9, 4b wie qa. 
$4 + 7'gd. 
EXERGISE 9. 
Ab. 2. ba~+5b, 
0. § 3c?-—3b?+a?. 
2b. 6. 7x. 
6. §;.> 10, 
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aX 10. 3a+b. 
fis 0, 12. 6a —6y — 202. 
13. 9y+32. 14. -—5x-6z2. 
@ ~ 34-20. | 16. -—7a+7b+<c. 
17. Ta-—2b+4c+2d. 18. 4+. 
19. 8a-3b+4+5c+2d. 20. 3anx—ba—-3by+cy. 
24. 7a-—13b—léc. 22. 2v-y-z. 
23. 6x°-—34*—4x4. 24. 2a+9b. 
25. —141*+135=1323. 2%. 8—8a=-48. 


27. 5a+19b=123. 

28. 2x-8a+6b-—12c=2x—- 8a—-7h. 

29. w— 10y+232=29. 

30. -—8a#+1ly-—6a419b=52. 

B41. Na-2b-16c=704. 

32. -(8h -a-—3c-—7g)+(5e —2b— 4d-6f). 
$3. —(2b—a—3r)+ (5e—- 4d) -(6f- 7g 48h). 
34. —| —a—(3c— 2b); - §6f -(7¢- 8h)k. 
35. -(a+b)-(d-c)-(e-f). 


EXERCISE 10. 


4. 30abc. 2. 12b*x?., 3. abc. 
4, 6p°qr. §. a°b*c?x*. 6. abcay. 
7. %a?b?ayz. 8. 25b2c? yz, 9. 1pqay. 


10. 19a?bc?d. 


EXERCISE 11. 


1. 6a°, 2. 2065, 3. 4n*. 4. 2158. 
§. 25y%, 6. 2d°. t. OLaery B.° Tog", 
9 46ris, 10, 24¢26. ai, sa*4. 12. 60p'*. 
43. 300¥°5, 48: 6y**, 15... 8b*s, 
EXERCISE 12. 

4. 12a5b4. 2. 400117, 3. da*y4z?, 
&. 150a7x°. B. §a*bSxSy?. 8. 521075, 
7. 200c7d°a‘. 8.  385a%y%2?. 8. 6a>bc*x®. 
10. l4ap7x. 11. 6abaty®. 12. a1b5a*, 
13. 24p%q?r?. 14. 60a%y52°. 15, 540a‘c*d®, 
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EXERCISE 13. 


4a*¢+8abe—- 12ac?, 2. 12v%a—- 15%? ay— 3a8x?. 
a*b*+a?b*c—ab*c. 4. a5b?+a5be. 

2a%b? +2a4b4—2a'b2c?, 6. 2la?x?-6a2x+12q?. 
BaF y8 — 4a? y4 + 842 y — Gay2, 


g4? — ga? + ha. 9. JaSy? — Zy5y? —Qylys, 
fatb? em §a*b*+2a?b+— 2ahbs, 
bb1q? — 7p>d?. 12. 20aty? —Sx%yt+3a2y5. 


gel y— Aa ty?, 

6a*bc+8a?2b%c— 10a2bc? +120? bcd?. 

8@ *b#c— 12ab%c8 ~ 2a3be3, 

satn? y22- fa%ytz— tary2z8, 

8m np — 2mm? p? + 12m > p>, 

a*bcfg + 2af?g*h - a? f*¢ — ab fy% - ac fgh?. 

ta% ayz+ tab? y?z— hac? yz? — La%b2xy2z. 

2ay — Bar y+ 1l2vty — 8x99 +4 Qu2y, 

2a?+ab+b?. 

a? —2ab+ b?. 28, O 24. 0. 25. a*+6%+ 3 -3abe. 


EXERCISE 14. 


- 12ab?c, 2. 4a°b?¢, 3. —40a%b'x?, 

Ba %y?27 a, 5. —4p'¢?ré, 

-—a*b?-a*bc-ab’c. T. —2n?y?242xy?2?. 

— a%b*c+ abe? + abs%c?, 9. ~—a'b%c+athb4c4+a*b3%c?. 


24a°b?¢? —12a’b’c3, 14. ~1a’bc+ abc? + a’c?.. 
wy? — Be%y?z — hex yz, 

16a %bexy + 8ab?w?y? 4+ 12ac? xv? yz. 

— 3a *x?yo+hab?xy?c+ taryzc* +ha*bayc?, 
— 4a4b!c? 43a’? b4e44+2a'b2c4, 

— w9a?yb+nxy% abs + ayab2?c8 +47 yabz. 

= iprgtn* + big t+ iP ger. 

— 10a® + 15 a* + 35019 +20a". 

245 = $29 — 2° — 525. 

— a°b®c+ab*co+a5b*c5 4a*bicpzabhsc?, 
3ab+-+4be— 3b? — 4¢°. 

— $2x —fary— yz. 
0. 
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a*+b?+4c?*, 

a? +b? +c°*. 

a? +$b* — 3c? — ab+ bc — fea. 
wt — 605 — 34424. 

2a*— 8a* —l6a —- 4. 


—w—a#t—1242 +184" —560"4+100. 
2ax?y — 3cay? + 5bay - 2cy - 3an, 
—v+6y —2. 


3a°(p? + 9° +r*)— w(bq +9" +1f) — 4(br + 4fy +397). 


EXERCISE 15. 


wv? +944 20 2. vw? +5n+4. 
a* +20a+99, 4. y? 418446, 
9° + 169455, 6. y?4+8y—- 33, 
y? -y-6. 8. y?+y—30, 
#?4+2y— 120, 10. a®*-a-90. 
x? —9v+20, 12. y?—15y +450, 
vy? —8y+16. 14, y*®-16 

es /3. 16. #°4+5av+6a%, 
#° —Jav—- 3a’. 18, w?+bx -2b’. 
wv? bos — Qc. 20. #2? +2ca+c?. 
4a* — b? (2 should be 2 a), 

4a? — 164% — 33. 23. 4y?— 843. 
4a°*—1. 


EXERCISE 16. 


2m? — 6m1+3n2. 2 12"? ~2984+15. 

~— 6a? +20a— 16. Bay", 
~4*>4+7ay—12y?. 6. 44°-9y?. 

~— (4a? 4+12ac+9c?.) 8. —2a?+33*-46. 

— 204+19¢— 3c?. 10. 2a? +5ax+22? 
—2la?+37ac-—12c’. 12, 129? ~ay-6a?, 

4 -—49%2, 14. 20m? +43mn —21n?. 
6b? — abu — 2a’x?. 16. 3a°c’ — l0acay4+3n7y?, 
6m°n? —~13amn+6a?, 48 b’c?-a’d?. 


6479? — Babxy — 6a’b?. 
cw2(a + b) — axy(a +c) + y2(be — a?) + 1b'x? — y?) 
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LO¥Y — gyn + aig YZ — po(y? +27). 
ab+ac+bc-a*? —b? —¢2, 

— 6(u* + y? +27) — (wy + .vz4 ya). 
a*(b—c)+b*(c —a)+c¢?(a-b). 
(a?+ab — 2b’) rupees, 

(219 — ay— 6y?) Sq. ft. 

(6a? -13a+6) annas. 
(2~?+«—10) miles. 
(6a? + 7ab+4 2b?) rupees, 


EXERCISE 17. 


a® +2a*b+2ab? +b, 2. a%=2a7b+2ab? — 52. 
UP — Ay? — 224 4y2, 4. a&+be, 5. ated, 
wu? of? — y2 2? — 2242 _ Qyyz?, 

BP— y? — 29 buy? +429 — yu? — yz? — 24? = zy?, 

a? — 6b? — 12c? ~-ab+17be+ac, 

3m? — 4n? — 5p? — mn — Inp — 2mip. 

20a4 — 31a*+79a? —-52a+56, 

a* — 25a? b* + 20ub* — 4a4, 

Gat —Qa%y ~ 13429? —Z3xry? +2y4, 

Qa* — 8¥9 +170? — 184410. 

27a* — 1082°b+144ab2 ~ 6463, 

at —2a%b? = a%hb4+2a7b% ~abe+b4. "s 
2d 2 Py —3u2 y— day? = y?. 

ba? + +yab — 1b? — 4ac+ be. 

fat —4a°b+4$a*b? — 2abs + 2b4, 

aim foxy t+sy? — bast yz. 

w+ ]ay? +92. 21. 2a! 31a +$4$a*—Ja44, 

gat jut 4 That — R004 R 

tat+ fa? x? —an> +244, 

§m4* — 3m3n+143m?n? —13mn e +194, 

bat + bub — 14m?b? — 2ub? 4 454, 

a? — 3c? +2ab+2ac+ 6bc. 

0. 28. 25ab. 

22 v2 — 1439? ~ 2627 4+ 95ay + 191 yz — 13942. 

4 (im + mn + nl — 1? =m? — 2), 
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EXERGISE 18. 


4. at+a’+l1. 2. wt—2Qx?y*+y4, 

3. 1005 — 2lat+27x* — 16x? +5042. 

R. x8 +y%4+25 - 3ryz. 5. wv +a%—ae*- 1, 

6 xo+a'y? —a?yt— 48. 7. a°+at—8a*+1. 

8, a*—2a°b+3atb? —3a8b* +3a°b* —2ab+d§. 

9. co —Sc!'+10c* - 10c*? +5c—1. 

40, a*—b4. 41. —4y® —5y5 + 18y4 —RyS— dy? 455 = 2, 


42. 2atx?+lla*x*+6a?a* +av+4+15. 
13. v5 —%9b?434a72bS —2nb4+b5. 
18.  —2y° +11 y5 — 2294 + 26y% — 269? +7y +10. 
15. prvt+(p? +qr)a* +(2p9 +7 *)e* +(9° +Pr)atar. 
16. apx® +aqx* — bpxt +arn — bgx® -— cpx® — brn? + asn® 

= cqnx® —crw—bsx- cs, 
AT, a> —b5atw4+10a?x* — 10a? x? +5an!— x5. [for #? -3a%e 

read 3ax* — 3a**], 


148. #6 —2e°+1. 19, a®+ath?+a%b44+a*b+h., 
20. a®+6a5b? —-1l6a'b? +40a%b? +9a2b448a'"b— 25a%b? 
— l0ab* — b*. 


1. 4x5— liad +3549 3750? 23x49, [For . in 3 +e 


22 
. -—# reads, j. 


5 
es - 3 eee 


4% 24 
23. 9v+4B8x°y? +y!— 1842y 4 Gay’, 
24. wxt—#°+60-9, 95. at-—b’, 


26. 4a%+16a+16-9b?, 
21. 342 — 3yz— 6x? y+ 2lay® — 2a? y*? — By22* — Qaye 

+3ay2z? +3ay2%z — Beene Qe?2— 454 2n 824 2x5 y 
28. b?—2¢? +2a°b+2ab2 — 2bc? — 4b*c 4+ Qac— be+2abc, ’ 
29. 3(b8c+bc* — 2b*c*) + 5(c®a+ca*— 2¢c%a*)+7(a*b+ab? — 2a°b?. 
30. 2(ab* +ac*) -3(bc* +ba*) + 4(ca* 4h), 
3A Q\a%y? + 922? 22 e? — wh — yh— 2h), 
32, 2x? y? + 2y?2? + 22? we? — Qed — 2y4 — 224, 
33. 3a*-ab-—1bac+b*? +3bce -7c?, 


ANSWEERS, 495 


EXERCISE 19. 


a*—2a*b* +b4, 2. w#*+27(b-—a—c)+(ab— be - ab) + abe. 
a*b+ab*+b%c+bc* +ca? +ac* +2abc, 

ab? —a*b+a*c—ac*?+bc? -—b*c. 5. w*+507— 29% -105. 
6a*— 4107 -—197484, 7. —8y%— 30? +99y — 54. 
24—34¢+415c? — 2c%, 9. «8-y°%, 

a* —l6y4. 11, at+aibt+od°. 42. «8-—47a++1. 


662a+5abc - bac’ —6b* — 6b’?c +6bc?. 

(w? — 9? — 2° +22)" +2— 4). 

v3 — 3u2c— lOac? +24c*, 

— 844 +84%a— 642 a’? +44a*- a4, 

a®— 16. 

w8—16b8. [For «*?- 2bw—2b* read #7 —2ba+25° }. 
#°+4(ab+ac+bc-a* — b* —c’?)+(a—b)(b—c\(c— a) 

a%®—b?*, 21. 2a7b?+2b2c?2 4+2c*a? -— at — bt —c*. 
1+ae +ate, 


EXERCISE 20. 


— x. 2. -a¢. 3. 3a7b?. 
— ta’ be, 5. gw, 6. - ¥y5x?. 
guyz. 8. = 2419558, 9. 5a°b. 
— 5a7x?, 41. 4p4n?, 12. —jy%2"*, 
— imnpq. 14. -—32°a"7b’. 15. —&mxz*b°. 
hl 
b—c 

EXERGISE 21. 
—#+3y. 2. —a?+3ab—36". 3, #8 -#+2, 
-—ax+a%, 5 -c-a-b. 6. -—ia-b+3ab. 
— Jat —- 1a? +6ab? +4369. 

2 

4° — 24? y4 + 6xy?. 9. ta - 45 +40". 
— bab? +3b- fa’. 44. =—Sm+i4n—jnn’. 
2b5+1b! = 263 +356. 13. -—2b¢+5b? —§be’ 


—an°? —fa?+4ha°, 
28m *n*p? —t2mn? p? + 25m >np*). 
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EXERCISE 22. 


a@+2(a2+4a should be a*?+4a+44), 2 a-65. 
4-12, 4. w-7, 5.. «—22, 6. 3a-2. 
2Qa—-3. 8. a+1]l, 9, 2-3, 10. 65a+4. 
8a— 3, 12. 5a-2b. 13, 3-49, 44. 8b-—5e. 
7a+2x. 16. 9v+2y. 17. lla+15b. 
av+ld4y. 19. 4a-b. 20. a?+2s+1. 
4xe° —40+1. 22, w®—2Qy. 23. 2x? —x. 

w® — 3442. 25. 27a?4+152—10. 26. 427 +42. 


8a? —2ab—b?. 28. 
8b —12b°a+ 6ba? —-a§, 


#? —Qny+y?. 32. a? 43443. 33. a? —b*+2ab. 


a® — 6? +2ab. 


24° — dx+ 3. 
30. w°+2a9+ 97. 


35. 8b*°-36b°a+54ba? —27a*. 


EXERCISE 23. 


a—1. 
v9 42an?+2a°x+adb. 
a#—4. [For *-256 read 


2. 3e42. 
A we +448. 
u* — 256], 


#4 Qat ta %— de? — lw 10, 


14+24¥+3a? + 44°. 
38a5 — 2a? — ba — 3. 


8. 384a°-4e ey +4 vy? +2y?. 


L+xpa? + eit ad pa pa7 4 ah 499, 


a? 4+4b?49¢? — 6bc +3ac 
v2 + yy? +2? + wy — we+ yz, 
x-—1. 

2x? = 3a—=—1. 

a? —5v+6. 

3a +69 +72. 

5a+6b+7c. 

3a—2b+4. 

(a + y)(4° — w Py ® + 98), 
ae +ay* — yx" -y. 


+2ab, 
13, m?4+n°414m4+n— mn. 
16. #41. 


17, 30? - 9448. 

19. w5—2024127-]8. 

21. 2a4+5b- 3c. 

23. 7246942, 

25. (#—~y)(a° +48 y3 4 y6). 
27. 4? +924 2¢y—- wy 41, 


HS — Feo 4+9n4 — 274248142 — 2434 = 729, 


1+a?+4b*+a+4 2b -2a 
xs +atyt + ys, 
a*+4a+}. 
2a°*~4a?424a-98. 


b, 
32. at—2a* + 4a? ~8a417, 
34. 4a’ - tay+eZy?, 
36. 6a-4b—-}. 
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37. 20-4y+}- 38. ga?-4a- 3. 
39. }$4a°+6?+4-4ab+ 40+ 4a. 
40. 4a*-jab+4b4. 


EXAMINATION PAPERS. 


First Series. 


1 
4. (1) 0;(2)0. 2. 6x. 
3. -2a%+3a?-ab+7a?b* +2ab* +4a%, 
&. (1) l4at— 802 +4? +4—-45 ; (2) fa) Fhe +5arn? — fan? +x”. 
5. (2a? —5ab+ 2b*) annas. 
2 
4. a?+b?+4+c?-ab-ac-—bc , 3. 
9 -4a+66+3c. 4 a®—4a'!+4a’?-16. 
5. 4,- 24,-7,-4- 6. a?+b2+c?+ab-ac+be. 
3 
4. 0; a+bd+¢. 2 =-3. 
3. ab(a + b) + bc(b +c) + ca(c+a)—a% = b° —c* — 2abe. 


ha 69" ) sq. yde. 


(a= U(a— 3). 


Se 


+ 2. 


4. -—132. 
3. 1 =2a +24? —24°+22'. 
bh. a2?+h? +62 4+2ab + 2ac + 2be ;- a? — 5? =¢c? —~2ah = 2ac — 2be. 
6. 0, 10, 36. 

32 


ba? — 3x +3. 
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5 
V0 
(v+29)? = (w+ 2y)(3~ 42) +(3a 438) ?, 
-w+5y-— 42, 6. 4ab, 
6 


w8(c—1)4+#2(a—b)+0(b+0)45. 

a> +2atw49a%v? 4180249 +8 lawt 416205. 
a*+4b? +¢3 —4a42ac-Aitc. 
—6,-21,-5,-18,-26. 5. 0, 6. U. 


3a*°-7a*bhb+5ab2 — bs. 
3a°-10N4+9. [a-—2 should be x— 2). 


1, 13, 4), 24. 4 —34x*?- 400-25. 
ee Ny ds. 6. 12(2U*+y) pence. 
8 

33, 2,-13. 2. aki. 
4u?-—29x+650. [a-—3 should be v- 3.] 
a* -b*. 5. 12(a? 41). 

EXERCISE 24. 
(a) 10. (b) 5. (¢) 5. (@) -—4. 
(c) -¥Y. (f) -2. (g) =—5. (/ty 4, 
ik). Ay. i) 2. 2, 10. B.’ 1%; 
13. 3. #80, 6. 6 | Ae 
43, ». a2 %10.. 7. 11. 10 
4, 18;° 4. ag: 2, 15. 
14, ata 3, 16. 2 18. 2 
34. 21. 12. an. 4. ae, Ss. 
13. 25. 6. 26. 50. Ze. at. 
6: 29. j. 5 aoe Si. 23. 
6. 33, 3. Sar (22. 35. 0. 
I. 37. 314. 38. -4. 39.5 5. 
23. SP 43, 42. 2:3, 43.. 74. 
1z. 45. 1%. 6 -S. 47. 4a 


52. 
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1 a9, To, 50. 
-1i 53. 4. 54. 
-—13 57. -—20 58. 
5 61. 4 62. 
64. - 64. 65. 
EXERCISE 25. 
% 2 3. 
2h 6. 23. 7. 
8 46. 3. 14. 
16 44. —2183. 15. 
— 9,6, 18. 113 19. 
~ 22. 53. 23. 
36 @. 233. 27. 
13 30. 10. 31. 
9 34. -—10%! 35. 
-8 38. 1 39. 
a1. 5 
EXERCISE 26. 
p-4q. Q. 25a. 
15+. 5. mn. 
c—(a+Dd}. 8. p+q-3. 
1544. 1. ~. 
a 
Ax. 44. 7. 
g 
(1) 10-44. (2) 10». 
30+a—x%. 19. 2*%+2. 
a+1;4-1. 22. a+2, «+1, a. 


#, #@—-1, 7-2, #-3. 
a+b, a+6+4+1, a+b+4+2, a+b+ 
Eldest — 2x, Mid Lwv+l. 


3. 


10 yrs. hence A’s age=++10 yrs. and 


B’s age=}xe+10 yrs ; 
> yrs. ago A’s age=x- 5. 


B's age=ja—-5. 


23. 


a 
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54. 0: 
§5. 24. 
59. 3. 
63. 3 
4. 24. 
8. 34. 
16. —&. 
20. -8. 
24. i. 
2a. 7: 
3a: ‘8 
36. 54. 
40. 1. 
v—2. 
s-a-b 
4a+5e 
An, 
a +5 
mi 
w+15. 
254 yrs 
b+1, >, b- 
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ALGEBRA, 
mx miles. 29. : mi. an hr. 
6x mi. 31. #43 mi. ; (v+3) y mi 
(p+ q) a mi. 33. 10-2 (#+%) mi 
(1) a —y mi. ; (2) 3 (@— y) mi. (3) m7 (w— y) mi. 
_© hrs. 36. Bh hrs. 
x—4 a+b 
(192a+4+12b+c' pies. 
(a+ e+e) pounds. 39. (1) 7m. (2) me (8) ny. 
(1927-129 —2) pies. 
sa4+4b; S440 mo 2** ey oe 
+6 a 44 
EXERCISE 27. 
l0x+4. 2. 100+109+r. 3. 120x-+21y. 
ll11l#+3211. 5. 1002410) 4-2. 6. men. 
bah ; ee p, b= an. 
._ a+b 41 — 91 BR a 


Sette 11.3 COKE), «19. anh 
a+b+c¢ 


grass 1. 40% ¢ pas (a 4d) 
-5#-30=a. 16. 3a (p+ 2) =a. 
5a—1ll=y. 18. (10«+ ) (109 4- «)=253. 


1002 +10y+m=3 (100m +109+42) i.€., 97a — 204 = 2292771, 
99 —-9x=d. 24. (2% +10)—(#+10)=10. 


1.@, #=10. 
#—-5=1 (34%—5). 23. (*+9)t=a 
4.€., 2v—20=0. 
t (k=y)=2, 25. bn-am=3. 
v—-(a- het dia 27. 1200 - (20a 4+12y4120)—c 
(5: 4 (E44 a Mm 5+ i t4=3. 


EXERCISE 28. 
(i) 75 sq. in. (ii) 4 ft. (iii) 6 ft. 
(i) 502 sq. in (ii) 7 ft. (iii) 62 cm. 
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3. (i) 264 in. (ii) 15 ft. (iii) 10-4 ft. 

4. (i) 99°3896 eq. in. (ii) 5. 

5. (1) 4928 c. in. (ii) 21°8 ft. (iii) 65-4 it. 
liv) 6-57 p. (vy) 21703°7 c. in. 

6. (i) 400 yds. (ii) 7200 mi. (1ii) 3600. 
(iv) 14% ft. per sec. (v) 90 in. 

7. (i) 438. (ti) 236-32. 

8. (i) 210. (fi) 5050. (aii) 266. (iv) 7650. 
9. (i) 210. (id) 820. (iii) 4371. 
(iv) 192. (v) 245. (vi) 693. 

40. (i) 4. (ii), d=24. 11. 3600. 4a:* Tt. 
13. (i) £54-15s, (ii) Rs. 67. (iii) £145. 
(iv) Rs. 385. (v) 23. 
44. (i) 792 sq. ft. (ii) 18 ft. (ili) 40 yde. 
EXERCISE 29. 
4, 7, @ 2. 245, 3. 1s 
S. 210 5. 2,16. 6. 10 
7. §&, 8. 60, 90. 9. 38, 32. 
10. A’s share=Rs. 40. 41. A’sshare=f 19-13-0. 
Be 4. =Rs. 59. Bs ,. sa ase0 
Ca, Sp EE S-0. 
12. 8,9, 10. 13. 5, 6, 7, 8, 9, 44, 12, 13, 14, 15. 
15. 24, 26, 28. 16. 3,57, 9. 17. 6,7, 9. 
48. 2,7, a, 3. 19. 26, 35. 20. 30, 74, 6. 
21. 25. 22. 34. 23. 42. 
‘24. 23. 25. 5, 11. 26. 100, 80. 
27. 48. 28. 9, 14. 29. 54. 


30. 10 yrs., 6 yrs. 


EXERCISE 30. 


4; 1425 2. Rs. 600, Rs. 50. 3. £ 1-15-0. 

4. £ 10-2-0, £ 5-1-0, £ 4-16-0. 

5. 26. 6. 35- . 7 

8. 20 yrs. 9. 11 days. 10- 99 miles. 
41. When the father’s age is 62 years. 


13. 
15. 


ALGEBRA, 
A’s share=Rs. 3,600. 
Bs ., = 4,500. 
C’a ic: iy =e 4, 7,200. 


3 miles an hour. 

4 sovereigns, 8 half-crowns, 12 six pences. 

20 rupees, 60 two-anna coins and 30 one-anna ceins 
5 sovereigns, 40 crowns. 

2 severeigns, 6 crowns and 8 florins. 


A has £8 and B ¢ 6. 49. Re. 36. 

A with Rs, 32,B with Rs. 16. 21. 15 ft.. 12 ft. 

400 sq. ft. 23. 200 sq. ft. 

180 yds., 90 yds. 25. 165.ft., 12ft. 

1 days. 27. 10, 20. 28. 4. 

Carriage £ 45, horee, £ 60 ; harness £ 15. 

60. 31. 34, 16. 32. 40, 10. 
EXERCISE 31. 

A (5, 5), B (10, 10), C (15, 5), 

D (10, 0), E (-5, 2), bk (-10, — 2), 

G(-% 38) H (= 12,218), K (0, = 13), 

L (0, 3), M (10, — 19), N (14, - 15), 

O (0, 9), P (10, — 10). 

D (1, 1); B (2 2), C (3. 1), 

D (2, 0), G{ands -1), H (-2°4, —2°6), 

N (2°8, — 3). 

A (5:5), B (1, 1). C (1°5, °5), 

D (1, 0), L (0, °3), E (-—°5, -2), 

K (0, =1°3), H (- 1-2, —1°3), N (1.4, =—1-5), 

P (1,='1). 

(1) (2°4, 6); (ii) 28-45, 6-15. (iii) 3°26, 3-25 

(6, 7%), (—9, 5), (- 74, = 7h). 

(i) 133, 15. (11) — 24, - 24. (iii) 0, 74. 


The points lie on a parallel to the axis of y at a distance of # 


units from it. 


The peints lie on a parallel te the axis ef « at a distance of 


— & units from it. 
11°2, 15°5, 22:7 units. 


(1) 30 sq. units. (ii) 40 sq. units. (iii) 39 sq. units. 


16. 


21. 
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137 sq. units. a. 


(1) 90 sq. units. 
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(ii) 40 sq. unite. 


264 sq. units. 19. 329 units. 20. 95 miles nearly. 
13 units. 

EXERCISE 32. 
(10, 25) les on {ii) 
(> 5, — 2) ” (11) 
(-10, 25) ,, (i). 

EXERCISE 33. 
v= -10. 42. y=2. 13. a=3y. 
v+ys8. 35. 1-4 
The value of the function is—1 when w#=6; (i) 4; (ii) 24. 
ea, y= 2. 37. #=13, y= -—24. 
w=4, y=b. 39. «=2}, y=1}. 
x=10, y= -12. 4M. 2=2,9=3 
a=5, y=3. 43. «=2 
wa IZ. 45. 10. 
3h. 49. (4, 4), (13, 14), (3, 2). 
(1=1, 2), (6, 2), (2, —1). 

EXERCISE 34. 
16a? +2449. 2. 121a? +176% +64. 
9a? +48ab +64b?. 4. 16m?+48mu+36n?. 
a®x?+4abyy+4b7y?. 6. 9a’?b’c* +6abc* +c4. 
a?x? + 2abcxy + bc? y?. 8. m°p*+2mnqp+q?n?. 
Pee? +Say+ tp y?. 10. 9a4+42a?b? +4964. 
9p° + 6p%q? +q?. 12. 10404. 
10060°09. 14. 36048016. 
254° — 304+9. 16. S8lw*—126« +49. 
a*b? —2a*bhc+a?c?. 18. 25a°+40ab+16b?. 
16p? — 246q +9q?. 20. a?b?4+2abcd+c?d?. 
ta®-ab+,9,b?. 22. bic? ~ 2a°b*?cd+a'd’. 
pe — 4p%qr+4q?r?. 24. a*b*c? 4+2abcde+d’e*. 
l6a® — 40a%c* + 25c®. 26. 996004. 
999600-04. 28. 63°936016. 


a> +9b? + 16c? — 6ab = 8ac +24 be. 
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Ou? +16? +2522 — 24ay— FOae +40y2. 

16p? + 9m? +n? — 24pm — 8pn+ 6m, 

La? + $b? + %.c? — 3a — fac+be. 

a?b? 4+ b?c®? +¢2?a*®+2abcia — b—-c) 

at—2a°-a*®+2a+1. 

a+4+4b449ct-—4a°b? -6a'c? +12b%c?. 

a? +h? +4424 9% —-2ab+2ax+Vlay— 2ba —-2bv+224. 

fa? +9b? 4 16y* +25? — 12ab — l6aa+ 20a1+24ba - 30by — 40a. 

fa° +b? +75€° + yd? — jab— fac— Lad + tbc +7 bd + pyed. 

a'+4b4+44c44d!+4a?b? —4a°%c® —2a?d? — 8b?c? —4h?d® 
: +4c?d*. 

a®*b®+a*c?+b*c? +2abcla+b+0¢). 

a?+9b? +16c® +6ab4+8ac+24bc. 

4m? + 9n? + 16p? +120 + 1611p +24pn. 

ta? +4b7+2,¢74h4ab+10c+ ibe. 

wh + yt + c44 Dae yy? 4 Qy2c2?4+2q2c?, 

at+b%+4¢6842a2?b? +2a2c* 4.2b8¢4, 

a? +b% 4447499? +4+2ab44an+6ay+ 4bx+ 6by4+ 12ay. 

16a? +9? +4c? +d? + 24ab + l6ac + 8ad + 12he + bbd 4+ 4cd. 

uw? +49? +92? 4164? 4 day4+ 6024 8an4+12y24 16v0e 4+ 242n. 

16m? + 9u? + 4p? + 99° +24mn +16mp + 24mg + 12p67+418ng 


+1249. 

3(a? +b? +c?) — 2(ab + ac + be). 
14(a? +b? +¢° — ab—ac-— be). 
4(a?+b6?+¢%+4d%). 53. at—4a?b+2b?. 
At 4 hy? + Dy?, 55. 442442? + 812. 
4(a? +b? +c? 4d’) — 8(ac+bd). 
44%; 58. 0. 

EXERCISE 35. 
2(9a*® +49). 2. hat +8b?. 
2(a* + b*). 4. 2(a°+b%). [b? should be b*} 
96a. 6. wy. 
4p?q?. 8. 4a*y?: 
2\ (a? +b?)? + a*b?}. 10. 2(#? +47)?. 
2\a? +-(b=c)*{. 42. 4ay(w® +48). 
Sab(a’ —b?). 14. 4a(z-— 4). 


SAI age wor 


ANSWERS. 

EXERCISE 36. 
a*o? —¢c? ds, 2. 25a? —49. 
atx? — y+. A. wty? —y?z2?. 
16a? ~— 25y?. 6. 9«t-49b+. 
1642y? — 25m? n?. 8. pt-—9q’r?. 
a* - b*. 1 t+ = J. 
w?—(y—2z)?. 12. (#+2)?-y’. 
p*+p?q?+q*. 14. a°+a*+1. 
(v® —y?)?. 16. 4a? -9b? —c?+6bc. 
a*+b*~c?—d*+4+2ab+2cd. 18. a®+a%+at+a?+1. 
a?*+ab+b?. 20. #7+2aV xe+4-1. 
at+9u? +81, 22. (a*—1)?. 
#° + 81la* +6561. 24. a®+388a* + 20736. 
39991. 26. 2°8896. 


399°999984. 


EXERCISE 37. 


64a%*+144a7+4+1084a+27. 

274% +54e° y+ 36ay? +8y%. 

$74? +2a%b+4hab? +3253. 

646% — 240b67a+300ba? —125a%. 

a*b* —3a°b*cd+3abc?d? —c#d?. 

8p? — 60P’ ¢ + 150pq? — 12599. 

z7e? — pe y+ hay? — hy?. 

w5 + 16aty+6u%y? +8y °. 
m%a®* 43m? var? x+in+3mutIm+*4 %3a%m., 
Bae — 3647 44d + 54 ncy2d — 27y 5, 

we ys + y3z3 42949 + 3xy2(a+y)(y $8)(z+4). 
a*b*~b%c% +4a%* + 3abc(a—c)(a —b)(e +5). 
a® — b® —c% — 3(a*® — b?)(a? —c?)(b? 4°). 
a*+8hb? —¢%+ 3(a+2b(2b—c)(a—c). 

PP go =F Eee 4 eg? =F eo arr. 

a? +8b9 +27c% +4 3(a + 2b)(2b + 3c)(3c +a). 

ta? —1,b9 — 1 c* — 3(4a — 1b) (ha — 10)(4b + 4c). 


10,61,208. 19. 98,80,47,936. 


127-26 4527. 21. 976191-488. 
217. ~ 23. 504. 24. 18. 
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25. 140. 26... 125. oT. &. 

28. 27. 29. 126: 

30. 3(a*b+ab*+b*%c+bc? +¢%a+ca® + 2abc). 

31. 3(xy? — a? yp tyz? — y? 24247 — 22x). 32. 125(a—b)*. 

33. (*-¥4)%. 34. 8c° ((a+6+0c)® should be (a+b+c)*}. 


35. 32y°+axy, 


EXERCISE 38. 


1. x%-+8; 2. w*® +427. 3. 8a°+1. 
4. a*b*+c?, 5. 1254%° +898. 6. 64a +343b%. 
7. . 1 27a8, 8. a*— 8b%c. 9. a-8 
10. m*—64p5n8. 11. 8a%b® -1. 12. at*—5*®. 
18. a°—4b°. 14%, §,a9427b°. 15. a?—b?, 
16. 27x? —6ay?, 17, 7° _ _#" Cay should be }x*]. 

. 64 729 
18.  a°xe — bby6, 19. 729a° — 64y%, 

EXERCISE 39. 

1. w2?+129"+35. 2. w?-x#-6, 3. at—8a2+415. 
4. vw? +ay—12y?, 5. 44?4+4a- 15. 6. a?x® -axn—156. 
7. 40° —Lay—Toy?, 8. 6#?417av4+12y%, 
9. w°+9n? +2604-24, 10. 4°4+4e"°-20"- 48. 
414. w°+4442-477-2i0. 12. Sw? —260+12. 


138. wv? —9v? +2384-15. 

14. xyz—(#y4+y24+24%)+(a+y+2)-1. 

15. 4°4432?+2e41,. 

16. #°+%’(ab+bc+ca)+abcx(a+b+6)4+a*b’c?, 

47, 24 14 MyM yl im am 48. 97° 4947 997 
meni ti moma tr Pp f? Hr f 


1 
19. a°-n? ptete)te (S45+2)-1 
O26 a 6 6.6 
20 4°4+8n? 4214418. 21. #°— 52? —8x +448, 
22. S#°4+2442 42994846 23. 274° -ddax?4+33a24 = Gat. 
24. 6a°-25a?4+34a-15. 25, 243 +4642 +2997 46, 
26. a° -6a‘+11a? -6. 27. xt- 100749, 


2 a*=14a1449a? - 35. 


2 owe 
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a? + 20?(a+b+6)+4)\a? +6? +c°% +3(ab + be +ca)’ 
+ (a +6)(b+c)(c +a). 
1061105, 31. 941094 32. 84842505. 
EXERCISE 40. 


a8 +S 4 26 — Zy2y22?, 2. at?—bh%—c3 — 3abe. 


8v*-27y?—29-18sxyz. 4. 27p%- 125g? -—64—- 180f¢. 

m*?—n?+1+3mn. 6. a°b*+b%c3+c%a* —3a2b2¢?. 
1 = m?* 

a4 «2 ©... wien 

; +3 m* |? 

. 1 a® 6? ¢8 

ae —24+ —. 10. —+—+— -3. 
+ uve 0 Eat gat ce 

44 £5 g 3 


y323 2343 8 yS eye 
2(a® ++b%+4¢% — 3abc). 
(a+b)? +(b+c)?+(c+a)? -—3(a+b)(b+c)(c+a) 
or 2(a%? + b% +¢c3 — Babe). 
(24— y)?+(2y— 2)° +(2z — #)° — 3(2a — 9)(2y — 2)(2z — x) 
or 7T(a% +y%+2% — Bayz). 


EXERCISE 41. 
a’?+b?+3ab+a*b+ab?+a-+b. 


Gaia) 


(a +2y +2)(2e + y+2)(V+y + 22) + (4 + 9)(y+2\(2+2): 
(w — 2)(a+y = 22)(2a— y — 2) + (v — y)(y — 2)(¥ — 2). 
— Ax +y+2)9 +9 a+y+2)(vy +yz+ 24) — 27 xyz. 


0, [c-—a@ should be c-b] Te -0. 
xty+u2(y$1)+y?(~4+1)4+ 209 [a should be 1]. 
2(b+c¢)* + be(b +0). 


— (2a— 3b—4c)(12b¢— 6ab — 8ac) +24abce. 

(hat hy +42) day+hezt+ yb y2) — days. 

— (2a +6 +¢)}(be — (b +.c)(2a + 26 +2¢){ + be(2a + 2b + 20). 
— 8y3 — 27c% 449 2(" — 8c) +92 (w— 2y) — #2 (2y +30). 


a,.6 ¢yfa,e 6 
= ae sce pon I. 
ae +I +5+3) 


(a— 2b+c)(b—2c+a)(2a—b-c). 


ALGEBRA, 


EXERCISE 42. 


bja+b+¢). 2. awalv+y+z2). 3. a(a-—b—-c). 
bc(a—d+b), 5. abelat+b—c). 6. (a@+b)(a+b~— 2). 
(w—y){1-4(a—- y)} 8. (c-a)(c-b). 

w?y(u> —4xy — 34). 10. an(a-1). 

42(1 442), 12. 2(142n), 

3% +43(1-3°2%+42). 14. (b-c)\a*+bc(b—c)4+(b-c)*!. 


(v¥ —9)}(v— 9)? = 2w—y)-— 4). 


[Read y—~x for 9+#] 


EXERCISE 43. 


(a+2b)?. 2. 
(38m +40)?, 4, 
(5ac+bd)?, 6. 
v?(34 4-7) 2. 8. 
(fa — Sy), 10. 
(42 4-92 — m)?® 12. 
xm — yn)?, 14. 
(327 — Qn)? 16. 
4c* or 4 (a—b)?. 18. 
4a°b? or 4c?(a—b)?, 20 
] 22. 4. Bd: 0; 


(2v—-39)*. 

(4p — 5q)’. 

2(6a +74 *. 

4(9a —b)*, 

jsab(2a* —3b?)?. 

(a+ bn)*, 

(2% 4 27)? 

4a*® or 4b*, 

49(a—b)? or (a+b)?, 

(a? +b? — 2¢2)2 or 9(a® — b2)?, 
24, 1. 25. 81, 


EXERCISE 44. 


(a* +9)(a? +3)(a? - 8). 


(vw? +16)(@? 424 2a)(47 +2 — 2a)(w? + 2)(42 — 2), 


(5a — 3)(5a +3). 

(7¢ = 8d)(7¢ + 8d). 
(a-—b+c\(a+b—c). 

(34+ 4y— 72)(Ba+4y +472). 
(Pb — 12q)(7p + 29). 
8(a—~b+c)\(c =a). 
(26-q—8r)(4p— 7q +57). 
(2a° +9 +6a)(2a? +9 ~6a). 


4. (a°+9b*)(a4+3b)(a ~ 3b) 
6. (2ax-3b)(2ax + 3b.) 
8 (a+b-c-d\at+b+c+a). 
10. 4(3a+b)(6b-a) 
12. 4a(b-c). 
14. 4(3x -2)(2y— 32— 4). 
16. (¥° +84424)(n? +8 = dy). 


(4° +2b? 42ab)(a? + 2b? — 2ab). 


(a? +a+1)("? — #41). 
(v7 pay + 97)(4? — ey +y?). 
(x? —3+4x)(a? ~3— x). 


>. 


20. (at—a? +41) at 4a? 41), 
22. (v?4+3+422)(~? +3 -2y). 


10. 


13. 


—~ 
a-e ee ee 


oa _ — 
O2GS ws 


17. 
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(24° +3 +4 3a)(2a* +3 — 3a). 

(uw? +12 4 44)(x2 +12— 44). 

(3a? —~ 44 3%)(3a? — 4-32). 

(3a°+4+4+5x")(30* +4—- 5x). 

(3a* +54° + 7ax)(3a* 4+5a* —7Tan). 

(3a? — 4+ #)(3x? +4—-A4). 30. (#—2y+4+32z)(a —2y — 82). 
(@+2b+¢)(a+2b —c)\(c+a—2b)(c — a+ 2b). 
(@+b+c-d\(a+b-c+d)(c+d+a—bi(c+d=a+b). 

(a -c)(a+c —2b). 34. (a-d+b-c)\(a-—d—b+o). 
(a°+¢* +b? —2ac\(a+b+c)\(a+c—b). 
(a+6+c¢+4+d)\(a+b-c-d)(a—b+c-d)\(a-b-—c+d). 

0. 38. 39. 986820. 40. 13732. 


EXERCISE. 45. 


(a +3)°, 2. (3x1), 3, (ab—bc)?. 
(26+ 44)*- 5. (46? — c*}*) 6. (}m—4n)5: 
(1+ 7 «)°. 8. (L=m+n)°. 9 (2%+437)°. 
(+1). 14. Sta? +b*)*. 12. (a—c)8, 
—(a+b)?*. 44.. $e? 15. 100,00,00. 


EXERCISE. 46. 


(# — 2)(a@* + 24+ 4). 2. (a+3)(a? — 3a+9). 
(6bc — a)(366°c* + 6abc +a”). 

(4a — 3bd)(1l6a? +12abd + 9b7d?). 

#2 y(a+3y)(a* — 3ay+9y’). 

(v— v)(a? a2 y+ay? —y?). 

x(a + y)(w? — 3xvy + 3y?). 

(@? + bc)} (a? — bc)? — 2bc(a? — bc) + 4b7c?}. 

(x— (a? +2 +1)(w* +2). 

(a — 9b)(fa? +546 +40"). 

(3% —49)(3?4+344y+4°y), [27% -64y should be 27% ~ 64¥), 
3(3a— 5)(9a? + 15a +25). 

3( 2m + 32)\(222 — 62 +327), 

(a+1)(a? —4a+7). 

(a — c)} (a+b)? +(a+b)(b +0) +(b+0)7%. 

(a+ 6)(37ab — 19a? — 196%). 

(2m — 5n+3p) (40? +70? + 9p? — 2mn — 1228p — 6hn).. 
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ee Spade 19. (2a+1)(a* +a+!). 
(y+2);(V+94+2)? ta(uty+2)4+r* I. 
EXERCISE 47. 


(#+ 3)(#— 2). 2. (wv +9)(a#+16). 

(a — 5\(~ — 1). A. (w —6y)(w — 2y). 

(w+ 1)(14*+4L). 6. (v+a)(w~+26). 
(v-a}(v-a—b). 8. (w-—b+aj)(x—b =x). 


jw-(@+b)*{ Sa -(a-b)*}. 10. (x—a\(x-—b—Cc). 


(=#5)( 4) 


(w»ta+b—cilxt+a—b+0). 13. (w-ab+bc)(4+ab+ac). 

(v—c)\(*+atb). 15. (#+7)(w — 2)l#+3)(« +2). 

(a? —3a+1)(a4+ 1)(a— 4). 47. (vw? +24 -2)(a41)?. 

(m2 + 6n)(91 — 57}. 19. (vw? +7)(x4+2)(a— 2) 

(a* — 2)(a— 2)\(a* + 2a+ 4). 21. (at+5)(a*+4)(a -—2)(a+2) 

(7 +a? 4+ ab)(~+b? + ab). 23. (v+a* —ab)(x+b* - abd), 

(w# — a+ 2b)(“— b 42a). 25. (#— 2z)(a+y—- 2). 
EXERGISE 48. 

(7v +69)(74 +9). 2. 3x(34 45). 

(w+ 1)(2x -1). A. (4 4+3)(2¥ - 3). 

(2v —3y)(w +44). 6. (2x — 5)(a +3). 

(Ba — 5)(2a +3). 8. (3v— 2)(2a = 3). 

(2a +1)(40 — 3). 10. (3% -2a*)(2x- 5a?) 

(4a 425) (54 +24). 12. (46 4 591)(390 — Ayr). 

(5a —8b)(2a— 76). 1%. (6%-—7)(3"- 2). 

x?(6a+2x)(4a — 3x). 16. (7m —39)(4on +5). 

(lla +2b) (3a +5b). 18. (7v+89)(5a— Gy). 

(7a — 12y)(6x+11y). 20. (7a 8y)\(9x413y). 

(12/7 = 1377)(i41 — 1577). 22. (154 +16)(17% + 18). 


(Sp? +12643)(4p2 +6p ~ 3). 24. (2ab +2¢a = C)(ab +<¢ a— 51. 
(a? =y* = ¥—2)(4— 9 +1). 

EXERGISE 49. 
(a+b)(c—d). 2. (ax+y)(bx— y). 8. 2(¥4 2a)/a 4+ 3d) 
(2a — b\(a® +2bx). 5. (xy+a?)(2x — 3y). 
(w+1)(ax* +bx+a). 7. (l= a#)(1=y). 8. (¥4+1]\{a4+}) 
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(a— bj(a~ ¢). 10. (p+aq)\(p+"). 11. (x -y)(44+5). 
(a+b\(a +1). 


EXERCISE 50. 


(x? + abi(3a — 4b). 2. (w#+2)(¥—2)(¥? +y? +22). 
(a+ y—2\(¥-y+2+1). 4. (w—y)(% - y—1))- 

(a—b)(u +b +0). 6. («+4)3(#- a). . 
(¥+y)(a— y)%. 8. (b—c)(¥+4). 

(a-b -c\(a+b+c+1). 10. (a+b)(a? +b?*). 

(a? + b*)\(a— 2b). 12. (y pz) (0 + yz). 

(a+b)(C+a— b)(c -— 4+). 14. (w —y)\(1+-4)(1+y). 
(a+b)\a+b6+1). 16. (b+¢)(a2+b-¢)(a-—b+¢). 


EXERCISE 51. 


(b+¢c-a)(b?°+c*+a* —-bc+ab+ac). [a* should be a*}. 
(c+1)(c? —¢ +37), B. (¢+4b)(c*+7b? - 4bc) 
(3a— b)(3a° +b* +3ab): 

(a—b=c)(a*? +62 +c? +ab+ac— be). 

ms +9" ‘ely AO ot aaah te 


b ¢ a Pi @ ¢ b 
Bt tae eta 6-8 a) 
pian $n)(l° +Am? + iad +hlm+44in— }mn). 
(W#+ y+ Iw? +y° +1-4- y— ay). 
2a +2b+3c)(a? +4b°+9C° - 2Zab— 3ac — bbe). 
(a+b+c)(a? +b* +c? —ao—ac— be). 


( tol Hft3- y 
GPa KP tap tt +5) 


(2a? =38a41)(4a* +12a° +5a’ +6a +1). 

(l+4a? +3a*)(1+i6a‘+9a° -4a° - 3a* -12a®). 
3(42+a+6)(24+6+6¢)(2+¢+4). 

3(2 —#— y)(2 — y- 2)(2—y — %)- 

3(a* +b* — ac— bc) b*® +c° — ac—ab)\c° +a*>-—ab— be). 
3(2a+y—2)(2y+2-—a)(22+x-y). 

3(4 +26 +6)(b+ 2c + a}(C+ 2a+ 6). 


bo 


ALGEBRA, 


EXERCISE 52. 


3(a* — b?)b*® —c*)'c? — a?). 


3(a+6 — 2¢)(b+c¢ — 2a)(¢ +a — 2b), 


3abc(a — b)(b= c)(c —a). 
3(a— a)(* — b)(# — c)(a — b)(b- cc - a). 


3(a + a)(" — b)(a +). 


Babe (:-° - , _« 
Oo 7) Cc Ne c ) 


3(a — 2y)(2y — 1)(1 — 2). 


3(ax— by)(by — cz)(cz— aa). 
3abe(bze — cy)(by — cz)(ay — ba). 


3(a— 2b +¢)(b — 2c-+a)(¢- 2a+b). 


3(a + 2b — 3c)(b +2c - 3a)(c + 2a — 3b). 


— 3c(s — a)(s — b). 


3(2a — b)(2b — c)(2c — a). 


3(3a — s)(3b — s)(3c—s). 


3a°b%c®(a — b)(b—c)(c - a). 


EXERCISE 83. 


ee 
l) 


oi ou 

ee 99 
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' 

+ 


ll 
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| 
vo 
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\I 
ds 
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hh So 


ce ell 


=3; y=4; 2 and 59. 


’ 


*=4; y=}; 0 and 8. 


2 


w=1; »=5, 
w=1; y=2, 
#=10; y=12. 
t=359Sh. 
¥=3; y= 3. 
#>3, y>=—1h 
a=8; y=2. 
a=5; y=6. 
w=1; y=2, 
wads y=-3, 
v#=>-1; 
s=T; y=4: 
#=4; y=8. 
#=5; y= =—2, 
ar=2; y=5, 
v=2; y= =-2; 16. 
#=4; y=}; 12 and-}. 
a=3;b= +11, 


y=2. 
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37. m=}; c=14% (a and b should be m and ¢). 
38. a= —- 5$; b=}. 39. m=2;c=-1. 
40. a=b=- MM. a= 10; 912 
42. x=16; y=12, B38. #=4; y=5. 
Mm, «= 3A; yap. 45. #=10; y=15. 
46. *«=15; y=16, AT. x=5; y=4. 
48. w= —2; yo}h. 49 w=2; y=3., 
50. *«=2; y=3. 
514. w«=3; y=5. [1122 should be 40 and —#+10 should be 
#+13). 
$2. #=4; y=. $8. *=qF055 Y=8S8. 
[+'06y should be — -06y}, 
S. #=>7; y=1, 85. #*=2; ¥=4. 
56. +#=8; y=4. 57. 4y should be y, 
59. 6*-l=a;#=2; y=5. 60. 14-*%>4; *«=5; y=3. 
61. (i) y+5z2=0 (ii) a+42=0. 
62. (i) 3y+2=2 (ii) 8a-—2z=1. 
63. «=5; y=1L0; 20. 
64. «=10; y=8; 24. 
EXERCISE 54. 
1. 16 and 9. 2. 24 and 25. 
3. 30 and 70. 4. 92 and 100. 
5. 6 and 24. 6. 145° and 155°. 
7. 20 and 25. 8. A, 10 Rs; B, 12 Rs. 
9. A, 58 yrs.; B, 18 yrs. | 
40. A, 72 yrs.; B; 52 yrs. 
41. Father, 30 yrs.; son, 20. [Twrce the son's age by 10 ‘ years 


should be thrice the son’s age by 30 years]. 


12. 1, [%3 should be 4,]. 
13. 8 [4 should be 4]. 
14. 4%. 

15. } 


16. 


7 
54. [The second condition gives rise to the same equation; 


se it should be the digit in the ten's place ts greater than the digit in 


the wnit’s place by unity. } 
a. 4. 18. 64. 19. 


33 


96. 


20. 12. 
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21. 6 yds., 4 yds. 22. 16 ft., 12 ft. 
[Omit diminished in the second line}. 
23. 20 ft. 12 ft, 24. 180 eq. ft. 


25. Tea, 2s. 4d. per lb; sugar, 3d. per Ib. 
26. Cow, Rs, 45; horse, 250 Rs. [5 horses shoud be 3 horses |. 


27. 15 beggars; 27s. 

28. 9 men; £2,700. 

29. A, 76 $6 Rs.; B, 4446 Rs. 
30. A, Rs. 20; B, Rs. 25. 


EXAMINATION PAPERS. 


Second Series 


f. 


1. 3a%—29a? —-96a-107, 
2. (i) (2#+3)(8v— 2); (ii) 5a(a = 26). 
a..-%, 4. a=10[ find n should be find 1}. 3 I. 
6. (-*) 100 per cent. 
2. 
- a? +7, 2. (i) (w-10,%+7); (ii) (¥+1)(¥* —« +42), 


1 

a3 yta)irab- mm). [x i ae 
( ~)i 2(ab - mn) bl” eames 

4. 2(cx— ay—by) rupees. 

5 x= 58, 


3. 


(a4-a’41)(a*?+a+41)(a?-a+4l), 
2c—b; b? ~2, 

Father, 45; son, 15. 

6°5 ins, correct to 1, of an inch. 
#=1; y=5, 


(2, 3). 


SO i oo BO me 


er fin 


oo m& w 


2b) (2+2c) and tn terms of a should be in terms of a, b and c}. 


b> 


7 oe 


i. 
2. 


ow = w 
rrr 


ANSWERS. 
4, 
a9, 2. w=4; y=3. 3 45. 


388114000000. 
e+e yi —y¥; (x—y)(a+y+1), 
(@ + 7)(4#— 2)(w + 2)(% +43). 


5. 
(1) (2a - 3b + 2c)i24— 3b — 2c) 
(2) (w° +1)(a—- 1)(a#? +4+1) 
#=8; y=10, 
a* — 8a? +23a-17. 
#5 +9a4+81. [3 should be 3x? 1, 
Cow, 55 Rs.; horse, 170 Rs. 

6. 
(i) 4° (@+1)° ; (ii) a (a+1)? (@-1) ja? +a+1). 
(i) #328 ; (2) 4=0; y=3. 
2a*b? +2a7c? +2¢7@? -at—b* -—¢%. 


to: 
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3(@+b+c)*. [2a should be 2 z, (v4+2b) (x+2c) should be (V+ 


1. 


48 and 20. [17 should be 27]. 
(1) (ay -2bx) (by=2ax). (2) (bx —a) (ax+b). 


h=12. 5. A, 45 Re; B, Rs, 30, 


6=7; 6-5, oa | 


3. 

i) 7v=42 (ii) 7y=3z. 

a+“4=—14; x=56; y=3. 

50 ft.,24 ft. 

(i) (w@—y)°(a+y) (ti) (@+6)(a+5+41). 
EXERGCISE 55. 

v3 —442? 4747-6. 

2u'+7a%-—5e?-1l4y-5. 
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~ Pp > 
Qaim © 


SO Oe oe 


- » 
YNFOoOwWONSS wm w 
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3 — 8a — a? (3+ mi) +(3m — 5a? + lba4, 

36a —v?+2a—1. 

#8 —2yt+1. 

x5 = Baty 4 5asy? —5et pS 43ay4 —y, 

94245430494 405430? +2041. 

a> 43aty+4a5y? 44a? 5 4+ Bayh +y°. 

141844774? +40 04432045 + 300a°. 

4e8 +395 +407 +1, 

6a* —16a4+15a* -—10a? -10a+12. 

a? a5 —-2a4 —a%(p+42)+a%(p+1)+a(p-1)-L 

alé6+ae+l. 

xe =I, 

até +ai24aé tat+1. 

x® —a*®a® +2aba5 —x4(b? +2ac)+2x3%(ad+bc) #?(c? +2bd) 
+2cdx —d?. 


EXERCISE 56. 


ab --a?(a+9)+6?(a—y) —ab(n? —y?). 

w2(a? —b?)+2bay —y’. 

(m2? —n?)x? +2ay(an + bm) —y?(a?—b*). 
a8(a —b) + %*2(a? —b? —c) ~2bcw —c?*. 

Iw —y)® —(w—y)? —2(e? —y*) + 3e+y—-1. 

18m? —n?) 417 \(m—n)? +(m+n)i +1. 

a*(s+y) +.079(x - 29) +a} (w+ 9)? —(%—y)(x* - ay +9°)| 


—(#* +94). 
(a® —b°)x* —bx?(a+ 2b) —2ba -1. 
(x? —y®)a% +a? (x? —2ay+3y*) —4ax—4, 
(a? —b?)x*+ 2x" 9(b® —ac)+ay? 5(a —b)(c +a) —(b? —c*)| 
+ 9°(b —o)(c+a). 


{(P+q)? —1? (4° + 21K" —p+q) 
+ 2x(6q + 2p7r —qr —q*) +(p+9)* -1°. 
m'*(~? +24 —3)+2m* |w? +4 —4)4+m*(3x* —14) 
+ 2m(x° —% —4)+ (x4 1)\" 3). 
w?(a® —b?)497(b? —c?)422(c? —a*) 4 2bay(a—c) 
+ 2cy2(b — a) +2aex(c —b). 
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W. j(a*—-1)(m* -1) -(a? -1)(m4 +m? +1)(p 
+ ffm? — (a4 +a? +1) ~(m* + l)(a*+1)}q. 
45. m*@*+ p2q? +44) —2q°m* - m2\2q° —9? + th*q +0") 


— 4pqm —(p? —q*). 
‘EXERCISE 57. 
4. 327 —2+2. 2. 5Sa#?-—10¥+2. 
3. Ta%—2z°. A. llw? —2x+77. 
5. p° —3p4+2p2- 2. 6. «°+a3-a-1. 
7. a®ta>+at+a?+a%+a41. 8. at+a%+a?+a+l. 
9. a+b. 10. a*—3a?+9a—-27. 


41. ja*-4ab+ 4b’. 

12. m*-7m°n+3m?n? —3lmn*> +5n?. 

13. av—-b. 4. 2a°+38a?+4a+5. 
45. aw? +bde+c. 


EXERCISE 58. 
(x? —ay +y?)a? +(4— y)a+l1. 
(m2 +m+1)x?+(m+l)a+1. 
(a+1)?+2(4+ 1) - 
(b- 9)? —(4+r)5q +31 + 2p) +4(9 +7)’. 
L2(m — 1) —l(m +1) +3. 
a?(¥+3) -—a(x —2)+(#+1). 
(a—1)m’ —(a-—1)m+3. 
(a+4)a+(a-2)y. 
9. (p+2g)m —(p-4). 
10. (a—b)? -2ia-b)- 
11. [Read #(x-1)a*]. (w-l)a+w?. 
12. (w?+ay+y*)a+(v+y). 
13. cb. 
14%. w°(#-l)-x9(e+y-Y+y2(y-l}. 
45. (b+c)v?+(c+a)x+(a+b). 


EXERCISE 59. 


erage Wry 


‘4. QO =8x? — 5s, R=3. 
QO =8x? +1lv+6, R=9. 
Q=8x? -134+4+21, R= - 39. 
QQ =8x? +19%+433, R=69. 
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22 O=8x* -214+58, R= -171. 
O=8w? +27#+76, R=231, 

2 O=Tx°+]40* +2204 51, R=107. 
O=7a* — 56a? + 442% — 38528, R= 28297. 
O=7a° +49a° +337"4 2367, R=16572. 

8. O=2x? —4e41), Ra —4F. 

Q=24° - ie+3, R=}. 
O=3a? -Vrth,  t: 
Oaax? +4049, RaZd 
O=8? -Tiv+17, Ra - 2A, 
O=38a? -Sa+1, R=}, 
O=2x*? -2~+1, R= — 4, 
Qa 2x? - Hp td, R- 38. 

4. Same answers as in (3), 


EXERCISE 60. 
1.20 6,17,30,-10,-15,-18,- 435 — 183, y?4+8y—3, 2? ~8y- 3, 
2% 0, 2, y? ~y +1, 9? = 5y +6, 9? — 2944, y?— S948, 2p? — 
6y+4+12. 
8.T 0,54,645,, 12335 (20° + 6h? + 12h 4-692), 
2(— 82?h —h* +38n* +3h? — 3h +1), 
4. 3024.0,0,360, 24. 
5. 244605420? —24n45, 
91% +63 +92 —159 -—1, 
71% +-627° —277+138. 
6. (972 +2)(m1 +1), mm(m —1)\m —2), (11 + 3)(9t + 2)(992 +1), 
; (nt —1)(m —2)\(m —8), 
7, 886, 91, “MPM + Ent) (nt Hine ieee) 
6 3 
(9 —1)97(497 —1) 


3 
fe>' )s 
mm? 
10. y4+6y° 41692 421y 412. 
EXERCISE 61. 
1.F% a+b+c. 2. —ap*+bp? —cph+d, 
3. +hab+paitra+4, S. 16a+8b+4 tet 2d +e, 


Io wp 
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- mb5 +nb4+pb%*+qb?irb+s. 6. 5. | Ae 

4. 9. 10. a;3a. ‘44. 12. 
aS + thy? + x2 yd + 99, 

BP? — yy F 4 gh yo —yF yo +yr?, 

wb? —yl Oya +... — v2 yO 4 yt 2. 

BPS gh ay? + ...... + ar yte —yt8, 

a=0;6=-1. 36. a=—-9; b=18. 
p=0; q=4v -1. 

po=tv2, q=l. 

p-aiv -2; q= -1. 

a=-9; b=2. 

A=14; B=24; C=1}. 40. a=4; b=—-6; ¢=3. 
8(a —1)9 +33 (a — 1)? 4+39(a—1)-+18 ; (2a —-1)%+53(24 - 1)? + 62% 


—1)+53. 

(a — 1)9+3(a# — 1)? +3(4-1)+1. 
—10 +10(a+1)-—9a+1) (v+2)+2(a+41) (4 +2) (w +3). 
26 —325 +924 —1329 +4182? — 1242+ 8. 

EXERCISE 62. 
(2a +39 + 42)(34 +6y +72), 
(3a —b +2c)(2a+5b —3c). 3. (x+2y 4+32)(24+4+3y +2). 
(5a+6b+7c)(2a — 4b —5c). 5. (a+2b+c)\a-—b+¢). 
(a+b+c)(a++¢). 7. (2x+y9 —2)(v4+2y+2). 
(Qa +b+c)la+2b+0¢). 9. (2a-b+0)(\a+b+42c). 
(3x — 22 -—34)(~ —22 -4). 11. (2u+4+3a—4)(% -6a+ 7). 
(Be+4y+5)(4+ y —3). 13. (3a—2b+44)(2a+ 5b —7). 
(3a +3 —5)(x —2y +10). 15. (2a+b+3)(a+2b —3). 
(7a +6y +2)(2a+39+6). — - 17. (30+ 9432)(4 —2y —22). 
(2a +39 —2)(x —y +2). 19, (2n+3y -2\(4—4y —42), 


(a+b +4c—d)\ia+b+c —d). 


EXERCISE 63. 


(a —1)\(3a? + 3a +1). 2. (x—1)\(Qu? -324-4). 

(v —1)ia+])(2e+4+1). 4 (w—1)(Ba*° —44? 45x —7), 
(a —1)°. 

(w —1)%. 6. (a-1)(3a? —2a+]1). 


(#-+1)(3a* —5x? + 8% —8). 8. (a-—1)(4a? —2a+3). 
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ALGEBRA. 
(w+1)(lla? —4a—-1), 10, (w+1)(7a* —3a*+4-2). 
(a —1)(v? +1). 12. (a—-lI)(av* +av+a+ba+b+0), 
(a+ 1)?(~? —3~ —5). 14. (w41)(x? 4+ 2043). 
(a+ 4)(~+5)(a +6). 16. (* —1)\(#+4)(244+1), 
(w —2)(2% —1)(3¥+2). 18. (x —1)(v+1)(3«+2)(6"—7). 
(x —1)(a+1)(2a -1)(3"+7). 20. (« —I(w+1)(« —2)(6« +3). 
(aw + 1)(# —3)(2a + 3)(3a —2)) 22. (w4+1)(x+1)(# —3)(40 45) 
(a —2)(a + 2)(a + 2)(a+43). 24. (*+4+2)(%+3)(¥ —3)(x —3). 


(w? —av+ 2)(v? —a# —8). 

(a® + 10a 4+22)(v¥? ++10x418). (*+2)}(#+4) (%+8) should be 
(w+ 2)(x + 4)}(% + 6)(v 4-8). 

(64? —31%+437)(6x* -3l¥441). 28. (#—-1)(w—1)(a* —2a —44). 

a(¥+4)(4? +4047), 


EXERCISE 64. 


(a+b)(b+c)(¢+a). 2. (a+b)(b+c)(c+a). 

(a —b)(b —c) (a —C). § (a—b)(b—c)(c-a). 
(a+b+c)(a—b)(b-c)(a—c). 

(a—b)() —c)(c —a)(a* +b? +c2+ab4ac+be), 
(a+b+c)(a—b)(b —c)(a—c). 

(ab+ac+bc)(a —b)(b-c)(a—c). 

(a —b)(b—c)(a —c)(a® +b? +c? +ab4+ac+be). 

5(a —b)(b —c)(c —a)(a® +b? +c? —ab —ac—be), 

(a? —b*)(b? —c?)(a? —c*), 

(a—b)(b —c)(¢—a)(a+b+4+0). 18. (a? —b*)(b? —c?)(c? ~a?), 
(a—b)(b—c)(c—a). 18, (b? -1)(b? —c*)(c? 41), 


ale sae 


(a -b)(b—c)(a—c)(a*+b% 4+c% +a*b+ ab? 4+b%e4+be? 


+c*a+ca*+abc). 
(a -—b)(b-c)(c-a)(a+b+c), 19. (a® —b*)(b? —c?)(a? —c?2), 
(a? +b?)(b? 4+0?)(c? +a”), 21. (w? 4 97)(y? 427)(2# 4 92) 


(5004S) 
(=3)(ore2 (2) 


8abc. 25. S3abc. 
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-—(4+b+¢)(a+b—c)(b4+c-a)\(c+a—b). 

24aye2[(w+z2—)° +(y+2—m)? should be (v+z2- y)*+(y+z—-4)*] 
—(a—b)(b—-c)(c -—a)(a+b+7)(a* +b? +c%4+ab+ac+be). 
5(a+b)(b+c)(e+ a). 

(Sa?+ Sab)(da? - Sab). 


EXERCISE 65. 


b24?, 2... Sw? 3. 3ab?. 
3p? q*. & -«*9*. 6. 17a*6%c*, 
Ja2c?, 8 Tahtoyotr, 9. l4ambP+a, 
6x4-+b-+cyp7+r (4q sbould be 29). 

EXERCISE 65. 
a? —ab+b?. 2. a+l. 3. #x+1. 
w— 2. 5. #«-b, 6. w-y. 
vw? +2442. 8. «-): 9 2xv+3. 
3v-2, 41. a-2. 12. atc 
NEY+Z 14. «-k 15. 2x-y. 
3a+l1. 17. «+5. 18. #«-2. 
(w+ 1)?. 20. 2(%?+axn—- 2a’). 

EXERCISE 67. 
we? +2443. 2 «I. 3. 4? 4243. 
32-7. §. 2v—1. 6. (#+1)*. 
4? +4045. 8. (x-1)?. 9. #?-]1, 
5a? =1, 44 «=I, 12. wl. 
a-l. 14 l+a+t+a?, 45. w?-30-4. 
2(v? —2ax+2a?), 17. x? -(a- b)x+b?. 
+a. 19. a+b. 20 «-2. 
v+T, % 24+, 23. «-5. 
aA, 

EXERCISE 68. 


— 7. ab=a*-ct. 18, x-4,a=-4. 1%, 7, 15. 8. 


EXERCISE 69. 
54atyteta, 2. 120a*b%cs. 
b* x? (4? — b®). R (wa? — 24 -15)(x +1). 


a 


13. 


17. 


SMH ONAOR wr 


(1 —2m)? (1 4+3n) 


(xt —a4)(w*? +ax+a?), 
(w+ a)(v + b)(* +c) 


(4a —5w? 41). 


(w —1)(3a —2)(54 —4)(4a* - 1), 


ALGEBRA. 


6. x(x +3y)(24+ y)(3a —2y9). 
— m(x + y){l# (a —2)? —m®(y +2)? I. 


10, 
12. 
14. 
16. 


(Qa? —1)(9at -1)(x? —3)?. 
(a —b)*(a+0)9(a? + ab +b*)*(a? +b°). 


3(a —b)(b — cle — 


a). 


EXERCISE 70. 


(3a* —a+1)(2a —3)(3a -2), 


(a —4)(# —5)(w? 


—5a +6), 


(a + I(x —2)(2 +8)(7 +4). 
(w? —b*)(a? —c®)(e*? — a8). 
(e+ y)(2a# —y)(3x — y)(4a— 9). 
6a2°+1l4a? —34*-2, 


20. (a® -—b*)\(b+c(c +a), 


(w +c){2a*447(2a - 36) —a(2b? 4+ 3ab) +3b* |. 
(w+1)(2w+ 1)(84? —w+4+2)(2"? —x -4), 
(a? + 2a+3)(3a? +8a)(4a? +9. 

(3a —1)(2a —3)(2¥+1)(2v +49). 

(8a —2)(4a —1)(2a4+3)(2a-5), 

(a' —3a+ 20)(3a4+4)(a +3). 

(v5 —2ut—w—l)(v% +42 +2441) 
(2a+3b+c)(a —b -c)(a —4b+ 40). 


a342an? —qa’x-2a, 16. 
(a —5)(#—6) and (# —2)(7—5), 
(~+4)(a#—3) and (x 44)(#—5). 
(w+1)(a+2) and (¥+1) 143). 
EXERCISE 71. 
4ac? Baz 3n 
“ae 2. —o 3. ive 
v—a al 7 2a —5b 
a 34a 2a 
ob SER MO i 5) eee 
a+b 2 — yy? n—t 
a 14 #3 15. a+b 
a-5 
24-1 wr 4y? 


12 3a4+4 


30. 
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#-10 94, #2 1ea +55 
zw? —Ta +10 ee. |) i 
2 . 12 
Eh 23. (b+c-a)(c+a-—b). 
ia+b+c). 25. —3, 
ie 27. 3{a-b). 
(a-—1)(b-1) 
3. CR aan? olbateal 
® atio+2) 
o~b he 
a-4b—4¢ 


EXERCISE 72. 


mty? 9? 2*, w?2? 2 @*,b’ .c*. 
NYZ abc 
2(@-1), 3'a—1), 10 Py (x -—3), w—-1), * -2) 


2(a? —1) ‘(# — 1)(a —2)(a-3) © 
(v—2) (2-w), (2—#) (w—y), (te-y) (y= 2). 
(#—¥) (y—2) (2-#) 


(a-—b) (a%°+6%), (a+b) (a*—b*), 1 


a‘ —bé6 
a(V+2), V(2+4), 2(4+9) 8. 0 
(w+y)(y+2(2+e) — 
2 40 2(4a? + 9b*) 
(L+a)2—at " “ga? -9b? * 
 8a+5 ¥ 2ab 43 4a+s 
(2e+1)(4a+3)(Ba+2) " at? —b? "  a=-x 
2 3a? 
sp tetas Shean 49," =2.. 16. 4a’. 
a(e+1)(e+2) s?—j Ome 
20-3 2 ab(3a —2b). 
a eee eee: Te 19. (ee _. iS, aa 
(#? —1)(2a+3) ~ (1 —447) (a-—b)* 
-. , paeeee — oe re eee) dk 
b(a* +28) 
4x —3y # a’ 
Pinna IP ya sen ee | oe 
40? —y? (1 —»)(1+22) (a -2)(a+1)? 
7 “7, AS 28. 0, 


(u* —1)(44 4) " (1 —a) (e+ 5) 


31. 


35 


); (a? —b?)(a*+ab+b?). 
1 

(4 —2)*(~+3)*("—6) 

pt 

(a°+1)(a*+1)(a+1) ’ 
] . 

abc(a+b)(b+c)(c 4a) ’ 


EXERCISE 74. 


(a* -1)(a® -1), 


; 0 ae 4. nu+m. 
ao. 8.8 9 0. 

ae AM 44. 1. 
(a+b+c)~—(h+k) 


ALGEBRA, 
(a —b)(b —c)(a—c) 84-11 E 
(a+b) (b+c)(c+a)" («i —1)(# -3)(a —5) 
. a? 2a?-3la-2 
0. 32. Y 33. ( y a " 34. eve cee Bees 
2 
EXERCISE 73. 

. vw—-4)(a—7 4ab 
b(a?+b*), 2 azb. 8, ve a 
eHle= 0). REC R Eee , 

x a*—x* a®*+l 
Wy? ide 4, (a+b+0) 

ae 10. 1, or. 
____y(ye+1) a ° 26, ae 
(ay +1)(ayz+ate) eF " at +bP 
(a+b ~c)(c—a+b) (c+d)* —(a—b)® 
ET A ad Ml SF Uhl ahd Na 

4 4(ab+cd)? 
ar(a? —ax+47) a-c 
(a—x) (a? —%°) © pe ac+1 
b c 2a4 
m 1 - 22, a+b 23 (at +b) 
ae bod eon ey ey 
b? —a* —ac 2(142«) 


; w8("? —2e44)(w? —4), 


a*b*¢*(a—b)(b—c)(¢-a). 


5. R, 6. 
20. 1 11. 
15. 0 16. 


18. 
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a+b+c. 19. @*+6?+c?+ab+ac+be. 
1 1 1 
ses, Mm FS alah SIE se 
(a —1)(b-1)(¢ -1) abc (@+a)(b+a)(€+<4)° 
1 1 
oe ae OF eee 
(a —1)(b-—1)(e-2) (a —1)(b—1)(¢ -1) 
e x? 
pS 26. : 
(a —a)(b —x)(¢ —4) (a —%)(b —%)(¢ — +) 
a+b+c—ab—ac—be 2 x? —x+1 
(a—1)(b-1)(¢-1) © "(w= a)(#—6)(w -c)” 
(w+1)* 3 mx*® —na +p 
(a — «)(b —a)(¢—#)° (a+4)(b+x)(¢+*) 
EXERCISE 75. 
2(3a? —12¥+411). 
3 *@, oe eee . 
ee aimee: no 
CR ge a MORE ey tL 
a-b x 
qg: ae ee A ms i ED), 
w—J 
3(a+b+¢). 17. a?+b*+:?. 18. 2 (a7+5b*%+¢?). 
‘ 3abc 
-3(a+b : SS (on eds 
(a+b)(b+¢)(¢+4) ry wip 
3. 22. (a+b-+¢). 23. ab+ac+be. 
eee i CRM 
(a +1)(54+1) ’ (e+1){(n+1)e4lS 
+ ns 


(a -2b)(5a—6b) ° (a —2b)\(7 + l)a—(n +2), 
EXERCISE 76. 
a4+42b2 —4a°b. a® —6a4d+9a7b? — 26%. 


a* —2b. 2. a*-8ab+3c. 3. (a?-—2b)? —2(b? -2ac). 
(a? —2b)(a* —3ab +3c¢) —a(b? —2ac)+be. 


EXERGISE 77. 
a Pe hee ae 
x-a a—-b a Py ae se 
1 1 4 1 2 


Qat2) 2e+6) eq2 w? 2044 


ALGEBRA, 
Le ded ; ak! re FN ; 
. 9%-1 38xv-l " g+a+b' g-a-0 
g 2 Sei Ong” Put Pe ck 
' (b-a)(x+a) + Bab Bis 3(2a+1) 6(¥+2) 
3 3 3 
e. 2(a +1) at+2* 2a+3) 
l 4 9 1 4 7 
== ; 11. + 
10. 2(¥+1) x42 2(~ +3) Ae-2) ow ya=3 Q(x —4) 
12. ap? +bp+e — aq? +bq+e 
(P-Q)(9-")\(4-P) (G+Ph)(q -r)(*- q) 
ar® +br+c 
(r—p)(r -—q)(4-1) 
3 2 5 be oe 3 
© yal ys t. 9-3 eee oe 
4 : 
EXERCISE 78. 
2ab 5 , +6 3a°(b? —a*) 
+ a ke e=—_ 4 SIM. 6 
1. 2. [Take x 5 he t mp FR baad)" 
a. D. 4. 1. §. .0, a 
; Bk: Se ee Db ee ee 
@ a-b a 
?+¢cd+d? (a —b)* 
13° Cee. a nee 
: c+d (a +b)(a? +b?) eid 
45. 7. 1) ee. ce 2 eo 
bh a? +b? . . . ~ . 
0 Coe 26. 0. 
EXERCISE 79. 
56 39 557 6390 6654 
70. eg bie: A DON ) 
(a) ™ ee (c) a (d) 771° (e) a 


ANSWERS. 
* SXAMINATION PAPERS. 
Third Series, 
i 
2h(3x? + 128-942) 2. 292. 


1. (a—b)(b-¢)\c-—a)(a+h+c) 
2. 3(@—b)(c— b)(a+c) [ +a@* should be-a*]. 
(4a? —9y*)(16a4 43647 y*+481y*). 


B(e* +a? —1) 
Yh. 6 ————’.. 
; wt—] 

Il 
A=1, B=11, C=3,; D=0, 2. 2p=q (q+2). 


(a@-1)*+4(a-1)*+6(a—-1)*+4(a-1) +1. 


[For (v+y+2)*+(y+2+n)* read (x+y—2)? +(y+z+4)?]. 


H. C, F.=x(w+5) ; L. C. M.=6a(%-7) (¥-9)(¥+5). 
6x® —444?7+11l¥—-98. [Adds after “ of’’]. 
I. 


ill 
a=2; b=3. 


H. C. F,=4e? +35 LC. Mi = (4a? +3)(% -—2)(84 +1). 
A=l, B=2, C=3, D=0. 


5a+7 
atl 
(a+b+c) (a+b—c) (b+c -a) (c+a-—b). 
1V 
-9 2. A=l1, B=1,Ce=l. 


1. (w+y)(z+4—y)(2~v+y) 
2. (2a —b+2)(3a+6—1). 
(4a? —1)(3a@+1)(2a-1). 6. 90. 


Vv 
y*. 3. asd. §.. 0 6. H.C. f.-a- | 


(« —1)(#-—2)(w-3)(~-4). [42 should be 24}. 
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gs 
ALGEBRA. 
vi 
2. (#—3) (w-2). : 
B. 3(a—b)(b-c((7 - 4). 'For b-c read (b -6)* | 
8. A=}, B=-1, C=}. 
vil 
4. «-1, 3. (a-4)(a-1): (a -—4)(a—2)(a=3). 
§. Az=2, B=3,C=-5. ae & T.-L. 
8. (ax+by)?+(ba-ay)® , (ay+bw)* +(by -ax)*. e 
Vill 
1. 16—-6a’. 2. 12xy2. 
4. aad [For 3a? read 3a%] 5. a*+7a+1. 
6. 5(w?+y°)—Tay. 8, O, {For 4+y4 read «4 =). & 
IX 
1 c+3 1 ' 
4. = ———-—,, g= = ee = 
p= e(¢+1)(c +2)’ q c(¢+1) (c49)" ¢ 
2 0. 3. (w? —6x421)(4+1) 
(w-1)*(w-3) 
4 a-l. 5. -2(a—b)(b —c)(c-a)(a+b+6). 
6. (2e—1)°4+3(24 —1)* -2(24-1) +1. 
7.. BG, > 
x § 
4, (a) 4(x-y)(y-2)("-2). 
(b) (w-2y+3)(4a+9 —2). 
2. 3(x? + 9% +27) -—B(ay +2z+ yz). 
4. (1) RlL-—3m (2) 1° -—3m(ki-m). 
5. (#+9+2)? w®—2e? 440-8 
2yz wt 2a? +128 - 18 
7 a* -10a* -6a -1 
" a4410a*+6a-1 
g, Baah-aq-Pq , oo +Optey= a 


a-h b+q 


1 


3 


"72a » 


ANSWERS, §29 


EXERCISE 80. 


125a%D"? -~3 Qqiopis _— rein? deine ya 
? . a*b8co ’ 9p gar? $ 

an % 4 1626 

be, Taye » 


a3l(n—m) 1 an(m —7). 
2(649b+20a%b* + 6ab5). 22. 2(a7 +21 aSy? 435 .5%y8 4 y7), 
2ab(a +b)(a* +ab+6?). 24. Tab(a+b)(a* +ab4b?)?. 


80a. 26. -12y. 27. 510308. 
16. 29. 6. 30. 0. 
EXERCISE 81. 

a*b%c4; 4m n®, 2. 3a°b*; —Qade. 
2p?q* 5; =3]m*n5. 4. 9ab+c?, 
ax? +be+c. 6. 3-1 +242. 
b? =2ba? —a, 8. (a—b)(ab +1}. 
vi+4y-1, 
‘oe f\. #*-» 
“—5 ar - #7 —v+h, 
Ce 2y? a* 22 2 
pei l ae » —+— oe 
zyet aay , gt 3 tye | 
pate A a 15. x 28 
Lee “we x 
vey a. +, ee 

ve 
a+b 19. a*—b? 4¢7~@2 
a°+(2b-c)a+c?. 

3 2v8*+a-2 
“ tir .. team 
1 

—.. %, 0. 25. 0. 
a ta 36. 22 
3u? +e+1; 311, 

EXERCISE 82 

3a? —2y +41. 2. w#*—x#+4. 3. e+e-2 


w? —3xry+2y?, 5. (+). 
[ Read—192% +64). w#°-64?7+4124-8. 
xt ary? —gt, 8. 27 -54x* +3614 -—See. 
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3 3a? 2b 
=e sd 10. —— 3- 
9. 4a*+2a-1 = 0 pet ++ x 
44, 2(-1)?+5(w-1) -6, 12. (a-1)*+3(a-1)-2. 
13. a+b-c. 44. a*+c*-2b*, 15. a-"-2. 4 
16. a*+ td. 17. w+ +2, 6. 24-241, | 
a x y # 
4454 > 
19 w#=10. 20 w=. 21. x=" Aaa 23. «2=8 
98, x=60. 28. #=93. 95. Qvt—a+l, } 
26. w?-3v43, 27. Qe? 4+2v +3. 28. a*+a?+3a+3, 
99. c-3ab+2a°=0; 3b-2a*=Vd, 80. pt=4q. 
314. r?=p's; p§4+8r=4h9. 82. p—q=3ph"%q* ; p> =6q°. 
S86 °° a= 1); ba oR, 34. 25. 35. -24. 36. -6; 9. 37. 
38. 13. 39. 40°?(a+b)?. 
a? a* a® bas a® a* a® ba’ 
nm aes) 1 + 7 a tie oe’ 
8 16 128 i 8°16 8 
1 =p 
( 2a* vee edie ity a . +). 
5 es v.38 3 3 
a. 24h 62 on? ae wl 
Tat 8 Bet og"! We “ote te, v * + i598" . : 


3 b fe b? 5b4 

2 1a: ee CT i ae : 

yf + 3a” Ba?’ i6a* jase) 

4 be = b° 5b4 
a() “7 “8a? 16a? ey 
EXERCISE 83. 
1, w* =3%42. 2, 2e* +4cr— 3c’. 3 (#-1)?. 
1 


4 w«%?4+a441. 5. «9424+ os 6. 30? -2a41, 


7. (a) # - “(bx -2, 8. b=a° ; c2e*, 


S. $*=3¢ ; Jret. 10. 4c?=9bd ; bd=16ae. 


EXERCISE 84. 


3 
4, a-°#a" 2. a-l 3 P ( ya 
; « ‘ . x a7 Ms 


id 


ANSWERS. 531 
a Pp 
at+b +c? +a3b3 —adct +bict. 5. s a eyh ts oft 
1 7.¢ 
a a 
(w-+—4)(w-* —3); (w —y )(w +a y +9); 
(a? +b? +abv2)(a? +b? —abv2) , 
(¥-+uwm*+1)(a8§ +a? —v—a-1) ; 
(a-* +a-*)(a-* +a-—*)(a-3+a-1). 
e+y+Vuy; (v-y)x 2nd Expn. 
(7)? Pes -4 4% 74 
bj’ ; 41. yw +y 4 -iny 
4 4 < % 4 1% i 3 
2x —3By +42. 43, w +44 +a—-44 -44 424 
av? odbc 15. (at—b')m. 
a®?+b? 
l= w 17. y? [Read+asx }, 
Ii 19. 1+wh?+22, 
1. 21. at }., 
125 *y sa 5 
@ 6b 2 ath. é% 
EXERCISE 85. 
Z. 2 4. 
EXERCISE 88. 
a—(l-b+a). 2. ab+(a+be—c. 
(10 = 2a)—{3a — 3} 4 -2ab—(a+b; 
(3a? — 7ab) +-(3b- a). 6. 5a—4. 
— 5ab+2(a+6). 8. ab+(a+b). 
10a?+b? 
8(a +2b) 19. 1. 
$(4+b+c). 12. =§(a+5+0). 
(a+b+c+d)—(m+n). (18, \cd(a+b) - ab(c+d}—(ab = cd, 
(c? — ab’\+(a +b — 2c): 16. }(a+b+¢). 
Ma+b+c). 18. 4(a+b+0). 
- 8. s. 7. 21. 5. 
3. 23. 6. 23. -2 
89. 26. 8, we. i, 
4. 29. —34 30. 5. 
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ALGEBRA. 


4%. 82. b. 88. 4}. 
4}. 35. 3. 36. 234. 

3, 38. (ab+bc- 2ac)—(a+c — 2b). 
2. 40. 2(c-—b-a). Mi. a®+b*+c*.- 
—(a+b+c+4+d). 43. ab+a+b. 
ab+act+be. 45. 6ab+38ac+4+2bc. 

— 3a. 47. 3a. 4s. 2. 

10. 50, {c*(a—b)+b*(a—c){+(ab +ac—- 2bc). 
2ab—(a+b). 52. jb*%(c —a)+a'(c - b){+(ac+ bc — 2ab). 
5. 54. 13. 55. 4(a+%). 56. a’®—(b-a). 
(bu — asn)—(m — 1). 58. - zed 

EXERCISE 87. 

4 2. 0 8, 1. 4. 5. 8. 10. 6. 0. 

5. 8 -9 9. 90. 10.. 3... 2as4. 12. 0. 
148, 48, <2, 45. 6. 16. 1 17. =10. 
‘, 19. 4 20. -b. 21. 2ab—(a-b). 22. &: 

> 6.4 986.28 2 0-0 eee 
2b. 30. {ab(c+d)—cdla +6)\+(ab—- cd). 

(c? -— ab)+(a +b — 2c). 32. 4(a+b-3). 33. 4. 

1}. 35. 3(a+0). 36. = 2h. 87. 2%. 

7. 39. 2(a+b). 40. 8. 41. 3h. 

ae ey ab. 23. 45. = 
23. 47. 8}. 48. 1. 49. -3a. 
(3ab -— a® — b?)—(a +b). 

EXEROISE 88. 

L 9g _(a+6)(n-m) g. b+e+q4+r 
a Qn — 21 +a—b. a T° 
Um a Fa al g alab- cd) 
m(b— a) ar=cp '  “ad=be - 
$. 8. 2(a+b). 8. iAdae. 

:. ii, =. 42. ab+(a+b). 
12 | 14. -63. 15. -10. 

— (a? +b? + 3ab)+(a+b). an %. 

23. 19. -5h. 2. -44. 


—— ee 


41. 


4 


S38 2 » 
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EXERCISE 89. 


4 2. 50 3. 4. Baas 5. $a. 
33a. << Bar 20. 8. (a-b)*--(2a- b). 9. 
41. (a -b)?-+2b. 42. 26. 
2 
“{ bet \. 14. 6. 15. +1. 
a Hemi 
2r—-p*-q’. 17. 2c-a-b. 18, 103. 
ee. Ot. LO 22. 4(b -c). 23. +x. 
2a-b a(a*#+1) 4 4a 
srt 25. gi Se 
=] a?b (t+ 1)?. elt a. 5 
1. 29. a(m? +n?)—(m? —n?*). 30. a(b—1)?+4b. 
4 H-1), eee: 
2b tjat+l—-*/a-1 
Dip? +1)? + 4p? PT ee ey 
‘ ey rs . [ Read VY ux +b for Vat ] 
aod 35. 5 36. 2a? 
ae 19) . 
V (1-a)(9a - 1) , 
ba pds + _¢6 
0. 33. (b'+b')®. py 40, -§. 
___ Aabem(a+b+e)* 42. -a 43. abs 
3(a? +6? +c? — ab — be = ac). E ‘ 3 
5. a 46. 1. 47. 78. 
p+1 
EXERCISE 89. Problems. 
16 ; 2. 
AB AB A AB? 
Seah ad ee Bes i; 18, SF, 10-& 40. 
(Bel? (B+l)** (B+ (B+1) 
Re. 25. 4h. 2. 8. 654. 6. 240. 
48 of each. 8. 740; 1,053 votes. §. 120 bushels. 
5:1. 14. 40.412. 6p and 4p 43. £2 15s. 
23. 15. 1,000 men. 16. 25 lbs. 


16; 20 coins. 48. (1) 38;4 ; (2) 212,m, (3) 5,72. past 7. 
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7s. ; 118. 8d. 
760 men. 
2 miles an hour. 


ALGEBRA. 

at+ng .pi-a 
156 days. 20. ae oie’ 
The hound makes 960 leaps and the hare 1,200 leaps. 
20 days. 23. 1,5, hrs. 
193. 27. 180,000 men. 
600 men. 30. 600. 
4hrs, and 6hrs. 33. 6 miles. 


14 miles from B, After 6 hrs. 
121 yds. 
10 hrs. 95 m. from L. 


41. 


6,400. 

2 hours after B. 
99 yds ; 77 yds. 
36 miles. 


60 miles ; Passenger train, 80 miles an hour ; Goods’ train, 20 
miles an hour. 

150 miles ; 40 milesan hour. 

12 o'clock ; 125 miles from A. 


EXERCISE 90. 


sah yee: .. saB pad, 3. wa4; y=2 
v2=8 3; 9=4. 5. wah; 7=h. 6. =a; y=b 
, Ca? +b?) _cla+b) I oe 
x are a 8. a=at+b ; y=a-b. 
wi ee hi oi SP 
aq—-bp’” aq-bp 
it ac(dn + bm), _bd(cn - ani) 
ad+bce ’ ad+be — 
,= abe(ab+ac—bc) .,_  abciac—ab be) 
a?b?+4+a’e2?—b?c?’”  a®*bh? +a%c?2 — bc? 
on SOS OEe og St ESE Ee 
2(be-ad) ’ 2(tc- ad) © 
b?-—c? b? — ac uh 1 
‘= 2 = . & ° 9S 
ala-c)” b(c - a) Soe at—br’? b?-a? 
. a0 ab b-a a(a+b)* —4b* 
Fh aes ff J SE, 4 . — ° WSS ecomes naam 
a+b y b-a » a baw” a(a? —b?) : 
a=) 18. a= b*4¢?-a? yee we = 9". 
2a 2b 
s=b-c;y=c-a 20. ga wee oi 
aap’: aad’ 
av=l;y=-l 22, #«£=y9=1. 
s=a*; y= 5* M. *«=8; y=2 


31. 


ANSWERS. 


_ b*(a*?+1)(a*-1), 
b+)’ 


~ (a? b# — laa — 
_ a(a? +ab+b?) 
bla+b) 


a>=-ab; 


y=atb. 
G ; 22. 
2y+3v+1=0. 

2a? +3uy + 2y8. 
y=3e. 
=3. 


42. 


EXERCISE 91. 


24 ; 60 ; 120. 


Tiss; 
10 ; 6 ;2. 
1 1 
(c-aje= b)’ (b-ayb—c 
S70 th XY 


e Nab ¢ ‘5 2 


26. 
28. 
30. 


ae = 1\(a'— 


a? 


a=— tha ; y=_5a. 


x 


= y= 343. 


waa ;y=b. 
a*(b? 4 1}(b4 - 1) 


~24+b 


a=1. 
[Read+13 for -13 in the second equation. ] 


-9 ;&. 


34. 


36. 
38. 
40. 


b4) 


lbv_ 9 
14 «(14 
a=-1;b=-1. 
225441329 +4+42=0, 
VK 

44. k=1. 


35 ; 30 ; 25. 

24 ; 60 ; 120. 

5; 7: —3. 
2mnpa 


¢) a b\(a—c) 


-ab+tac+bhe ; a+b+co. 


4; -t325-%:- 


Consider a. ay 1 
ay 92 & 


ai. 


23. 


25, 


27. 


oe ee See 


(it, a we =AG c a). 


neces ® 2 
2be. 
6-91, 3% 


Cc. 


s=y=s=1; 


452 5 OF4. 
30. 


— as the unknown quantities. 
x2 Oy : 


~ n(p-+m)— pr’ 
4 5 84 | 627. 


_6-2b 
26-3’ 2b-3' 2b-3 
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isis 


536 


a ee 


11. 


12. 


SSeS5 


ALGEBRA. 


#=¥=2=a4. $338. 2, 1,4: 34. Bx? -5a-1. 35. 0. 
4,1,-2. 
244 9: fer 9 read 10 and for (1,2) read (2, 2.) 


6x* — Fie+ YL. 
a Hy? tzr+2ayt ye+z4a) +9, 
x7=22+3. 
EXERCISE 92. 
#=3 ; y=4. 3. #212 ;y92 
s=12s »=18, §. #«=14, y=20 
Laat cae a» IFSP Lead 
2=3 ; y=2. 6. w a*4+1 rat 
#=2 ;9=-38 5 2=1. 8. xol 5s ya8 3 ead, 
z=t-b ;y=a-c;z=b-a,. 10. wx=b-c;y=c-a; z=a-b 
a= aib+0) 
(@-b)(c- a)’ 
a=b+6-a ; y=c+a—b, z=a4b-c. 
Ses ae es elie 
er. = 58 =. 6; wea ; y= zee. 
are 48 &ec 
\a — b)(a —c)’ 
#=b+¢C-a@a;y=c+a-—b ; e=a4+b-<c. 
=), yn! sa) 1G. aa ; pad : t=¢. 
a b c 
2=@ ;y=>b 5 2=¢. 20. x=a?-b? 5 y=c*-a?® ; 2=b*-ct 
EXERCISE 93. 
82, | 2. 376. 
76 Ibs; 40 Ibs. 4. 9 gallons and 6 gallons. 
106.2,y de. 6. 457. 
36 and 27 miles per hour; 756 miles. 
£56; £33. 9. 42Zm. 10. 3A; x 
2abe 2abe 
A. in ———__——___ days; Bi a 8: 
beeaceab. ” " ababenae 3 
é ia 2abe 


inccicemignan mcmsighis, SAMO 
ca+ab— be i fy 


32 days; 40 days; 534 days. 


100 
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13. (i) 20, 30 and 60 days; (ii) 10 days. 
14. 4 yds.; 5 yds. 45. 72 Ibe. 
16. 40,5,m.; 34 55m. 17. 3 milee and 6 miles an hour. 
18. 2 miles an hour, 19. 3 miles an hour. 
20. 1748, 125.; 14 37 gale. 214. Gn; 5P,m. 
22. 150 m. 23. 3m. 
2%. 33 m.; 6m.; 5a. 25. A lim.; Bk m. 
26. 27 m., 34m.; 27. 12 ft.; 9 ft. 
28 10 yards, 7 yards. 29 18 feet, 12 feet; 15 feet. 
30. 255. 31. £6; 20 persons. 
32. 8 and 12 gals. 33. 90 miles. 
34. Ain 5 minutes; B in 6 minutes. 
33. 24 and 2 miles; distance 5 miles. 
36. 100 m. and 25 mm. 37. b(n -1)—(a-c) miles. 
38. 50 lbs.: £70. 39. 6 and 10 qrs. 
40. 45 m. and 224 m. 4i. 10 and 12 miles an hour. 
42. 12 mi. 43. 334n1.; 484m. 
44. 45 and 30 miles. 45. 30 and 50 miles. 
46. 4550 J; 1750 C; 3853 A. 47. 432. 
48. Res. 1,250; 1,500; 1,260. 49. 63, (20; 21; 22). 
50. 36 m.; 12 m. 
52. Rs 510; Rs. 360. - 53. 200 yds; 100 yds. 
54 A’s money=Rs. 70, B’s money 130. 
55 44 mi; 4 mi; 3} mi. 56. 13 as 4p. 
57. 220 yds. 176 yds. per mi. 58. £4,680. £4,720. 
59. torewheel 14 yds; Hind wheel 1} yds. . 
60. A-25 miles, B-30 miles C-35 miles per hour; distance= 
miles. 
61. 1,000 ft. per second. 
62. 10 minutes fast. 
63. 6 as. up to 15 seers and 6 ps. per every additional seer. 
EXERCISE 95. 
ers Y g +5. 3. hry 4. +5 
5. +}. 6. +2V 32. 7 +l. 7 8. 4; 0. 
@. +3. 10. +2. 4114. +6. 42. +1. 
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a+b+c' 


ALGEBRA, 
a=) 15. 4; 0. 18. -2a. 
J 2 
+8. 17. tiv 2ab—b?. 18. +f. 
a(b -¢) 20. +,/ at #0" where p= (5 
2V be +1 
av 3 ‘ 3 
a) 22. 4V3. 23. +719 
4 
EXERCISE 96. 
4:-2, 2. 20;-6. 3. 8;-40. 4. 1;-8. 
1; — 20, 6. 26;-136. 7. 10;-2. 8. 8;.-1, 
7:-3. 10. 5;-8. 44. 4,3. 12. 13,-12. 
-a,-b. 14. ab, ac. 15. 2, 2%. {Read —14* for—14}. 
8,-7 [Read -18w for—7~ | 
ale 48. 2; -4b. 40. 85-4. 
a b 
oe -94V727 
1274757). 4. 1; 102, 22. : 
2 ] 
7 ;-13.' 24. b;* 23,50; 
ia me 0% t . “a 
~ (a+b) ; b-a. o7. -a; —8ab. 
2ab a? +ac+b?+be 
0;——.. ' = . 
‘a+b mn & a+b+4+2c 
9, Sd. Bh eee oe tae p + 2q 
2 2 2 p-2q 
2a-b ;2b—a. [Read (#-a)?* for (¥—a)*]. 
4+V (a? +10ab+b?). 34. itv(a?+b?). 
a*+b*  2ab+b? —a? 2ab — be- ae 
, fo Bi Fie EN a ae, 03 —— ee 
2» 2a a+b-2¢ 
2ab ab 
a+b; : 38. 0; ‘ be hes 
+ ack a+b 39 5 he 
1a-v(i-+4ac) 
2(a + 5) 
1 §ab + actbct (atb® + bic? ¥c?d* = abcad b+0I. 


58. 
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49 ; 2. 43. 4 ;--44. 
— (2a - 3b)4/ (5b? — 12ab— 1257), 
8 ; 20. 46. 5; -8. 
7;-1. [Read+11 for-11.] 48 11; 
42a +b+b6V/1+4a?). 50. 3; 4. 
0; 14. 52. 6; — 2b. 53. 1;3 
}(- 1433). 
—— i) — b)4v (1 — b)(1 +70) 
oe el we Bie etic een's 
a 3) 2(1 — d) 
5 ; 3. 
(m+n? mi+nt\* 40% ITRead n? 
: Ll mtn? eal (243) m? —14 st sadness 
for m? —n? in the denominator. } 
ay (~ B+ Vv —7). 59. ga 60. +2;4+,/-2. 
EXERCISE 97. 
<1. 2 =-$;1. 3. 03; i. §. -;7 30. 
G2 a¢*  cF= a? 
l-a;at- : ne ————= 5 ——__.- 
sat he a+l 6 b2~a? ' a?—b? 
3, 12. g. 7, 34. 9. -5,-40. 10. 9,-36 
9,-99. 12 -2, 3. 13, 1-3. 414. 3, 6. 
%, 3. 16. 4,-13. 17. wx? -w-12=0. 
a?+(a—b)vx—-ab=0. 19. =~ 9¢-+-1-¢@'=0. 
v?+(c-a)wn+(a—b)(b-c)= 


—-4v+1=0. 
6 bh? 


s+ = 7. 
ac 
b? —3ac 97. b? -ac 

a* a? 
— §. 30. -3}. 
2v?-3v+1=0. 34. 
24? +34 -9=0. 36. 
2b? = 9ac. 38. 
4p? = — 25q. 40. 


(w—1)(a?*v- b? x +a? —c?). 42. 


a 


“a 2a fe. 
c? c 
gg, (02 = ach? Seq. 
a* 
3143. 32. 


12a? —74#+1=0. 
4x? —124+4+5=0. 
3b* = 16c. 


_}: 
(wta- byw +b). 


- 91. 
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43. (v-1)\(b+c-2a)n-a-—b42c}. 
44. (w-l)fax(b-c)-cia-b)|. 48. (x+a*+ab)(v+b* +a). 
$6. (v+a? - ab)(v+6* — ab), 


EXERCISE 98. 


1. 20 2. —55. 3. 184. 

4. b*~24a. 5. b*?—4a?’, 6 5. 

7. 29. 8. -4, 9 4(2b% -«*). 
10 (4c-a—b)?+4 (ab—2c®); the R. H. S. is 2 (w=c)?. 
11. (a*-b?)?, 12. Real and unequal. 
13. Imaginary. 44. Real and unequal. 
15. Realand equal. 16. x. 17. %. 
19. <)-8: ip. «5, 3, 


20. (a+c)(a+c—tb)4+4b? =0, 


EXERCISE 99. 


1. 3:7 =; 2. (vw? —w)* —(4? —4) -132-=0 
3. 43; +$V -11, iis 5p 
g, ory ae. 6. v4 12 724tV 242 
2 x a-l 
| fae! 8. 1. [Read 2a for 34]. So 


10. y?4+3y—-4£=0; (y=V a? +5047), 
11. y?+y-20=0; (yaw w* +9443). 
12. y*— 2y-35=0; (y=V wv? -8x440). [Read #* for y*]. 
13. y?-—by-13=0; (yav x? — 2x = 8). 
1%. 9;-2; 4 (74 173). 46.1. 16. 4;-9, 
17 -2;-5; 3(-34V 241.) 18. 2;=-}. 
19. y? -2y+1=0 where y =V 34? -2ax $4. 
20 a+b 229 a-b 2 9 

Fe wre” Naghsrr 

1 
Shs ea eens 1 
cor icy @ imaginary cube reot of 1, 

22, -2;6;34721. [Read+144 for- 144}, 


23. Divide by #*; and put okay. 


24. 
26. 
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§(1+v 5); 3(4~ 2). 25. 1; 4(-3i~75) 

ap inte or —+°, 27. Divide by 2*; and put a+ tay, 
* x 

6;-1; 3(54V —39). 

8a; —a; 5 (Tv —71,) 30. (3; 4); (3+V 10) 


a? 4+5av= —5a?iv atte’, 

(v? — 9x)? +38(%? —9x)4+336=0. 
(v?+-21~)*? +168(a? +214) +5565 = 0. 
9? —y +740; (vv a? + 44 - 5), 


x? +3a=} or 2. 36, «w=5 (obvious), 
atv b)*+4 

5. %.. 2; ate ; 
* (fav b)?—4 
(w? +54)? +6(a4? +54) -4050. 
v?+3v=4 or -2. Bi. 4a4?-3x1=1 or 24, 
vw? —5a+7=0 orl. 43. w?+a=6 or-7. 
4(-44V 34), 45. 2. 46. a?4+a=4(-liv 3). 
p.7 ATE ~ 1665 as pay (Mevime) 

46 72 

4; —44;-2iv —6. 50. 1;-3;-4. 
0; -—3; 12; —15. 52. m, 


a; b;¢; (w~ta)(a+b)(a+c)=2%. 


—(a+b); ap ilar +o") +V i(a +6) +4a7b?{. 
2; 24V3. 56. 0; 4a. 57. 1; -3. 
0; 8 4 (144v 3). 59. 1;24+V72;24¥v =1. 

0; V5; tv 42, 


EXERCISE 100. 


#=1-0; y=b. a &@& 3 yar 2. 

wad; y=3. B. #=5); y=4b. 

smay=d. 6 #4=2; y=0. 

v=7; 955. S. ~~ #=10; g=1. 

pare Pe eed 10. #£=1; y=2; 2=3. 
a b c 


a=>1; y=2; 2=3. 19. sp); y=q; 2=.. 
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13. 


14 


15. 
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(cta- = b(a+b- -¢) ae 


ie 2(6+c¢- a) n 
*= 3; be 8; ¢=4, 
1 ab_ bc 
es ; 1 
ee . ¢ a ‘) 6 


EXERGISE 101. 


a= 38; y= 1054s. 2. w#>=28; y=4d., 
3a2y? —196ay4+2380=0. ~ &. 
a=lor 1-(1iv 2)§ ; y=0 or-14~v2, 


w=5 or —2t ; 9=8 or i, 


Hod? 5 9=2+1. 


. 1b 
. Ay= rn( 5a? Sa ~~ )and v+y=a, 


“ 111 +41 pnt. _ n-m pin — \ 

11+ 1 m+n mn—1 1— m1 
#=3a Or —2a3 y=2b or =3b, 24, ven? ; ya, 
w=3 5-4; 20r-5;y-2o0r-—5;30r-4. 26. w#=2; y=1., 
HS ysl, 26. #=7; 9211, 29. a#=4; y=1. 
x=8 5 y=2 31. 423; y==38. 32. #=125 ; y= 
w=2 ysl BM. #£=3 5 9=2. 
g?= a’ 3 y= b® 

as +56 a® +b6 
sa; y¥=b. 37. #=4; y=2 38. v=4; y=65, 

= Fev 3) s(1+ Za) y= = ava a las). 
t=a;b;y=b; a. 


Joyo pet 04) 


8. #23; pol. 
w>47; y= 42, 


ays=4;u-y=-9, 9 w=+6 ; y=3438. 
= -f9a ; y= -— dha a, #227.; yo eB, 
#=4; ps8, 13. w=3 or—} ; y=3 or—34. 
a=1 or § ; y=2 or §. 146. a=-lor3; y=] or-38. 
a(t +7) a(m - 1) 
4= > ——__, =: ++ ———— —— 
J m* 4-942 Vm? +12" 
2 
: bynes V+y=b. 18. #=3835 »=2, 
1 , 
1—(): . ats Hes). BD Dele 
#20515 23,30 0;2;4v2, 


iS) 
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EXERCISE 102 


x=>1 yal a i. — 
a? b? c 
4= +. , 3 2 ——————— 
Jat+bi+c® ~~ Vat¢bite? Vatgb? pe 
a=4; ysl 5352. 4, x? = a 
(a= b)\c— a) 
aab—-c;ysc-a32sa—-h). 6. wal ; y=2 5253. 
wad, ys8; 2=4. S #21 ;9=2; es3. 


w=jb+c-at+v \(20c + 2ac+2ab— -a?—b b* —c*){ +2 
where 2a? = a+b+c+3v 4(2be+2ac+2ab—- a?—bi— c?), 


w=6b+c ; or 6+c+ Rabe &¢. 


G=k=€ 
wa=bec; y=C-a;z=a—b. 
a(b+c-a) ee % 
© V(O+e= aie +a b)la+o- ¢)’ 
x=arooct fhe) Got ; ga gdp 8, 


w=tV}(atvVa? —(b—-6)? ; &. 


+= 


A=yoas e./ z 16. ° #=a ; y= bd; 8 =Cc. 
2... See (a? +b? 402) < 
b+c-a@ ¢C+a—-b a+b-c Bia? 4 +6? +c*)-2be+ca+ab) : 
e=6 5 y=7 ; 228. 19. #=3: y=1 5252, 
dabtgeus rex0 
EXERCISE 103 
4. 7;8 2% 20;20 & 958. g, L#V5 8475 
2 2 
ee 6. 1; 6, 7. 44; 110. 8. 24: 40, 
220,165. 10. 50. 11. 16. 12. 10; 15. 
20; 25. 1%, 2;6;8, 18. 3. 16. 400; 1600 
3; 4. 18. 252. 19. 730r 37. 20. 3, 
5m. 22. 248. 23. 54; 10. 24. 2d.; 3d, 
Py 
ah es), 26. 130. 27. £40. 
28 6;9. 29. 15, 30. 265; 5. 31. 117; 130, 


a 
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32. 138 {t.; 164 ft. 33. 10; 15. 34. 30m. 
35. A430;B5aM. 36. 10. 37. Bisect it. 
38. -1;-8; 3. 389. 66,22, 40. 9d. 41. 28. 
42. A40brs.; B 60 hrs. 43. 5hrs.; 3 hrs, 
44, 160 qrs.; £2. 45. 24 days; A 4s. B 8s. 
46. 10; 12. 47. 30 yds.; 40 yde.; 
48. 100. $9. 1:9;1: 4, 50. £60; £40. 


EXERCISE 104 


3. (t) 2°25. (ii) 6°76, (ili) 8°24, 
(i) 1:7, (it) 32. (AHN) BB, (vv) 7. 


4. (i) 265, (vi) 3°46. (iii) 4°24. 

5. (4, 16,) (—-1, 1). 6. 1; -}, 

a (1, 2), (4, 3). 8. = 2, 1, 

40. 8, 23; 9,1. 18. (3, 9);(-1, -1). 

16.-°95 =<. 16. (3, — 44); (2, -2). 

EXERCISE 105. 

4, (1), -B = (il) -2, -4. (iii) 1, -1. 
(iv) -1, 0. (v) $3. (vi) -4, 2s. 
(vii) -1, 4. (vili) -—g, - 2. (ix) —4, xd. 

2. (i) 5. (il) -4, (iii) 6. (iv) 1, 

a > 

ee oe be (ii) 3,- 2. -. aiy.8, =, 
(iv) 0, 34. (v) -3, 1. (vi) —2, 4. 

7. The min, value= —-1; —1, -3. 

8 2-1, 10. 1,3. 

1° 13; (ii) -2, 1, (iii) 2, 2}. (iv) -1, 2. 

12 -2, 12. 13. =2, 14. 16:. =1, <1, 


15. Maximum when w=1lj}and zero when a=3, -3. The fune- 
tion is +ve for valucs of # which lie between -} and 8 and negative 
for values of « which lie outside -i and 8. The max. value = 64. 

16. 2, -}. a7; 2, -=2. 

18. The max. value=6}; 1, -2. 

19. The min. value= —10}. 

20. » should be between -2and1. The max. value= 2}. 

21. Imaginary. 22. Real and equal. 
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24. The min. value=2. 25. The max. value= 1. 
S a=1, 1; y=3, % 27. w«=—3, 1; y=10, =2. 
28. v=4, -3; y=3, -4. 29. #=6, §; y=8, ¢. 
% «=3, 1;9=>1, 3. 314. #=1, 2; y=-2, -1. 
32. Read the equations as v7 +y?=26; sy =12; +=3, 4; y=4, 3. 
33. 20 days. 
EXERCISE 106. 
4. a? +ab+bc=0. 2. a 5=a/ :. 
3. (br-cq\(aqg—pb)=(pc—ar)?, 4% pe—g?al. 
fe 4/4 ae uf 
5. Pe o= rf 6. la? -am+n=0. 1. prt-q?=4. 
8. a? —b*= 4p. 9. (bc, —6,¢)(ab, -a,b) =(a,¢ =ac,) 3. 
A-B_a-b 
. —mv)? (pm =—lq) =(lr —pn)*. pelt — ¢ 
10. (qn—mr')*(pm=1q)=(Ir-pn)*. 44, S77 =S= 
12. a(b? —c*) +2b(c* — a?)+4c(a? —b?) =0, 
13. 5(a*-—b*)(2a*+b*)=9a(as —¢5), 
3 
44. (at+o%)%=c . 15. (a—b)*(a? +b?) =a2b2, 
16. (a+b)? - (a—b)8=(8.) #47. 62 = ac. 
18. a4*-—4ac*+3b4=0. 19. at —2a?b? =b442c4=0, 
20. gq? +4rp=k*(p+r)?, 21. ab+bc+ca+2abc=1. 
ee Ase —- = 
22. eras 23. 2p%-3pq? —2r*+2s3=0. 
24. d?\a+b+c)+abe=0, 25. a?+b*+¢?+2abc=1. 
26. a?+b?+c*+2abc=1. 27. a%+b%4+c% —3abc=0, 
28. a’°b*c*#(a%*+b*+c*%+2abc)=a%b?c8. 
29. a?+b?+c? = -2(ab+ac+bc.) 
30. abc=(4-a-b =<)’. 
REVISION PAPERS. 
I 
4. -%, 2. a=l, b=2, c=15, d=4. 
3. wt = y?=2. 5. (a—b)(b-c)(a-c), 
5. (1) a=2, y=3, 2=4 5 or x= - 4, y= —-5, c= -6 (B x=0, 
8. «#? -— 444421. 


35 
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rae 


=o mm po 


a 


Se 


\ 
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II. 
(i) — 11; (ii) - 65. 4. p=t,q=-3. 
mni-2%=l 6. (x+9)(v+2)(2+a)(at+y +2), 
Hl. . 


(4w 4+3y)? —(a+7y)?*. 8. (w—2)*-3(v7-2)+2. 
(w+y*)(y +42)(2 +49). [For wy? read aye, | 


woy=2=1?. 6. -—1652. 
a=22 8. 2 miles per hour. 
IV. 
1 k+3 1 
i= eet a . ae 
k(k+1)(k+2)' k(k+ljk+2) ok 
(~® +2)(a? +2442). 4. vd 


(x—a)(w —b)(w=c) 
(i)(3a + y = 1)(¥ -— by +2). (ti) y?(Ba + 9)(2¥ — 3y). 
a(8b?-a?)=2c%, 


(2x +1)8 -— 3(2¥ 41)? +3 (24+ 1) +2b. 


a=5 or-2. 
_& 
(y2-y—1)(3y?—3y4+2). 4. (vw? +8%411)’. 
y=u+7. 6. (i) #=7. (ii) w= 4f,y='f, e=-12. 
. 98 miles. 
VI. 
20b+19 and 12b 415; b= —}. 
(By +2.%)(3y — 2a)(# + 2)(¥— 2)(? +2a 44)(0? — 2044). | Read 
4xSfor 4¥*.] 
(2a —1)9 +2(24—1)? — 2(24 —1) +2. 5. a(v—1)?. 
(ija = 3, =2; (ii)v== -1§, y=22,2=138 7. 83. 
Brandy, 45 gallons; wine 76 gallons; water, 150 gailene. 
Vil. 
(y— 3x42) 'y4+2x —1); (3,-2.) 3. 16a%. 
a’? ry 
(i) » + 7gapaeee™ (ii) —— 
a? +y? +22? 42aey2=>1, 7. #41. 


Ain 40 hours; Bin 60 hours. 


ef 


eS 


oe 
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_ 


Vul 
1454 +150? + 454°+1450%4. 2. 3(w+2)* —17(¥+ 2) +23. 
(w= 4)(~— 3) — 4)(a— 4). 5. (w—1)?(w+ Bw? +5)(24+ 5). 
a=c; 46=a7+8. 7. ©. 8. lori, 
1X. 


1. [For p?= (qr)? read p? - (q- r)?.] 
Wy oat +8") ye! +0") 


(ii) w=aor ¥ 
a 


b#-— a?’ zab 

a? 04.99 5. a+b 1. Tx? +2xy+Ty?. 

vy) a-b 
3. 

X. 
3% 2 

15. 3. m®-n*=4. 
Z woe a*+b2 ~~ (a7 — b?) 
amt | 3 9= +7 5ar gs 
(ii) w+ y=6. wy= 3; or a+y=3, vy=6. 
(2a? - 1)(v+3)(30? +2). , 6. at 3u+5—", 
p=-3,q=4. " g. 200 Rs. y 


XI. 
(i) Ba+ 4)(2a —1) 3a + 2)(6a +1). 


(ii) 2 (a - b\\b- c)a—c)a+b +o). 3. (xp—_yq)? +(*q+ yb)? -E 
(a — 1)(a@ +2). 5. (ijv—q, y=? 
(ii) w=1 or —3§. 6. tax. 

8. 


a=1, b=0,c=1. a=tor-1., 


XII. 


(1)(2~ +9 — 3)(v—1ly+1). 

(2) (w? +9? )(w+ y)(4— y)(4+29)(24 — 9). 

(x — 2)°+6(w— 2)? +6(¥ - 2) +1. 

B(x? + y? +27) — B(wy +az+y2). 5. 4(axn+by+cz). 
v=a,y=b. 7. x(6+9)- vb 9)- 
480 oranges at 16 for a shilling. 
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XII. 
S: A(a—))(a~c) 4. x=y=e=]1 
A+B+C 
3. #*. 6. 2y=82, 
7. ayz(n+y+z2). 8. w=lav -2, 
XIV. 
1. *=2 [y-3 should be in the denominator]. 
¥ 
2. p?+q?+r?—por=4. 3. ww =25, y= — 39, c= 6}. 
4. a®-alb—ac—be, 6. a=0, b=3, c=m6, 
7. a=b, 8. 288, 
XV. 
2 8 5 
1,5°3; an —— 
V+] a+5 w47 
6. (1) t=a+6 (il) amg. 
8. Each child gets £1920-)2s; each brother gets £960 —6s. 
Ex. Pp. 463— 464 
1. For ‘books’ Read ‘articles’; Rs. 6, 6 articlee, 
2. Rs, 2-8-0, 
3. Read S. P, in both cases. Re. 1-4-0; Re. 1-14=0, 
4. £1-12-0, 5. (a) 62} lbs.: (6) 34 maunds. 
6. 5 cms; 1'2 ins. 7. 22 168, 
8. 1a. 6 ps., 2 a8. 8ps., 4.as, 6 ps., 
9. 24 min.; 115 min. 10. 8 miles per hour; 10% miles. 
11. (1) 80; (2) 56. 12. (i) 80; (it) 57 nearly. 


Ex. Pp, 469— 470. 
4.59.5 ins. nearly, 
5.15.9 sq. ft. nearly. 


ANSWERS. 
TO 
8.S8.L.C EXAMINATION QUESTION PAPERS. 
1911. 
1. f(-a),-p/-—120;-120. 
2 p=-4, 95). 


t= 
15 17 
3 A= ~— ates 
8’ 8 
15 ee 


8 (w-5) 8 (« +3) 
4. 12 acres of wet land and 40 acres of dry land. 
5. 10 miles an hour and 4 miles an hour. Or, 8$, miles an hour 
-and 435 nmi. an hour. 
6. 222-n*. The greatest height=121 ft.; 2% seconds. 


1912. 
1. g*e+2qy+l. w=mh, y=. 
2. p*-2p?+3p-4; 4=8, Bs -12, C=4. 
3. -—40?+4e+4+8. The maxtmum value is 4 when «='5. 
The function vanishes when »=1°5 and —-‘5. 
4, Rs. 406 nearly. 
5. Length 220 yds. and breadth=44 yds. 


6. One condition is wanting. 


1913. 
Lt 2 +608 +20" 1808 ane See Fd 
2-062. IV. Rs. 360, Rs. 610. 
V. 166 yds., 125 yds. VI. Rs. li—4as., Rs, 2. 
1914. 
I. (1) (v@+1)(#—2)(# + 3)(3% - 2), 
(2) -—30. 
Wt. A fills the cistern in 10 min, and Bin 12 min. 
IV. (1) (e? +5a-5)*. (2) A=}, B=-1, C=}. 


V. 12 in. and 10 in. 
‘VI. At 7-20 p.m. at a distance of 58% miles. 
1915. 
. (2) (a =b)(b-c)(a—c). 
a. (1) 4% -9y7+24=0. 
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IH. (1) ax? + by? +c2*+day+ey2+ f 2x. 
(2) a=b=1, c=2. tv, (1) A=7, B=4; 
a 4 
a+7 4-3 


V. They meet at 6-30 P.M. ata distance of 27 miles from 
They will be 28 miles apart at 4-30 P.M. 
VI. Forewheel=4 yds., hindwheel=5 yds. 


1916. 
ie I] 
I. a=. I. (1) 9-44. 
(2) azl, b= =-1,c=l,andd=-l. (3) 3 abe. 


Ill. The maximum value=4; «=> —1°5 and 0:5. 
V. 40 miles and 30 miles an hour; distance =420 miles. 


VI. 264. 
4917. 
I, (1)-—(a—b)(b-c\(c-ajatb+o). 
(2) (4a? -8ax—-2?)? II. (1) 23. 
2a 
2) (fo (ip ali 
( wry i (1). 11 
IV. (1) 5and-3 (2). A=3, B=4. 
8 4 
a+6 2-3 
V. 25 miles an hour ; 100 miles. VI, Rs. 658 ; Re. 50 
1918. 
I. (1) #(304- a)+(39-C) ; 
a=304, c=39. 
(2) a=. Ill, 2:8,=1°5. 
IV. (2)a=c—b, y=a-¢, 2=b-a. V. 6400. 
VI. 4y , 10(*—y) 5, the distance is 1,750 ft. 
60 60 
1919. 
I, (1) a= -2,cxl1. (2) -9 (a—b)(b-c)(c-a). 


Il, (1) 256; (4a?4+12a— 11). 
(2) A=1, B=2, C=3, D=0. 
, Wl, y=a(3—%);26 and -4. « IV. (2) v=a, y=b, 2=¢. 


| 
| 
I 


Vis . 
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V. 30 miles; 12, 15, 20 miles an hour. 
VI. The number ef benches=90 and the number of boys on each 
bench=10. 


1920. 
I. (1) p®+lly*+47y,? +93y +69. 
(2) 10203. 
II. (1) (w+4)(2# -—3)(3¥ + 2)(#—-5). 
The expression will be zero when w= —4, 3, -2 and 5. 
1 
(2). zs II. (1) #=4 or— 5}. 
LV. Solve #? + y? =a. 
a+y=b. 
Where w and y are the sides of the triangle 
cbt YBa =0% )_b-V2aF= BF 


’ 


2 2 
Vv. They meet at 20 min, after 11 a.M. at a distance of 335 miles 
from P. VI. 12. 
1924. 
I. (1) 31043. (2) 2°+8z; 24442742, 
II. (1) (w+5)(2¥-7)(8a-1L.) (2) aw+by cz. 
Ill. (t) #= —3. (2) h=§, k=. 
IV. Take a straight line="* "units and on it describe a semi- 


circle. With one end of this line ascentre andaradius equal to 
* 
n= describe anarc cutting the circnmference ata point. Measure 
the distance of this point from the other end of the diameter. This 
length is the square root of », /“7=2'65 nearly. 
V. The total number of shells = 1820. 
The numbers of hits by A=65. 
” ” » B=130. 
Vi. The rate of the faster=23 miles an hour and the rate of the 
slower 18 miles an hour. 


1922. 
4. (i) Qw*+e—1; 2? + 4xh 42h? —-3a-—3h; 4a4+2h—-3, 
2 S=e0t—3/t*. 3. (i) a? +74#4+11. 


(ii) (w® +3a49)(“* -3x+49). 
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(i) a= 4. (li) #=15, y=8. 
(16v— 24°) square inches, The area is greatest when AP=>PB. 
12, 


* 
: 1923. & 
(i) -—32. 2. (i) ysw* =x; t=41; (il) p20, g=17. 


(i) (a) (¥ —4)(# -1)(#-4+2)(w +5)(b)(a* +b?)(a!—a*b? +b4)(a +5) 
(a— b)(a® +ab+b*)\(a* -—ab+b*). 


(li) (w+3)(x -2)(2¥ 41), 4. (ii) Qe? -8x45. 
(i) #45 (ii) 12 persons. 
1924. 
(i) #78, #743; .#=4. (li) 298. 
(i) 2(2x* 2(24* +1) 
a(a? “ala? +)" - 
(i) (a)(¥? + day + By") (x? — day +8y*) Dg 
(b)(a+b+c)(a? +b* 4c? — ab—ac—be). ' 
(il) a=4; v+8. 4. (i) a? 2y-8. 
(ii) (v +1) (2a 8). 
We" sa 9", 6. (ii) 21’’ and 28’’ 
1925. 
(ii) 12%. 2, (i) (a—b)(b-e)(c =a). 
(11) (3a+-44)(2a —3y). . 
(1)) 6 + 3)( 2 4 5)(2% —3)(5a + 4), “e(il) 2° 8a 2 94 12Qay2 -y* 


(il) «=0, 2i0or— 3, ; 
a= -2, b= -1,c=1; rere isi 6. 10°’ or 72° 


1926. 


(u+v)(u— -—)*; ala? ~ 40). 2. waG—1d4,44 4847 BG. 
1+40+12¥? +32%° is the quotient; R= 804-1284, 

(ac +bd)* +(bc —ad)* or (ad +be)* + (ac —bd)?, 

a+b-+e. 7. (28439 — 8)(44+ 9 = 3): (@, 2). 
A=3, B=4, C=6, 


5 - -)f hours’ start ; the result is independent of ‘y’ 


80'’, 20'", 47", 60/7", 


R.B.A.N.M’s | 
W-. See. Soh wed Library 
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